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Generalized Semi-Fredholm Operators That Belong
to the Closure of the Group of Invertible Operators

Laura Burlando

" Presented by M.. Putinar

In this paper we characterize membership in the closure of the group of invertible operators on a
Banach space X for generalized semi-Fredholm operators on X, namely linear bounded operators on
X with closed range and complemented kernel or range.

Introduction |

For any pair Y, Z of normed spaces (over the same scalar field K, where K
may be either R or C) let L(Y, Z) denote the space of all linear bounded operators
from Y into Z (if Z =Y, we shall use the symbol L(Y) instead of L(Y, Y)), endowed
with the canonical norm. For any AeL(Y, Z), let N(A) and R(A) denote the
kernel and the range of A, respectively. Now let X be a Banach space, over either
the real or complex field, and let G (X) denote the group of invertible elements of
the Banach algebra L(X) (namely, the group of all linear bounded operators T on
X such that N(T)={0} and R(T)=X). _

We deal here with the problem of finding necessary and sufficient conditions
for membership of TeL(X) in the norm closure of G(X).

In the particular case of a Hilbert space H, G(H) has been characterized by
J. Feldman and R. V. Kadison in Theorem1 of [FK] (actually, the result
stated in [FK], Theorem 1 is more general, as the closure of the invertible group of
a generic Von Neumann algebra is characterized). Recently, a different
characterization of membership of T e L(H) in G (H) (where H is a Hilbert space),
in terms of convenient nullity and defect indices of T, has been obtained about at
the same time and independently by R. Bouldin ([Boul], Theorem 3) and the
author ([Bu], 1.10).

From the characterizations above, in particular, it follows that a Hilbert
space operator T with closed range belongs to the closure of the invertibles if and
only if N(T) and the orthogonal of R(T) have the same Hilbert dimension.

In the general case of Banach space X, the problem of characterizing G (X) is
still open, as far as we know. We are interested here in characterizing membership
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in G(X) for the elements of a special class of operators on X, namely the one
mentioned in the abstract.

Let SF(X) and F(X) denote the sets of all linear bounded semi-Fredholm
and Fredholm operators on X, respectively. From stability of semi-Fredholm
operators under small perturbations (see [GK], Theorem 2.4, Theorem 7.1 and

Theorem 7.2) it follows that SF (X) n G (X) < F,(X), where F,(X) denotes the set
of all linear bounded Fredholm operators on X with index zero (notice that
Fo(X)={TeF(X):N(H=~ X /R(T)}> Where the symbol = means isomorphism
between Banach spaces). Conversely, it is not difficult to verify that
Fo(X) = G(X): if TeF,(X), there exists Ue L(X) such that X=I(U)® N(T)
=R(U)® R(T) (where the symbol @ means algebraic direct sum), and
consequently T+ AU € G(X) for any nonzero scalar A. Therefore we have:

) SF(X) N G(X) =F,(X).

We shall say that a linear subspace Y of X is complemented in X if Y is
closed and there exists a closed subspace Z of X such that X=Y @ Z. We recall
that Y is complemented in X if and only if it is the range of a linear and
continuous projection on X, namely an operator P e L(X) such that P2 =P. Now
let GF (X) denote the set of all generalized Fredholm operators on X, that is, the
set of all operators T e L(X) such that both N(T) and R(T) are complemented
subspaces of X (see [C]). Notice that GF(X)> F(X), whereas in general
GF (X)$ SF (X) (see [P], example at pages 366-367; see also [Bour], Corollary 5
and Lemma 6, [BDGJN], 3.2 and [R], Theorem 6 and subsequent corollary, where
a linear bounded operator on /, with null kernel and closed, but uncomplemented

4
range is proved to exist for p=1, pe(l, 2) and pe(l, 5)u(2, o), respectively).

G. W.Treese and E. P. Kelly ([TK]) studied the problem of extending the
characterization (1) to a class of operators that contains all semi-Fredholm
operators with finite-dimensional kernel, namely the class of all linear bounded
operators with complemented kernel and closed range. In [TK] the following
assertion can be found. : '

(2) If TeL(X), N(T) is complemented in X and R(T) is closed, we have that
TeG(X) if and only if TeGF(X) and N(T) NX/R(T)-

Unfortunately, the assertion (2) is not correct. More precisely, the “only if”
part of (2) is false (the “if” part is true, and had been previously proved by
D. A. Hogan and C. E. Langenhop in [HL], 2.2). In fact in [G] M.
Gonzalez, using [BDGJN], 3.2, constructed an operator T e L,x1,),1<p<2,
such that N(T) is complemented in I,xl,, R(T) is closed and is not
complemented in I,xI, and T has null square (so that TeG(l,x1,), as
A—TeG(l,x1,) for any A # 0). Then a linear bounded operator on X, with closed
range and complemented kernel in X, need not belong to GF (X) in order tc be in
the closure of the invertibles.

