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Transformations of Generalized Fractional g-Integrals,I
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In an earlier paper [6] we studied two generalized fractional g-integrals. The present paper deals
with certain transformation of these generalized fractional g-integral operators.

§1. Introduction

In an earlier paper [6] the author studied the following two generalized
fractional g-integrals:
(1.1) L(@); b) @ 4;z, p;n: f(X)
A= [(a); w* ¢ t“/x“]

- A+a—1 )
(1-9 { d %% ®);

=2 e o[ @ 0T 8 s

k=0

fd(; q)

and
(1.2) K, [(@); (b); @, 4; z, p; n :f(x)]

A+i-1 o . B sl [th
e o[ @ T | rode:

3 gua+a-1 y[ (@); o z¢ g+ -k-1
= I aorion o] Jreatn.

The operators (1.1) and (1.2) reduce in particular cases to the operators
studied earlier by R. P.Agarwal [1], W.A.Al-Salam[2], M.Upadhyay[8],
W.A.Al-Salamand A. Verma [3] and the present author [5]. These particular
cases are given below: .

(i) For A=u=w=1,(1.1) and (1.2) reduce to the following operators due to
M. Upadhyay [8]:
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(13) 1@ ®; 2 15
ey I RO
and .
K. [(@); (0); z,n:f(x)]

(1.4)
=22 _ [t 0P a); (b); zx/tlf (Ot q).

_(l—q) x
(ii) For A=1, uy=m, w=¢*"*', B=0, A=1,a,=—a+1 and Z=gq, we get

m -n—-ma+m-—-1 x
1.5) Do f(x)=——————" | "= t" g™ " (t)d(t; q),
( S F@ )& e 046 9
where a#0, —1, 2,.... This is due to the present author [5].
Further, for m=1, (1.5) reduces to the fractional g-integral operator
.x"nex
1.6 I f(x)= X—1tq).—1 L' f(t)d(t;
(1.6) e f(x) r,(a)!,( Da-1 ' f(O)d(t; q)

which is due to R. P. Agarwal [1].
(iii) For B=0,4A=1,a,=a+1,A=1,u=m, o=4"""!,z=1 and f(x) replaced

mq

1.7) K% f(x)= )

by f(xq' %), (1.2) reduces to
-n x' @® o _ _
J @ =x") oy t77mm f(eq TN ; ),
2,.... This is also due to the present author [5]. Further, for

where 2 #0, —1, —
m=1, (1.7) reduces to the fractional g-integral operator
q7"x" ¢ -
(1.8) K3 f(x)= f @=x)a-rt™"7 % f(2q* ~)d(t; q)
i@ x

which is due to W. A. Al-Salam [2].
“(iv) For A=p, o=1,B=0,A=1,a,=—a+1,z=4"

we obtain by taking h=g?
1—h)x~ 14— x
) § A= @A Pae 10 %371 £(0d(e; g),

a (
19) Li{f(t)} =+
( )q ‘{f()} (l—q)G.(a) °
where h=g*and G,(®)=T,(a). Thisisdueto W.A.Al-Salamand A.Verma/3]

§2. Definitions and notations
The following definitions and notations will be used in this paper:
@.1) @)=1-g)(1=g"")...(=g"*""); (g =1,
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22) Fq(a)=%$, @%0, —1, -2,..),
@3) e (x)= 'i %=(-l-_—'x§

24 E ()= '*;30 =7 )":"_”'2=(1 _—
23) f rdes 9=x(1~0 T )
26) Zf(t)d(t; P=x(1-a) 5'51 4" f g™
e f 70d0; =010 g

@9 [ ;% |= 00105 0 1=0,18% 4 2

= & (9°1),(g°2),...(q"4), X"
w=0 (@,3°),(q2),...(¢"D),

, | x| <1.

§ 3. Results used

In an earlier paper [6] the present author has established the formula of
fractional integration by parts for the operators (1.1) and (1.2) in the reform of the
following theorem:

Theorem. If X |q™*df(q)|and I |q~"™**~Vg(q")| are convergent,
lql<1, RI(4)>0, [0 z*|<1 and RI(nA+2)>0, then

(3.1) | fX) K, [(@); (b); & o; 2, p;n: g(x)d(x; q)
0 .

