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The commutant of a general linear operator is described when the operator is of differentiation
type, i. e. it decreases the powers.

The comparison with previous results for operators of integration type shows that the methods
used earlier are applicable also in this case, but there arises an essential difference - the role of the
indices in the sums is changed.

Let S be the space of polynomials with complex coefficients and X" be the
algebra of all linear operators L :S—S. Then for any operator MeX" the set
K, :={LeX :LMy(z)=MLy(z), yeS} is called the commutant of M.

Here the commutant K,, of the operator

L J (k)
() My@)= £ L Dp e
r=0 k!
will be considered in the space of the polynomials S, where p is an integer, b, #0,
b,eC. The sum is written with infinite upper bound, but for any fixed polynomial
yeSs it is finite because y®(0)=0 for all sufficiently large k. When p>0, p=0, or
p<0, the operator increases, preserves, or decreases the powers, respectively.
Some particular cases (namely, p=0) have already been investigated in [10].
The operator M is a generalization of the following operators:
— the operator of multiplication by a fixed power p of z:

Ty(z)=2z" y(2),

considered in [1), [8]; in this case b,=1;
— the operator

Rp.(y(z) =zF y«)(z)l
considered in [3]; in this case b,=k (k—1) ...(k—g+1); (in particular, when p=0,
q=1, we get the usual differentiation operator);
— the generalized Hardy-Littlewood operator
t 4
B,.f(2)= —:‘- f £ () dt, where neN, m=n+1,
1]

considered in [5], [6], [7], [9]; in this case
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=-—, =q=n— 1;
b, nrkTl and p=a=n—m+

(in particular, the usual integration operator, when m=n=0).

In [10] the operator M was considered in its general form for p=0. Then it
behaves like an integration operator. Here the case p<O will be investigated,
when M decreases the powers. and is similar to a differentiation operator. It is
interesting to test if the methods used for integration type operators can be used in
this case, too.

The operator M can be defined in different subspaces of S:

S® :={yeS :y(0)=y’'(0)= ... =y*"V(0)=0}, S§*:=85.
It is convenient to put g := —p>0. First, let I>¢>0, i.e. M :S?—>5¢"9 and
© OT())
@) Mye= £ L Dp 20 g>o.
=1 K!

The operators L of the commutant K,, are supposed to be defined in the whole
space S=S5, i. e. L :S—S. Compute M Mz and MLz* for k=|, putting

LZ‘ =X 1*_12"
j=0

with unknown coefficients 4, ;:

LMZ&=Lb A~ 9=b L =b, £ Ao 2"
j=0

MLZ=M ; AhjZ= ; L jMZ.
Jj=0 Jj=0
In the last sum
A y=0 for kzl, 0=5j<l],
must be supposed, because Mz’ is not defined for z=0 in this case. Hence

(3) MLZ*- p>) lk.jle— b)) A*ijzj-'.
L=l Jj=1
Replacing j by j—q in (3) and comparing the coefficients of the equal powers in
LMz* =MLz, it follows that 4,_,;—,=O0for k21, ¢<j<l, or, written changing the
indices,

4) A y=0 fork=2l—q, 05j<l—gq
and also the following recurrent formula holds:
b
(5) lg_1=—£'lg..¢.l_‘ for kgl, jgl.

b,
L]
Like in [5), [6], [7), [9], [10] one can suppose that the coefficients 4, in \
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a0
LZ:=X A, 2z, l—-q=sr<li,
j=0
can be arbitrarily chosen, and then, for Lz*, k2l, using several times the
recurrent formula (5), all other 4, j, k=], j=I, can be expressed by them. In this
case I> g, therefore it is also possible to choose arbitrarily the coefficients in

-
Lz:=X 1,7, 0st<l—g,
j=0
because they were not used in the above considerations.
Thus, the following theorem holds:

Theorem 1. If g:= —p>0and 1>gq, a linear operator L :S—S belongs to the
commutant K, of the operator M :S®—S"~9, defined by (2), if and only if it has the
Jorm

!

