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Define w(n) as the number of different prime factors of n, and Q(n) as its total number of prime
factors. And define d(n) as the number of positive factors of n. We prove that (i)

26 + +0 x where co=2Z ! and(ii) X log 4(x) (og 2)x
— X = -
25ngx @ () og log x {(log log x)’} ° S pp—1) 25n5x Q)
x
+0(loglogx

As usual, define the functions o, Q and dby om)=Z 1,Qn)= X 1 and
Pin ™In
d(n)= T 1, where n, m, k are positive integers and p is prime. In order to’compare

kin
the values of w(n) with the values of 2(n), R. L. Duncan (1) considered the

function Q) and proved that
w(n)
Q(n) x
—=x4+0(—)
z;ix w(n) *t (log log J)

In this paper, first we improve the above asymptotic expression. We
prove .
Q(n) x x 1

T ——=x+c¢ +0 ,Whereco=2X
25nsx 1) ®loglogx  ~ |(loglogx)* ° % pp—1)
Then, to compare the values of d(n) with the values of Q(n) we consider the

Theorem 1.

function l—oﬁ()ﬂ and show that it has an average order log 2. We prove

log d(n) X

Theorem 2. T —————=(log 2)x+0( ).
2505x SN (log 2) log log

In order to prove the theorems we need the following lemmas.

1 X x
Lemmal X = (0] .
mma 25nsx M) +1  loglog %7 {(log log x)’}
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Proof. From [2] (or see [4]), we know that

) T "=xH(z) (log x)* !+ O {x{log x)re-2}
28nSx
uniformly for |z| <3/2, where H(z)= i“(_) I (1—zp~")~! (1—p~?)7. By(l), noting
H(z) is a holomorphic in |z|<3/2, we get
1 1
2 —_—= X [Mdz=—— —
( )ZSASx ‘z(n)-*' l 2SnSx { dz lo j H(Z) ﬂog x)’dz+0( )

Using integration by parts, noting H(1)=1 and H(0)=0, we get

: _ logx 1 , ¢ dz

3) gH(Z)(log:c)’dZ—loglogx loglogx]'H(z)(losx)
- __H’(l)-logx 1 "

@) £H (2) Gog xy*dz =" — 1 s ) j H”(z) (log x)* dz

H’'(0) -0 log x )
log log x log log X' S

Lcmma 1 follows from (2), (3) and (4).
From [2] (or see [4]), we also find that

() I z"M=xF(z) (log x)*~! + O{x(log x)Re:-2}
2SnsSx

uniformly for |z| <3/2, where F(z)= —— IT {1+2(p—1)"'} (1—p~')". Itis easy to

I"( ) »
see that in the same way as the proof of Lemma 1, by (5), we can get
l p 4 X
mma o .
Le 2 ,,?‘, w(n)+1 “loglog x+ {(103 log x)’}
w(n) x
Lemma3. X =x+0(;——
2585 Q(n) (log log:)'
Proof. Let (1)=0, then
on) _ 1
z z Z1=X X
(6) 25nSx qn) 28nSx qn) Pln pSx nsxp—1 fx’l)-}- 1
=X X + X T
psVx asxp—! Qm)+1 usJ; Qn)+1 -t
1
—(Z_1(Z =5, +5,-5,.

pi*/;l usfm )
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We now estimate separately S;, 1 <i<3. By the lemma 1, noting 0<l sS1/2for

log x
péﬁ and ;=loglogx+0(1), we get

PSx
X X
) S;= % —+0
' m/;{p log log (xp™*) [P(los log (xp
X 1 x 1
loglog x ,</; Pl log[1 —(log p/log x)]} {(108 log x)* 5 vz P}
log log x

=my7h}

+

x 1 x x
S I ) )= ),
loglog x ,5/z P {1+0(log logx’}+o(loglogx' x+0(loglog))

Since X - et
nSx Q(n)+l log logx bt

1 1 x dt logx g log x
@® :

+f < §

«
-s: n(Q(n)+ 1) log logx o loglog t 1og 10 l0g ¢ loglog x

B
y (8) and n(x)« log p we have

©) S;« I = > L x
gz SUn)+1 nlog(xn ) logx,sf n(Q(n)+1) loglogx

Similarly, we get

BN

logx log logx log logx
Lemma 3 follows from (6), (7), (9) and (10). '
1
Proof of theorem 1. Let a(1)=0 and ——=0. We have

(10)

. o(1) .
W 33 Zow 5 e w L
1
zzsfs; + p"'zsx agxp~—™ a)(np"')
mz2 1
For convenience, let E,=fzsx 'sf_- Z)(T) and zz='_zsx ws—m 0N )+1 then

mg2 mg2



168 . Cao Hui-Zhong

1

52(1+2 —)=Z,;+ I |.

