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We introduce the second-order probability logic L :PV’ which posseses the probability
quantifiers (PX 2r) on the individual variables, and the ordinary quantifiers (VX) and (JX) on the set
variables. The aim of the paper is to prove the completeness theorem for second-order probability

models.

Let o be a countable admissible set and we/. We will assume that L is a
countable of-recursive set of individual constants c;, i€l, and for each n> 1, n-ary
set (predicate) constants P, jeJ,. The logic L2 py Nas countably many individual
variables x,, x;, X,,..., and for each n=1 countably many set (predicate)
variables X 3, X ], X 3,.... This logic is similar to the infinitary second-order logic
without equality (see [1] or [6]) except that instead of the ordinary quantifiers (Vx)
and (3x) on the individual variables, this logic posseses the probability quantifiers
(PX2r) (X is a finite sequence of individual variables and re[0, 1]n.«) with the
restriction that no ordinary quantifier on the set variable may occur within the
scope of a probability quantifier.

A second-order probability structure

U= <4, {4,:neN}, c¥, R}, >, men, jes,, consists of a universe A of
individuals and for each n=1 second-order universe A, of n-ary relations,
individual constants c¥€ 4, set constants Rje 4,, and probability measure y on 4
such that each R} is u"-measurable.

The axiom schemas for L2 __ are as follows:

APY
S, o={Y=0)

S; (=Y =0)=(e=y¥)=(p=>0)).
Sy (e="W)=W=9).

S, (VX")p=>S% @, where B is a n-ary set variable or constant, S5 ¢ denotes the
formula which results on replacing each free occurrence of X" in ¢ by B, and B is
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free for X™ in @, i. €. ¢ and S5 ¢ have exactly the same number of bound variables.
Ss (VX ")((p=o|//)==-(¢=>(VX ")), where X" has no free occurrence in ¢.

S All axioms of standard probability logic L, » (see [3)).

S All axioms for the measure on the set constants n=1):

(1) VX"YPX 2r)X"(X)=>(PX = s)X"(%)), where r=s;
2 (VX"X(PR 2nX"(X)=(Py 21X"());
3 (VX"XPX 20)X"(X);
4 VXYVYN(PR =nX"RINP S )Y (R)=(PR Sr+s X "RIVY"(R));
(% VX"NVYN(PX 2 )X "(X)ANPR Zs)Y"(X)A
AP SOXX"(RNY"(X))=(PX 2r + s X" (R)VY™(X));
6) VX W(PR >I)X "Ry V(PR 2r + /)X "(R));
k
U] A (PXzZr) A X?(R)=>(PRX2r) A X}(X), where M=N
KsM ek ie M
and K ranges over the finite subsets of M;
(8) VX"X(Px,...x,Z2r)X"(X)(Px,, .. ,,,_r)X"(i’))

where = is a permutation of {1, 2,...,n};
) (VX"*"N(PRZr(PYZ)X"* "R, N=(PXPZr-)X"*"(X, y));
(10) for each r<1.
VX" PR Z IXPY>OXPZ2r)XX"* ™R, 2) X"*"(7, 2)),

provided all variables in X, J, Z are distinct.
s Comprehension schema,

GX "WPX 2 IXX"(X) > @(X)), where () is a formula of probability logic L,

The rules of inference for L ,, are as follows:

T, o, o=y .

T, {p=V :ye¥}}| p=AY.

T, () e=Y(X)|F¢=(PR21)Y(X), provided X is not free in ¢ and ¥ is a for-
mula of L, ;

(i) e=Y(X") | e=(VX"WY(X"), provided X" is not free in ¢.

Each axiom of one of the forms S, —S, is valid in second-order probabnhty
structure U and the rules of mference T,— T, yield formulas valid in U when
apphed to formulas valid in U. The comprehensmn axiom Sg may fail to hold
in U. To remedy this we make the following definition.