Generalized Semi-Fredholm Operators. ..
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We remark that the adjoint of the operator T'e€ L(I, x l,) constructed in [G] is
a linear bounded operator on Iy x Iy (where p’=ﬁ), belonging to G(Iy x 1),

whose range is complemented in I, x I, and whose kernel is not complemented in
Iy x 1y . Then membership in GF (X) is not a necessary condition for membership
in G(X) of a linear bounded operator on X with either complemented range or
closed range and complemented kernel.

In [G] some characterizations of GF (X )n G(X), among which the one
recorded here in Corollary 1.4, are also given. We recall that R. Harte ([H1], 1.1;
[H2], 7.3.4) extended one of Gonzalez’s characterizations of GF (X) nG(X) to a
generic Banach algebra L, replacing GF (X) with the set of all elements of L that
have a pseudoinverse (notice that TeL(X) has a pseudoinverse if and only if
T e GF (X)).

In this paper we rectify the incorrect statement (2). In fact, in Theorem 1.2 we
characterize membership in G (X) for the operators that satisfy Treese and Kelly’s
hypotheses (namely, the operators with closed range and complemented kernel in
X). We also give a necessary and sufficient condition for membership in G (X) of
an operator TeL(X) such that R(T) is complemented in X (Theorem 1.3), and
derive one of the characterizations of GF (X) n G (X) given in [G] from our results
(Corollary 1.4). Finally, we show how the condition N (T)= X/R(T)is not necessary
for membership in G(X) of a generalized semi-Fredholm operator on X-
(Example 1.7).

1.

Definition 1.1. If X is a Banach space and Y is a closed subspace of X, let
Jy:Y— X denote the canonical injection and let Qy:X — Xy denote the
canonical quotient map.

Notice that [|J, || and [IQy || are less or equal to one for any closed subspace Y
of X.

For any Banach space X, let Iy denote the identity operator on X.

Theorem 1.2. Let X be a Banach space, and let T € L(X) be such that N(T) is
complemented in X and R(T) is closed. Then the following conditions are equivalent :

i) for any 8>0 there exists J,€ L(R(T), X) such that N(J,)={0}, R(J,) is
complemented in X, |J,—Jxmn |l <¢ and X/R(J)is isomorphic to N(T);

ii) TeG(X).

Proof. First of all, we prove that i) implies ii).

Let Pe L(X) be a projection such that R(P)=N (T). We set Q=Iy—P. For

any >0, let 5,>0 be such that 5, T|| <§. Since condition i) is satisfied, there
exists J,.eL(R(T), X) such that N (J,’)-{O}, R(J,‘) is complemented in X,
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J s —Jrnll <9, and X/ R(J‘ ) is isomorphic to N (T). Since R(J, ,.) is complemen-
ted in X, there exists a closed’ subspace X, of X such that X =R(J, s, )®X,. Then X,
is isomorphic to X/R(Js f ), and consequently there exists U eL(N (T), X)) such

that N(U)={0} and R(U)=X,. It is not restrictive to suppose |U,P|| <§.

Let T,eL(X) be defined by T, J, TQ+J, U,P.

Since R(J, )nX ={0}, R(P)=N (T) and Q I,—P, it follows that
N(T)=N(TQ)AN(U, P)=N(Q) " N(P)={0} and R(T)--’; (R(TQ)+R(U.P)
=J, (R(M)+R(U, )—R(J, )+X,=X. Hence T,eG(X). In addition, since
Tw TQ. we have |T,—Tl=I(J, —Irn)TQ+Jx U,PI=IJ, -Jxmll 1TQll
+IJx IIU,PISSITH+ U, Pl <e.

We have thus proved that TeG(X).

Now we prove that ii) 1mpl|es i).