={ glxa™ ) I[@); (b); 4 w; 2q, u; n: f(X)d(x; g).
0

In this paper we shall be using (3.1) to establish certain functional
transformations involving the operators (1.1) and (1.2).
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§ 4. Functional transformations involving q-Laplace transforms and the
operators (2.1) and (2.2)

Applying the formula (3.1) for fractional integration by parts, we have

@) TIE= | K,[@): ); 4 @ 2 13 n: 9P ey (—x)lfGMY; @)
0

=[ L[@); (b): 4 w; z, u; n:fO)] (xyqa™ 'Y e, (—xyq~)(y; q).
(/]
In the notation of W. Hahn ([4], §9) for the g-Laplace transform, namely, if

L, ,F(x)=f(s)= | F(x)e,(—sx)d(x; g),
then °l
'L;,,‘f(s)=F(x)=%jf(s) E (—sx)ds, .

where c is a simple closed contour encircling the origin, we have

42) T/()=(xq™ Y L gre-1 {1, [@); B); 4 @; 2,  n:fO)]}-

The functional transformation

4.3) Tf(x)= | K, [(@); (b); 4 @; 2, p; n: (xy) e, (—x)If0)dy; 9)
(4]
can easily be shown to have aclose relationsi'xip with the L, ,and K [(a); (b); 4, w;

z, u; n: —] operators.
In fact we have the following theorem:

(-]
Theorem 1. If X |q"™*d f(q")| converges, |q|<1,
RI(W)>0, |w*z*|<1, RIA+A—p)>1, |x|<1 then

@8 [IO)K,@; B); b ;2 n: (3 e (—x)d03-0)
f |
=Tf(x)=K_[(@); (b); 4 @; z, p;n:x* L Y’}

Still another interesting functional transformation similar to (4.3) can be
defined through the g-integral equation
@.5) )= [ L[@); (0); 4 @; 2, 5 n: (XYY e(—x)fOM©; g).
V]

Again by (3.1), we obtain
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@OSW=x" | ¥ e, (~x0) K, [@); B); b @; 7 s n:f@yldy; @)
0 y
=x* L. {y’K,[(@); (b); 4 w; z, u; n:f(g)]}.

As in case of (4.3) we can, on similar lines, prove the following theorem:

Theorem 2. If ; |g~rA*2=Df(q") | converges, |q| <1,] w* z*| <1, Rl (1) >0,
|x|< and Rl(q/l+'2.=-l_-§)>0 then ‘ '

4.7 Sf(x)=1,[(a); (b); 4 @; z, u; n:x* L .. {y*FO)}].

From (4.6), we also get i

(48)  Liilx™’Sf(x]=y* K, [@); 0); & @; z, u; 1: f(gy)]

which gives a new representation for the K. [(@); (b); 4, w; z, u; n: —] operator.
Similarly, (4.7) gives

49) L:lx7?{L[@; 0); 4 ;2 p;n: =1}~ SFX]=y 1 (),

where (4.9) gives an inversion for the functional transformation (4.5).
Similar remarks follow in case of the relations (4.2) and (4.4) as well.
Particular cases of theorems 1 and 2
() Putting A=p=w=1 in theorems 1 and 2 we get

Corollary 1. If ; 1"+ Vf(g)| converges, |ql<]1, |z|<1, |x|<]1,
RI(p—P)>0 then
(4.10) [ O K, [(@); ®); z n: (xy) e, (—xy)d(y; q)
[} 3
=K, [(@); ®); z,n:x* L,.(* fO))

and

Corollary 2. If X |Aq""f(q')| converges, |q|<l, |z|<1, |x|<]1,
RI@+p)>—1 then =

411) T 70) LI@; ®); 7 n: (3P e, (- x)ld0y; @
(]

=1,[@); ®); 2 1: X Lo (* ).