Second-order probability model is a second-order probabnhty
structure U such that every instance of the comprehension axiom schema Sg is
valid in .
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In order to prove t_}ie main result, we introduce two sorts of auxiliary models.
A weak second-order probability model for L is a structure U= <A,

{A, :neN}, c¥, R}, p,> e, such that g, is a finitely additive probability
measure on A% each R, is ym-mcasurablc, the set {b eA™ : U} ¢[d, E]} is

u,-measurable for each (X, y)eL ,, and aeA", and every instance of the
comprehension axiom schema is vafid in .
A graded second-order probability model for L is a structure
U such that:
(a) Each p,, is a probability measure on A™.
(b) Each R, is p,-measurable.
(©) Every instance of the comprehensnon axiom schema is valid in .
(d) If B is p,-measurable, then Bx A" is u,,,,-measurable.
(e) Each u,, is preserved under permutatlons of {l 25550}
0 {1, meN} has the Fubini property, i. e. if B is p,,+,,-measurable then
(i) for each XeA™, the section By={9 :B(X, ¥)} is u,-measurable;
(ii) the function f(X)=pu,(Bz) is p,-measurable;
(lll) If(i’)d”n'—/‘n-iu(B)

In both cases satisfaction is defined naturally.

Theorem. Let T be a set of sentences of L . Then T is consistent if and only

if T has a second-order probability model.

Proof: In order to prove the hard part of theorem, we consider
K=LuCu(u D,), where C is a set of new individual constants and, for eachnx1,

APV’

”n

D, is a countable set of new set constants such that C, D,e /. Let C’ be the set of
individual constants of K and, for each n=1, D, be the set of set constants of K.

By the Henkin construction, T can be extended to a maximal
K dw-consnstent set A of sentenccs with the following witness properties:

(1) if ®=A and AQGK,W, then ADeA;

() if @@)eA for all ¢ in C, then (PX=1)p(X)eA, where ¢(X) is a for-
mula of L d,,,

(3) if S3" @eA for all BeD,, then (VX")peA.

We deﬁne a weak second-order probability model U= <4, {A :neN}, cy,

Rp, ""‘>nn.ac.rw,, as follows:

(i) A={cw:ceC};

(i) Rp={(c},...,c¥) :P(c,,...,c)EA};

(iii) 4,={Rp:PeD}};

@iv) p, {2 : 02, d)eA}—sup{r (PR =2re(®, d)eA} for each (%, y)eL ,
and d in C';

) u,(Rp)=sup{r :(PX2r) P(R)eA}.

Then for each sentence ¢ of K f," holds:
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U} ¢ if and only if peA.

We form the internal structure

*U= <*4, {04, :neN}, *c4, *R,, *u, > , where 0A,={*B : BeA,}. By
meN, ceC, PeD)yy

transfer princip and Loeb construction, the structure U= <*4, {cA4, :neN}, *cu,

*Rp, fAi,>, where fi, is the Loeb measure of u,, is a graded second-order

probability model of T. At last, by Keisler construction (see [2] and [3]) this

structure induces an ordinary second-order probability model of T. ]

Remark. The second-order biprobability logics Lj:"lf’zV and Lf:)r,1 Py
(a — absolute continuous case, s — singular case) can be similary introduced (see
[4] and [5]). The only difference is that two types of probability quantifiers
(P,X2r) and (P,X2r) on the individual variables are allowed.

The set of axioms S, —S,, save that both P, and P, can play the role of P,

together with the following axioms:
R, A v (VX"(P,X<d)X"R)=(P,X<e) X"(X));

Q' seQt
R, AX*X(P, % 2 IXX*(®) o AP, X Z INX"(X) = @(D)),

where @(X) is a formula of L° , , ;

is complete on the class of the second-order absolutely continuous biprobability

models. We can prove that fact without using a “middle” second-order

biprobability models (see [4]). .
Also, the set of axioms S, —S,, R, together with the axiom of singularity:

BX"N(P, X 20)X"(X)NMP, X 2 1) X"(X)),

is complete on the class of second-order singular biprobability models.
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