Since N (T) is complemented in X, there exists a closed subspace Y of X such
that X-N(T}@Y Let T eL(Y, R(T)) be defined by Ty=Ty for any yeY.
Notice that is one-to-one and R(T)=R (T).

Since R(T) is closed, and therefore is a Banach space, T has an inverse
T -'eL(R(T), Y). Notice that TT " 1=J zr,.

Since TeG(X), for any > 0 there exists TeG(X) suchthat | T-!|| | T,—T|| <e.

Let J,e L(R(T), X) be defined by J,=T,T"?

We have N (J,)={0} and, since R(T") Y, R(J) T,(Y). Since T,e G(X),
it follows that T,(N(T)) and T,(Y) are closed, X=T(N(T))GBT(Y) and
T.(N (T)) is isomorphic to N (7). Consequently, R(J,) is complemented in X and
X/R(J ) is isomorphic to N(T). In addition ||J,—Jgqnll=I(T,—DT" !
SIP-INIT,— Tl <e

Hence condmon i) is satisfied. m

Theorem 1.3. Let X be a Banach space, and let T € L(X) be such that R(T) is
complement.. in X. Then the following conditions are equivalent:

i) for any e>0 there exists Q,e L(X,X, /N(T))such that R(Q,)=X/N(T)-N(Q,)
is complemented in X, |Q,—Qnemll <& and N(Q,) is isomorphic to X/R(T).

i) TeG(X).

Proof. Let Z be a closed subspace of X such that X=R(T)® Z. Then Z is
isomorphic to X/R(T)-Let T eL(X/ N(T), R(T)) denote the canonical map induced
by T (which means that T (x+N(T))=Tx for any xeX, or cquivalently
T=Jger) TQ nen)- Notice that N (T)={0} and R(T)=R (T), so that, since R(T) is
complemented and consequently is closed, T has an inverse T" eL(R (1),
X/N(T)- We also recall that |T|=|T]|.

We prove that i) implies ii).

Let ,>0 be such that , || T|| <§. Since condition i) is satisfied, there exists

Q, eL(X, X/N(T)) such that R(Q,.) X/N(T)» N(Q,) is complemented in X,
||Qo —Qnmnll <4, and N(Q,) is isomorphic to X/R(T)
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Let P,eL(X) be a projection such that R(P,)=N (Q,‘). Then R(P,) is
isomorphic to Z, and consequently there exists V,eL(R (P.), Z) such that

N(V,)={0} and R(V,)=Z. It is not restrictive to suppose |V,P,| <§.

Let T,eL(X) be defined by T,=Jgr, TQ, +JV.P,.

Since R(T)  Z={0}, it follows that N(T,)=N(TQ, )N (V,P)=N(Q, )N
N(P,)=R(P,) n N(P,)={0}. Moreover, since R(P,)=N (Q,.) and X/N(T)= R('Q, )
=Q,(N(P,), it follows that R(T,)=R(TQ,)+R(V,P)=R(D+R (V,)= R(D

+Z=X. Hence T,eG(X). In addition, since T=JgnTQunm, We have
IT,—Tl=WenT @5, — Cnn) + VPl = WanllITI 1Qs—Cuenll

€
+ I IV PASITI s, — Crenll + VPN <o ITI +5<e.

We have thus proved that TeG(X).

Now we prove that ii) implies i).

Let ReL(X) be the projection onto R(T) corresponding to the
decomposition X =R (T) @ Z. Since Te G(X), for any &> 0 there exists T, e G (X)
such that |T~'R|| |T,— Tl <e. ;

Let Q,eL(X, X/Igé'n) be defined by Q,=T !RT,.

We have R(Q)=X/N(T) and N(@)=T, '(N(R))=T ;[ *(2). Since T,eG(X),it
follows that X=T;'(R(MS@ T, *(Z) and T, '(Z) is isomorphic to Z.
Consequently, N(Q,) is complemented in X and is isomorphic to X/R(T) In
addition, since T 'T=Qur), wWe have [Q,—Qunl=IT *R(T,—DI=
IT*RINT,~Tl<e

Hence condition i) is satisfied. »

Let X be a Banach space, and let T e L(X) be such that R(T) is closed and
N(T) is complemented in X (respectively, such that R(T) is complemented in X).
We remark that the condition “N (J,)={0}"” (respectively, “R (Q,)=X/N(n") can be

omitted in condition i) of Theorem 1.2 (respectively, Theorem 1.3), as any
AeL(R(T), X) (respectively, L(X, X/N(T))) which is sufficiently close to Jgxr)
(respectively, Qyry) is one-to-one and has closed range (respectively, is onto); see
[D], Proposition1 (respectively, Theorem 1).