(i) Setting B=0,A=1,a,=—a+1,A=1,u=m, v =¢*"'in theorems 1 and 2.
Further, putting z=gq in theorem 2 and z=1 in theorem 1, we get :
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Corollary 3.If = |g™*V f(q") | converges, |q| <1, m is a positive integer,

RI(@)>1, RI(g—)>0, |x|<1 then
(4.12) | K& {(xy) e, (—xy)} fO)M(y; @=K75 {x! L ..0* fON}
[}
and

Corollary 4. If = |q~™f(q %) | converges, |q|<1,mis a positive integer,
Rl(@)>1, |x|<1, Ri(n+B)>—1 then

@.13) ] 125 () ey(—xp)} Fa~ 05 @)= D35 (2 Lo 0* S0~}

Results (4.10—11) are due to M. Upadhyay [8] and (4.12—13) are due to
the author [S). Also, for m=1, (4.12—13) reduce to corresponding results of
R.P. Agarwal [1, §6]. :

§ 5. Further transformations

This section deals further with transformations involving (1.1) and (1.2)
which are analogous to those obtained by H. Kober [7] for ordinary fractional
integrals and are given in the form of the following theorems:

Theorem 3.If T |g™*Vf(g)|and T |g™*? ®(q")|converge, |q|<1,

RI()>0 and |w*7*|<1, then T
1
(5.1) | ;q’(;) I.[(@); (b); 4 @; z, p; n:f()d(x; q)
o

=°§° 1f(l) I,[@); (b); 4 @; z, p; n: @ (x)d(x; q).
o X X

Theorem 4.If £ |q ""*2~Vf(g)|and I |q~"*21=D®(q)|converge,

r= - r=-—aw

lgl<1, RI(u)>0, |w*z*|<1, then

(5.2 ? im(i) K, l(@); (b); 4 w;z, p; n:f(x)d(x; q)
V]

=71 K@ 0 2 03 5 wi n: O @)

Ot 8
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Particular cases of theorems 4 and 5.
Case 1. Setting B=0,A=1,a=—a+1,2=1, uy=m, o=q*"! in theorems 4
and S. Also putting z=gq in theorem 4 and z=1 in theorem 5, we get

-] @
Corollary 5.If T |q"*Vf(g")|and I |qg"*V®(q)]|converge, |q|<l,m

is a positive integer';;dmR (x)>0, then T
[ <] l @

(5.3) - ‘1’(—) IS ed(x; @)= § ~f
v o

& s o s o)
4 G :

@
Corollary 6.If T |q7™f(q" %) |and Z |q " ®(q"~*)|converge,|q|<1l,m

r=-—o
’

is a positive integerrz;; R(x)>0, then
°1 1 @1 1
(5.4) I 3 Q) KRLS(xd(x; q)=j' /a7 K&5 ®( ¢M(x; 9).

Results (5.3) and (5.4) are due to the author [5] Further, for m=1, (5.3) and
(5.4) respectively reduce to the following:

@
Corollary 7. If 2 | **" f(g)]|and X |qg**" ®(q")| are convergent,
r=—"w

Rl(x)>1 and |q <1 thenfor Rli(n)> —1, we get

@

(55 §= - ‘P(—) I f(x)d(x; q)= I f (—) I @ (x)d(x; q).

o X

Corollary 8. If = |q**" f(q")| and 2 |q@*" ®(q")| are convergent,
r=—o

lgl<1 and Rl(x)>1 then Jor RI(n)<O0, we obtam

(56 ]300 K¥ fxg¥Mlxs =] 156) K%, Olxa Ml o

0

Results (5. 5) and (5.6) are q-analogues of the results due to H. Kober [7].
Case 2. Setting A=u=w=1 in theorems 3 and 4, results (5.1) and (5.2)
respectively reduce to the following:

Corollary 9. If X |g'*" f(g)|and I |q**" g(q")| are convergent,

lql<1,|z]<1 and Rl(n)> — 1, then e

“1
57 J £9Q) LI@: ) 2 n:/(Hx; @

—) I,[(a); (b); z, n: g(x)d(x; q).

1
x

-
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Corollary 10.If £ |q"*Vf(q)land Z |q"*" Y ®(q)| are convergent,

lql<1,|z|<1, Rl(n)> —1, then

69 [ 296) K,J@; 0 2 n:/Gldlxs 0
o

=111 k@5 0% 2 n: g valits: @
0
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