£z I
12 == PmSx wsxp™ a(np™) Max LH m( ) Msx
mna2 ma2 ma2
We now estimate I,, we have
1 1 1
(13) 21 p™sx (D(n) .s\/; d”) ’ll‘— ’l‘\/- .sx"-l d")
ma2 2 nz?
T )=I,+1,—-1,.
(.sJ‘ai( Pl atha=l
m2
By the prime number theorem we get
(14) L=z Lz x :)S i 5
! nsvx O(n) 25mslogys ,.sf n

x
+ Z z 1:(\/—)«
asVx 3smslog: 108-"

To estimate I, we need the inequality
1 x

25nzx @) (08 log x)?
which can be obtained from the result of P. D. T. A. Elliott [3]:let f(n) be an
additive function and set A4 (f; x)—- }.“. p"'f(p"'), B(f, x)= { 2 p“"‘lf(p"‘)l’}”2
x2=2, then there is a constant c, such that »

s x* .fx If(0)—A (f; x)I*sc,{B(f;, )} +c, 1‘- P"'lf(p")l‘
holds uniformly for all additive functions f(n), and x22 Thc details of the proof

of (A) are given at the end of this paper. By Lemma 2, noting Z)(l—)_w( )1+ I
n n

(A)

+O(w’_(n)) and the inequality (A), we get

X X
)
»msvx {p"‘ Tog loglxp—™) g (p"(log log xp"")’)}

m2

(16)  I=

= ¥ ! +0 f— )
loglog x s /z log(1 — ™18 P, (log log x)* jmsv/;

»32 log x ~z2
i1
Pm{ * log log x }

P~}
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x 1 x
=X p™ — PN+ {— Z
loglog x m<./; P+ O(log log x)} M {(108 log x)* </

m2 ma2

P}

We have
17) £ p™™= ) )N p "= r X p™-— x X p™™

s ps ¥x 25msi8 ps?¥x m22 ps¥x m>logVx
m22 logp logp

From (16) and (17) we get

%
{18) I,=¢ log log = 0 {log log x)z}
Since £ 1= X T l«logx.n( \%_c)« \7/;, we have
Vs 2smslosVE g /m
m22 logp

x
12 y1/4 ,
(19) Iy«x « {og 108 %)°

From (13), (14), (18) and (19), we obtain
(20) I, =

e {(log log x)’}

Obviously, from Lemma 2 we can get in the same manner

R
“Joglog x

X

x
(21) 22=Co log lng+0{(10g log x)z},
Combinating (12), (20) with (21) we get
1 X x
22 b)) X =C, + (0] .
@2 sy s w(np™)  °loglog x {(log log x)’}

The required result follows from (11) and (22).-
Proof of the theorem 2. Let (1)=0. then

log d(n) 5 1

(23) X - — X lo g(———) =log2 X 1
25nSx Q(n) 25nSx Q(n) ™in m 2SnSx ﬂ(") pln
1 axn) 1
+ X z lo (l+—)-—lo 2 T —+ X lo (l+—) yF —
25055 ANy ® BY s O BT g Q) +m

m22 m22
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1 1

We now estimate the sum S= X log(l+—) X . Let =0, then
E st T ol
-22
1
(24) Ss log(l+—) z + Xz —-log(l+—-—)
Msx nSxp—™ Xn) msx ™
ma2 mz2
= X —log(l+——)+0('2 I =
np"‘x“) S\/- u;!
mg2
p log(l+l) z L+ z 1 X log(l+ l)
msvx m = ) o/x QAn) p"sxuz-z' & m

mg2

(M :log(l+ )(.sf n(”))-;-0(\/' X)="5 +5,— 53+ 0(/)

In order to estimate Sj, 1 <i<3, we need the followmg two inequalities. By Lemma
1 we have
1 1 x
25 X —=2
=) s AW =7, D) +1 loglogx

From the prime number theorem we get

1 1 \/;
(26) T log(l+)= X z —«loglogy.n(/y)«< ——-
sy m " 5V 25mslogyy ™ \/_ loglog y
ma2

By (25) and (26) we have the following estimations

x 1 x : x

Si« X — lo 14 )¢«——— X e
1 msvs P loglog (xp™™) S "') log log x ,-sf,p <<loglog'x

m2 m22
55 5 L % tg+eE _VE x
= asvVx xﬂ() MSx 8 ( ) loglogxloglogx loglogx

ma2
and
x

s's«loglogx

Hence
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X

27 < .
loglog x

The assertion follows from (23), (27) and Lemma 3.
Finally, we prove the inequality (A). Taking f(n)=w(n) we have

(28) A, x)={Bw, x)}*= £ p™=ZX p~!

msx pSx

+0( X p ™=loglogx+0(1).

13 .Zz
By (15) and (28), noting |a+b|*<8(a|*+b|*), we get

T |ax(n)—log log x|*= Z |(n)—A (o, x)+O0(1)*
nSx RSx

S8 I |w(n)—A (o, X)|*+c,x S cyx(log log x)?,
[ F44

where ¢, and c, are constants. Hence we get

cyx(loglogx)’2 X |ax(n)—log log x|* =22~ “(log log x)* z
235n3x 28nSx

20(n) <loglogx 2a(n) <loglogx
and so
X
29 z 15160, ——m=
( ) 2S8Sx 3(103 103 x)z *
2ax(n) <loglogx
By (29) we get
1 1 1
R, —_— p s
28nSx wZ(n) 28n38x wz(") 28nSx w2(n)
2ax(n) <loglogx 20(n) 2 loglogx
4x
T .
. 2505 *log log Gog log 07 =1 &2+ Yiog log x
2ax() <loglogx

This proves Inequality (A).
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