Now suppose that, in addition, R (T) (respectively, N (T)) is complemented in
X and Y is a closed subspace of X such that X=R(T)@® Y (respectively,
X=N(T)® Y). Then by [D], corollary of Proposition 3 (respectively, 2) we have
that, if A is sufficiently close to Jxr, (respectively, Qn(n), R(A) (respectively, N (A))
is complemented in X, too, and X=R(4)@® Y (respectively, X=N A Y)
g?x;;equently, X/R( A)is isomorphic to X/R(T)(rwpectively, N (A) is isomorphic to

)- -

In view of the preceding remarks, the following characterization of
membership in G(X) for generalized Fredholm operators (due to Gonzalez) can
be derived from either Theorem 1.2 or Theorem 1.3.

Corollary 1.4 ((G]). Let X be a Banach space, and let T e GF (X). Then the
Jollowing conditions are equivalent:



228 Laura Burlando

i) N(T) is isomorphic to X/R(T);
i) TeG(X).

Definition 1.5. Let X be a Banach space, and let Te L(X). We say that Tis a
generalized semi-Fredholm operator if R(T) is closed and moreover at least one of
N(T) and R(T) is complemented in X. Let GSF(X) denote the set of all
generalized semi-Fredholm operators on X.

Let X be a Banach space.

We remark that SF(X) < GSF(X) and GF(X) = GSF(X).

Notice also that Theorem 1.2 and Theorem 1.3 characterize membership in
G(X) for generalized semi-Fredholm operators.

We shall denote the space of all linear bounded functionals on X by X*. For
any subspace Y of X, let Y° denote the annihilator of Y, namely Y°={x*e X* :
<y, x*>=0 for any ye Y}. We recall that Y" is a closed subspace of X and that, if
Y is a complemented subspace of X, then Y° is complemented in X*.

For any AeL(X), let A* (e L(X*)) denote the adjoint of A.

In view of the remarks above and of [TL], IV, 8.4 and 10.1, we have that
R(A*)=N(A)° is complemented in X* (respectively, N (A*)=R(A)° is
complemented in X* and R(A*) is closed) for any A e L(X) such that N (A) is
complemented in X and R(A) is closed (respectively, such that R(A4) is
complemented in X). Then, for any 4eL(X):

A e GSF(X) implies A*eGSF(X*), and AeGF(X) implies A*e GF (X*).

We remark that the converse of none of the two statements above is true
(unless X is supposed to be reflexive). In fact, for instance, if A€ L(cy x I, x (I ,/co))
is defined by A(x, y, 2)=(0, x, y+¢,) for any (x, y, 2)€co Xl x (I /co)
it is not difficult to verify that A¢GSF(coxl, x(I./c,)) and nevertheless
A*eGF ((co X 1o x (I o/co))®).

Now let Te L(X). If X is reflexive we remark that Te G(X) if and only if
T*eG(X*). Moreover, each of Theorem 1.2 and Theorem 1.3 can be deduced
from the other one via duality. If instead X is not reflexive, none of Theorem 1.2
and_Theorem 1.3 can be deduced from the other one via duality. Moreover,

Tem implies T* e G(X*), but the converse is not true, even for generalized
Fredholm operators. The following is an example of a generalized Fredholm
operator T on a non-reflexive Banach space X such that T*eG(X*) and
T ¢ G(X). Notice that, instead, if Te SF(X) we have that Te G(X) if and only if
T*eG(X*), as T has index zero if and only if T* has.

Example 1.6. Let S denote the linear bounded operator on the Banach space c,
defined by S(x,),en=(x24)aen for any (x,),enEc,. We remark that R(S)=c, and
N (S)={(x,)sen€Cp : X2, =0 for any ke N}. Moreover, N(S) is a complemented
subspace of ¢, and is isomorphic to c,.

Let P denote the linear bounded operator on the Banach space I, defined by
PV )ren=(Pn Y )nen (Where p =1 if n is even and p,=0 if n is odd) for any
(¥Dmen€lo. We remark that P is a projection, so that N(P) and R(P) are



Generalized Semi-Fredholm Operators. .. 229

complemented subspaces of I, and l,/R(P) isisomorphic to N (P). Moreover, we
have N(P)={()ren€!ly :y2x=0 for any keN} =1 _.