6 Ly@@= X
k=0

(k)o -1 ® k)o
yk(!)z,JzJ+ T I y(k(!)z,sz

k=t-q J=1-q

z
Jj=0
¢
* ® @) "7 b-
+ X z y (' ) II 251 s-i4q k-1+q 20,
k=1 ,=z+[§q;'1¢ k! y=o bj-ug ¥ g ki K

where A, ; are arbitrarily chosen complex numbers for 0 <k <1—g,j 20, or for
l—q<k=l-1, j2l—q.

For the case l=gq the considerations are simpler than the ones in Theorem 1
and the following theorem will be given without proof.

Theorem 2. If q := —p>0(and 1=g), a linear operator L :S—S belongs to the
commutant K, of the operator M :S9'—S, defined by (2),if and only if it has the form

g—1 o k)
™ o=t L9
k=0 j=0 k!
[5_—_4]
© © (k) q9
+z 5 2O s, z,

k! b k-Gl
k=q J=[gk ' w=0 Dj-pq k-Gl
where A, ; are arbitrarily chosen complex numbers for 0 Sk <q,j20.

Here it was not verified that (6) and (7) are not only necessary, but also
sufficient conditions for an operator L to belong to the commutant K,,. This can
be made comparatively easily by expressing MLy(z) and LM y(zf‘ using (2)
together with (6) or (7) respectively. After that suitable changes of the indices
should be made to verify that MLy (z)=L My(z).

Next the commutant K,, will be described in the interesting case when the
operator M acts in S® with 0=1<g. Then Mz*=b, 2*™*is not defined at the origin
for 0k <gq. Therefore

@) Mz2=0 for 0sk<q
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should be supposed. Like a model for this case the operator d*/dz* or 2" d*/dz’,
s—r=gq can be taken.

Strictly regarded, this restriction is a change of the initial operator, but in the
sequel it can be seen that the methods used for the generalized Hardy-Littlewood
operator of integration type are applicable for operators of differentiation type,
too. Some diferences can also be seen between operators of integration and
differentiation type.

The interesting case is 0 <l <gq, which is possible for =2, when M :5¥-S§,

and
0 for ISk<
©) Mz = _ =k=d
b, z*"¢ for k=q(b*#0).
Consider a linear operator L :S—S, Lz*=X{%44, ;2. Then, first for ISk<gq
(10) LMz*=L0=0,

=1 Jj=1 J=q
In (11), Mz’ should be defined, therefore
l&J"—'O for l§k<q, 0§j<’,

is supposed. Then, since Mz/=0for I<j<g, the coefficients 4, ;can be arbitrarily
chosen for ISk <gq, | <j<gq. Comparing the coefficients of the equal powers of zin
(10) and (11), it follows additionally that

(12) j’k.]=0 for I§k<q, qu.
For k=gq the following holds:

(13) LMz*=Lb,z*"*=b,L*"%=b, T A_,,;2
j=0
(14) MLZ‘=M b)) lg'!zl= z ltJMZ'I= X 1&Jblzl_'.
i=i J=1 J=1
In (14), like in (11), suppose that
15) - My =0 for k=g, 0s5j<l,

while 4, ;for k=g, ISj<g, can be chosen arbitrarily, because M;'=0for ISj<q.
Replace j by j—q in (13): .

