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Let A (n) be the class of functions of the form f(z)=2"+a e 2?** 4 ...(peN) which are analytic

in the unit dlsk The object of the present paper is to derive the generalization forms of the results
which were recently given by M. Nunokawa and S. Owa.

L. Introduction

Let A (n) denote the class of functions of the form

(1.1) f(@)=2°+ ; a,z* (peN={1, 2, 3,...}; neN)

k=p+n

which are analytic in the unit disk U={z : |z|<l} A function f(z)e A4, (1) is said to
be p-valently starlike with respect to the origin in U if it satisfies

(1.2) . Re{sz( S)}>o (zeU),
which is equivalent to
(1.3) sz( (;)> <= (zeU).
Let S,(«) be the subclass of 4,(1) consisting of functions f(z) which satisfy
zf (Z)>
14
£ ‘ (f( <2

for some a(0 <a<1) and for all zeU. Note that S(2)eS (a) is p-valently starlike
with respect to the origin in U.

Further, a function f(z) belonging to A,(1) is said to be p-valently convex of
order a if it satisfies

z"(2)
(1.5) Re{l+f,(z)}>a




100 Shigeyoshi Owa

for some a (0=<a<p) and for all zeU. We denote by K »(@) the subclass of A4 »(D
consisting of functions which are p-valently convex of order a in U.

Recently, M. Nunokawa and S. Owa [2] have proved the following
results.

Theorem A. Let a Junction f(z) be in the class A,(n) with f(z)#0 for
O<lzl<l. If zy=rye% (0<ry,<1) and

min |f(2)|=|f(z,)l,

klsrg
then
zoS(20) _,
o e T Tm=0
and
20J"(20)
1.7 Re{1+ N }gl—m,
where m=1 and
(1.8) n' o= S@M_ ro—1f (o),

If(zo)lz_ ro+|f(zo) _
Theorem B. If f(z)eA,(1) belongs to the class K,(x) with 1/2<a<1, then
S(2)eS, (2(1—a)), or
K,(@)<S,20-a)
for 12<a<1.

In the present paper, we show the generalization forms of the above
theorems.

2. Generalization of Theorem A

We begin with the statement of the following lemma due to S. S. Miller and
P. T. Mocanu [1]

Lemma L. Let f(z)=a+a,z"+a,,,z"*'+ ... (neN) be analytic in U with
f@#a. If zo=r,€% (0<ry<1) and
max |f(2)| =1/(zo)l,
klsrg
then

2o '(20) _

@D f(zo)
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and
zoS"(20)
2.2 Re{l +-°—,—-°—}gm,
@2) S (zo)
where m=1 and
1f(zo)—al? 1f(zo)l—lal
m=n =n .
Ifzo)>—lal* = 1f(zo)l +lal
Applying the above lemma, we derive

Theorem L. Let a function f(z) be in the class A,(n) with f(z)#0 for 0<|z|<1.
If zo=rye% (0<ro<1) and

min |f(2)| =11(z,)l,

2.3)

klsrg
then
zofE)
and
Zof/" @I,
(2.5) Re{ 1+ 1z }g p—m,

where m=p and
|B—f ) _ rB—1f(zo)
M G P+ 1Syl

Proof. We employ the same method which was used by M. Nunokawa
and S. O wa [2]. Define the function g(z) by

(2.6)

zp
2.7 -
2.7 9(2) 1)
Then, g(z) is analytic in U with g(0)=1 and
_ = 'ZOI’ ' _ 00
(2.8) Ig(zo)l—f::; lo@l =175 (zo=ro€%).

Therefore, an application of Lemma 1 to the function g(z) gives that

200'Co) __ Zof o) _
Toz) T S

(2.9)

which proves (2.4), and
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209"(z0) 20J(20) , (b= D2of (2o~ 73 "(29)
R l 0 0. }—R { _ 0. 0 }
°{ o) ST 2 zo)—zof (o)

e _(P_l)(m—l’) m-—p 2o f"(2,)
R A— +( m )R"{ 1o }g'”’

(2.10)

which is equivalent to

oS "(z0)
2.11 Re
@1h {f'( 20
which implies (2.5), where m=p and
lg(zo)— 117 128 —f(zo)* _ rB—1f(zo)l
= =n
" g =1 " T =G B I (o)

This completes the proof of Theorem 1.

}Zp—m—— 1,

(2.12)

Remark I. Letting p=1 in Theorem 1, we have Theofem A by
M. Nunokawa and S. Owa [2].
Noting that if f(z)€ 4, (n) is p-valent in U, then f(z) #0 for 0<|z| <1, we have

Corollary L Let a function f(z)eA,(n) be analytic and p-valent in U. If
zo=ry€% (0<r,<1) and

min |f(2)|=11(z,)),

klsrg
then
M: _m=<
fz) =
and .
n(zo) _
Re {” @) }2” ™

where m=p and
128 —f(2x)* _ _r8—1f(zo)l
Ty o ey PR

Remark 2. If we take p=1 in Corollary 1, we have the corresponding
result by M. Nunokawa and S. Owa ([2], Corollary 1).

3. Generalization of Theorem B .0

In order to derive the generalization form of Theorem B,' we need the
following lemma due to Sheil-Small [4].
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Lemma 2. Let f(z)eA,(1) be starlike with respect to the origin,
C(r, 0)={f(te”) :0=t=r}, and T(r, 6) be the total variation of arg{f(te”’)} on
C(r, 6), so that

ra
3.1) T(, 6)=] I arg {f(te")} de.
o

Then we have
3.2) T(r, O)<m.
Now, we prove

Theorem 2. If f(z)€ A (1) belongs to the classiKp(a) with 2p—1)/2<a<p, then
(e, 2p—a), or

‘ K, (0)<S,2p—a)
Jor 2p—1)/2=Za<p.

Proof. Defining the function g(z) by
7@ _ 2g'(2)
CAERTT)

for f (z)eK (a) ((2p—1)/2=a <p), we have that g(z)eA4,(1) is starlike with respect
to the origin in U. It follows from (3.3) that

z'(@) 3 (z\'v* (g@\ "= d{|~*
PR O
@ G\ . \g(@ z
where the integration in (3.4) is taken along the straight line segment from O to z.
Letting {=tz in (3.4), we see that

zf’(z)={' - (M)P—l }—l'
9 -4 )

Note that an application of Lemma 2 gives

(3.3) 1+

(3.6) |a (g(( ))) <n (zeU),
where 0<t<1. Making
3.7 s=t""(g£z—))p_a.
g9(2)

we have from (3.5) that

Zf’(2)>=_ (‘ )
(3.8) arg( 70 arg ([)sdt .
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Since, from (3.6) and (3.7),

(39) larg(s)l <(p—o)m,
using the property of the integral mean (see e. g, [3, Lemma 1]), we have
(3.10) arg(ﬂz—)> <(p—a)r (zeU).
/@)

This shows that f(z) is in the class S,(2(p—a)).

Remark 3. Taking p=1 in Theorem 2, we have Theorem B by
M. Nunokawa and S. Owa [2].
If we take a=(2p—1)/2 in Theorem 2, we have

Corollary 2. If f(z)e A, (1) belongs to the class K ,(p— 1/2), then f(2)eS (1), or
Zf'(2)\ _=n
(3.11) |arg<f(z)> <§

Remark 4. Letting p=1 in Corollary 2, we have the corresponding result
by M. Nunokawa and S. Owa ([2], Corollary 2).

(zeU).
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