Now let Te L(c, % 1) be defined by T (x, y)=(Sx, Py) for any (x, y)ecyxl,.
We remark that N(T)=N(S)x N(P) and R(T)=c,x R(P) are complemented
subspaces of c,x1I,. Hence Te€GF(coxly,), N(T)= coxl, and(cqx lo)/R(T)
~l,/R(P) =N (P) = 1. Since c, is not isomorphic to any complemented subspace
of I, (see [LT], 2.a.7), it follows that N (T) is not isomorphicto(cy % 1 w)/R(T)’ and
consequently, by Corollary 1.4, T¢G(cox1ly).

Nevertheless, we prove that T*eG((co % 1,)*).

Since Te GF ((co % 1)), it follows that T*e GF ((co % 1, )*) (see the remarks
above). In addition gse)e [TL], IV, 84 and 10.1, al.ld III, 3.3), we have
N(TH=R(TY=(co*la)/R(T)* =% and (coxly) o =(Cco%1)5 s
z(N(T))'z(coxlw)‘z/llgdé,. /R(T®) 07 =’ /N(T)

It is not difficult to verify that I, is isomorphic to its square. In addition, since
every dual space is complemented in its second dual (see [H2], 5.9.4), we have that
I, is isomorphic to a complemented subspace of I3, . Consequently, Ig, is
isomorphic to I, xI%, so that N(T*) is isomorphic to (co X lm)7R(T.).Henoe
T*eG((cox1y)*) by Corollary 14.

Finally, we recall that in [G] M. Gonzalez posed the following question:

(3) if X is a Banach space and TeL(X) satisfies Treese and Kelly's
hypotheses, is the condition N(T)=~ X/R(T) necessary Jor membership of T in G (X)?

We remark that the answer to question (3) is negative, as the example below
shows (notice that the answer is positive, instead, if in addition T is supposed to
be ecither semi-Fredholm or generalized Fredholm).

Example 1.7. Let us consider the following analogue of Gonzalez’s
example for pe {1} U (2, o).

Let TeL(l,x1,) defined by T(x, y)=(0, Ax), where A is a linear bounded .
operator on I, such that N (4)={0}, R(4) is closed and uncomplemented in I, and
l,/R(A4)is not isomorphic to [,. Such an operator 4 exists in view of either the lifting
property of I,-(see [LT], 2.£7) and [Bour], Corollary 5 and Lemma 6 (if p=1), or
[R]), Theorem6 (if pe(2, )).

Notice that T?=0, which implies TeG(l,x1,).

Furthermore, we have that N(T)={0}x[/, and R(T)={0} x R(A). Then
N(T) is complemented in [, x [, N(T) = lr’ R(T) is closed and uncomplemented
inl, x1,and (I,x1,)/R(T) =1, %(,/R(A) ). Since ,/R(A) is not isomorphic to I, and
every complemented subspace of I, is isomorphic to I, (see [LT], 2.a.3), it follows
that !, x (I ,/R(4)) is not isomorphic to / ,,and consequently N (T) is not isomorphic
to (I,x1,) R(T)-®

Another example of a linear bounded operator T, satisfying Treese and
Kelly’s hypotheses, on a Banach space X, such that Te G(X) and yet N (T) is not
isomorphic to X/R(T), is provided by

T :(x, y)ecoxl,— (0, x)€cyxl,.
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Now let pe(2, ) and let TeL(l,x1,) be the operator constructed in

in I, x1ly. Moreover, in view of [TL], III, 3.3 and IV, 84 and 10.1, and of
reflexivity of /,, we have that N(T*) is not complemented in I, x I, and N (T*)
(=((, x L YR(T))*) is isomorphic to (I,7 x 1)) R(T*)(= N(T)*).

'i’herefore the condition N(A)~X/R( A) is nbt necessary for membership in
G(X) of a linear bounded operator A with complemented range on a Banach
space X, either.

Another example of a linear bounded operator A with complemented range

on a Banach space X, such that Ae G(X) and yet N(A4) is not isomorphic to
X/R(A), is provided by

A0 Yelyx U ofcg) = O, O, Dl , x (U /e
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