[ ]
(16) LMzZ=b, T A_g;-,274
' J=q
Comparing the coefficients of the equal powers in (14) and (16), the following
recurrent formula holds:
b

a7 /1&.1=3ka-¢.}"'( for k=2gq,j2q.
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In this case the expression for the operators of the commutant K,, with one
formula, using only those 4, ; which can be chosen arbitrarily, is very long.
Therefore the formulation of the theorem just proved will be given like a
procedure:

Theorem 3.Ifq := — p>0and 0<l<gq, then a linear operator L :S— S belongs
to the commutant K,, of the operator M :S"— S, defined by (9), if and only if it has
the form

) (k)
(18) L=t 29 2,
k=0 k!

where for k2q, j=q, the recurrent Jormula (17) should be applied v times
(v=min ((%], [‘;’1-]) in order 1, ; to be expressed by a coefficient A;_ g ;- With at least

one index smaller than q. For the coefficients with min (k, j)<gq the following holds:
k=l 0<j<l or

0 ae Isk<gq, j2q.
(19) A= acbitrary i 0<k<l, V¥ or
. for Yi<j<q k.

The above considerations were made supposing that the operators L of K,,
map S into S. This makes us to give zero values to some coefficients 1, ; because
M?z* is not defined for 0<k<lI. :

Another possibility arises when the operators LeK,, act from S® into S,
Then, however, the operator M should be modified in the following way:

0 for Ik<q+l
b,z*"® for k=q+!
A description of the commutant K, of the modified operator will be given for

0=<I<gq. Here, a zero value of [ is also considered, when (20) agrees with (9).
Let ISk<q+1 Then,

LMz*=L0=0,

(20) MZ* :={

MLZ*=M z lkJZJ=E Ak'JMZ‘I= z lka]Zj_q,

Jj=1 J=1 J=q+1

and the coefficients 4, ; can bc‘arbitrary for ISk<q+l, 1Sj<q+], because then
Mz'=0. The equality MLz*=L Mz*=0 implies

(21) Ay =0 for Isk<q+l, j2q+l
For k=q+1 it follows that °
(22) LMz*=Lb,*"9=b,L2*"%=b, T A_,;7, -

=l
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(23) MLZ‘=M z ).,‘_jz’=2 lkJMZ]= z ).k.jbjzj_"

i=1 i=1 j=q+1

and 1, ; can be arbitrarily chosen for k=g +1, I<j<q+I. Replacing j with j—q in
(22), and comparing the coefficients in (22) and (23), the following recurrent
formula holds:

b
(24) At.,l=-b—k)'k—q.]—q for k;q'*'l, qu""'l.
J
Now we could describe the operators LeK,, using
@ (k) @ (k) @
Lyz)=% 2 (,0) LA=3 X—('—o) s A,7
k=] k! k=1 k! =1

for yeS®. For k2q+1, j=q+1 the recurrent formula (24) can be applied v times

=1 j—I
(v=min ([-kT R [’—q—]) to obtain a coefficient with at least one index smaller than .

Theorem 4. If q := — p>0,0=<1=<g, then a linear operator L :S"—S® belongs
to the commutant K,, of the operator M: S® — S, defined by (20), if and only if it
has the form

w0 q+i-1 0
(25) Lye)== = 2 (' )
k=1 j=I k ®
Een g Es
© q 17¢ (k) q 1~
y*©(0) by - g
+3x ¢ 2 hzne

k=qg+1 j=q+l

lk-l ZJ

j-1 2,

u=0 bj_,,q t—[J_ﬂ; e —[g Ja

where A, are arbitrary complex numbers for k21, Isjsq+I1-1.
Let the order of the sums on k and j in (25) be changed, taking into account
the corresponding change of their bounds. Then the following representation

holds:
g+l-1 © y(k)(o)

(26) Ly(z)= X X ! l,Jz’
J=1 k=1 :
(1_'_'] 1
® © (k) q 1
y*(0) by—uq ,.
T z —=1 - -1 2.
* o k! =0 bj-u ""Icll""'[%‘z

J=aq+l k=g la+!

In the particular case /=0 the last formula can be rewritten as follows:

Corollary. If q :=—p>0and =0, then a linear operator L :S—S belongs to
the commutant K, of the operator M :S—S, defined by (20), if and only if it has
the form
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q—1 oo (k)
@7) Ly®=* = y—(?)z.,,zl
j=0 k=0 k!

J
© o *) -1
+2 g 2 © " Br-ue

i
o b Ak-a.i-tge 2.
J=a k=lga %'  u=0 Oj-ug

Now it is possible to compare (26) or (27) with the most of the descriptions of
commutants of operators of integration type given in the cited author’s papers.
The formulae are similar with respect to the bounds of the sums, but there is a
principal difference — the role of the indices k and j is changed.

Nevertheless, this paper shows that the commutants of operators of
differentiation type can be investigated using the same methods as for the
operators of integration type.

References

.

1. U. PakiyuHOB. BbpXxy HAKOM KOMYTAOHOHHH CBOMCTBAa Ha airebpaTra Ha JIHHCHHHTE
OnepaTopH, ACHCTBYBAIIH B IPOCTPAHCTBA OT aHANIHTHYHH QYHKIHH, 4. I. I'od. BY 3, ITpua. mam.,

18, 1979, xn. 3, 27—40.

2. U. PaituynHOB. BLpXy HAKOH KOMYTALHOHHH CBONCTBA Ha aireGpH Ha JHHEHHH onmepaTopH,
JeliCTBYBAILM B MPOCTPAHCTBA OT AHANATHYHEH QyHKUuH, 4. II. I'od. BY 3, ITpua. mam., 17, 1981,
xH. 1, 61-71.

3. 1. PaftiunHoB. KBM BBIpOCca 32 MAHHMAJIHO KOMYTHPAIITHTE €JIEMEHTH Ha areOpH OT JIHHEHHH
onepaTopH, AeHCTBYBAIlA B MPOCTPAHCTBA OT aHAJIMTHYHH QyHxuun. I'0d. BY 3, Ipua. mam., 17,
1981, xn. 4, 91 —99.

4. 1. Raichinov. Linear operators defined in spaces of comrlex functions of many variables and
commuting with the operators of integration. Serdica, Bulguricae mathematicae publications, 4,
1978, 316-323.

5. M.C.XpucTtoBa. Bepxy equH x1ac MHHEMAaJITHO KOMYTHPAIlH ONEPaTOPH B IPOCTPaHCTBOTO HA
NMONHMHOMHTE Haxa noJsieto C Ha XOMIUIEKCHHTE YHCaa. 10d. BY 3, ITpua. mam., 18, 1979, xu. 3,
55—68. :

6. M. C. Xpuctosa. O6u BHA Ha NHHCHHHTE ONEPATOPH, ACOHHUDAHH B NMPOCTPAHCTBA OT
AHAJTMTHYHH QYHKIIMM ¥ XOMYTHpaImH ¢ 0606menns onepaTtop Ha Xapmu-Jlurensya. I'od. BY3,
Hpua. mam., 20, 1984, xu. 2, 67—74.

7. M. C. XpuctoBa. HikoH aHaMTHYHH XapaKTCpPHCTHKH Ha OMNCPATOPH, KOMYTHpallld C
¢duxcupaHa creneH Ha oGoGwenun onepatop Ha Xapar-Jlurensyn. Haywwu mpydose
BHH K. Mapkc“, 1, 1986, 149 —159.

8. M. C. XpucTtoBa, C. C. [Isnepcka. Bopxy MUHEAMaIHATA KOMYTaTHBHOCT Ha omeparTopa
YMHOXEHHE ChC cTeneH. T'od. BY3, ITpus. mam., 24, 1988, xn. 3

9. M. S. Hristova. On the generalized Hardy-Littlewood operator. — In: FOGuneen c6opuux
»100 ronuHH OT poxacHHEeTO Ha axanemux JI. Yaxanos*, 1986, 143 — 149.

10. M. S. Hristova. Some commutational properties of a general linear operator. — In: Complex
Analysis and Generalized Functions, Varna 91 (to appear.)

Department of Mathematics Received 08. 02. 1992
University for National and World Economy

Studentski grad

1100 Sofia

BULGARIA



