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1. Problem statement and notation

Let Ry = [0,00), (R,A, P) be a complete probabilify space, s,t € R,
z = (s,t), F = {F., z 2 0} a flow of o-algebras from this probability space,
w = {w(z),z > 0} be an F-adapted Wiener field,

) ty =8, ta =t, O = 0/0t, k= 1,2,
03 = 8/0z, z € R = (—00,0).

Denote by C(p,q,7) ( C(p,q,7) ) the space of real functions f(s,t,z)
defined on R% x R -and possessing the continuous derivatives oif, 8% f,0%5f
(8{8.;64‘ f, respectively), for every 1, j,k satisfying the inequalities 0 < ¢ < p,
0<7<gq0<Lk<r. The spaces C(p,q) and C(p, q) of the real functions on

R, as well as C(p), C(p) on R, are detéfmined in the same way.
Within the above notation:

1
(2) Iy = Ok + fr0s + 3 (9x)%03, k=1,2,

where fr € C(1,1,2) N C'(l, 1,0), gx € C(1,1,3) N C‘(l, 1,1), we also introduce
a random F-adapted value £ and two independent standard separable Wiener
processes wi(tx), k = 1,2, also F-adapted. : . A

Consider the problem of existence and construction of the diffusion field
€(z) determined by the system of Ito stochastic differential equations:

3) dil = fi(2,8) dte + gi(z,€) dwi(ts), &(20) = &0, k=1,2.

For the solution of the given problem we use the method of transformation
of diffusion fields, which arises from the generalization of our method of diffu-
sion processes transformation. The basic formulations of this paper have been
previously reported without proofs [1]. Most of the notations adopted here are
the same as in [2].
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2. Problem (3) solvability condition

The Cauchy problem (3) is solvable if £(z) is expressed in terms of Wiener
processes by means of the path-independent line integral along the curve con-

necting the points zp and =.
As demonstrated in [3], the following conditions are necessary and sufficient

for the Cauchy problem solution:

(4) 910392 = g203g1, l2fi = UL f2
lkgr = grdafi, k,r=1,2.

The last equality in (4) is supposed valid for k,r = 1,2, k # r, i.e. actually it
comprises two equalities. If, instead of these two, the following one is considered

91(8291 + f20391) + 92031 = 92(0192 + f18392) + 92852,
then the Kolmogorov set of equations
(5) lru = 0,u(20,2) = Xo(z), k=1,2,

provided that the first two conditions in (4) hold, is solvable (for the class of
limited functions). Further, [3] offers “all kinds of examples”of solvable systems
(3) and (5).

However, the solvability conditions (4) of the Cauchy problem (3) may be
simplified if we explicitly express fi in terms of gi. Then all the examples
and particular cases mentioned in [3] would arise from this formula. All above-
mentioned may be presented in the form of a theorem.

Theorem 1 For the solution of problem (3) it is necessary and sufficient
that with g, € C(1,1,3)NC(1,1,1), g1 > 0, there ezist functions Co € C(1,1),
K;(t) € C(1), K; > 0, j = 1,2, by means of which the functions f, fa, g,
could be ezpressed by the following equalities:

(6) 92 = q1V6, &= [Ki(s)K2(2))?,
(7 S = 93—k {2_161"3393-1: - /z 3[1/93-4(z, ¥)] dy + Ck} ,

(8) Cr=K3*,Co, k=1,2,

where § and C) are given according to the adapted notation, 1; = (1),
Proof. Necessity. Assume that the problem is solvable, then the last equality
in (4) gives: .

s fi = (g3—k)"" lx g3—x, .
33 frx = (93-x)"" [fx3393—r + 333ugs—k + gi(dsgx)d2gs—s + 272 3gs-x], k=1,2.
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Introducing these expressions into the second equality in (4), and taking
into account the first one, we obtain:

(9) 821 + (f2/92)0192 + 27192830192 = 81 f2 + (8291)(f1/91) + 2719182839,
91[02(f1/91) — 271828391] = 92[01(f2/92) — 2781 859).

Furthermore, from the last equality in (4) we derive:

(93-k)* 0z = Okg3—k + 27 (9k)?02g3—,

i.e., we have obtained equality (7), where § = (92/91)2, with C;, C3, 6§ being
functions not depending on z.

After corresponding transformations of (9), taking into account (7), we
obtain: 8,2 = 3162,

" {«5 / " dna(1/2)dy + (82VF) / " 94(1/g2)dy — az(clx/i)} .
(10)
= 92{ / Bra(1/en)dy + On( \,) " a(1/gr)dy — B f)}

\/_81(\/- — %(C1VE) + V3 612( )dy + V6 81( ~)dy—

1
- 312(—-)dy + (26)"1(816) az(a)dy = 0.
ZTo
At z = z¢, the condition follows:

(11) L VEa(CNE) = 32(le)

Assume that the derivative of the left-hand part of equality (10) vanishes,
then a chain of transformations will give:

(V5/91)12(1NV8) + (82V8)g 0 (1/VE) =

8121n V6 = 0,

i.e. equality (6) is proved: V& = K;(s)K2(t).

Since V6 = g2/91 = K1K3, provided that Cy € C'(2 2), we derive (8) from
equality (11).

Sufficiency. Assume that there are functions Co € C(1,1), K1,K; € C(1)
having continuous first derivatives, X, > 0, by which the functions Cy, 92,
fir are expressed in (8), (6) and (7) respectwely Under this condition, it is
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" necessary to prove that correlations (4) are identities. The first equality in 4)
is patent. Now calculate the right-hand part of the last equality in (4) for k = 1,
r = 2, having for, (7) and (6):

91 >0, g203f1 = (92)’[(26)7' 8392 — A (1/92)]+ .
o+ 92(3392)[(26)_13392 - | [6:1(1/g2)ldy + C1].

This expression is also equal to /,g,, therefore the last equality in (4) is
proved for k. = 1, r = 2. By analogy, it is proved that l,9; = ¢:93f2, g1 €
c(@1,1,3)n€(,1,1).

Now consider the second equality in (4). First prove equality (9). After a
number of transformations its left-hand part will take the form:

‘alos(L) - 20001) = Kagr (BuaCo-
9

1,
- K, ﬁz(m)dy—’cz (3252)/’

Zo

1
a‘(m)dy} .

]

The right-hand part in (9) obtains the form:

7ln(22) = 50m0] = 0110000 + K7 01k) [ oy~ [ dua( Ly,

hence we can see that it coincides with the left-hand part, and thus equality
(9) is proved. ) _

To prove the second equality in (4), using (9) we apply the following trans-
formations: ;

" b= (Bt fads+ 2B =

2 =8 f1 + fa(g2) lig2 + %yz[fu??yz + 33192 + 91(3391)33 g2 + ::,-(m)’a:?y:] =
1 .
= o fa + (fi/01)d201 + %91323.01 + (f2/92)[/18392 + %(g; )83 g2) +

g 1
+ %ﬂzflagﬁ + 91(9391)(93 92)(922) + zﬂ?ﬂzagyz =0fr + f10sfa + a,
1 .) " - . 1 1
a = 59133301 + (292) 1£2(9183)%92 + 59192(8301)8392 + zgz(yl )28392 =

= %a?[amh +7:(391)9202 + %ymaé'gz + f283g1)e7 = %(9183)’ fa.
Now it is obvious that (12) is equivalent to the second equality in (4) and
hence the theorem is proved. :
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3. Wienerization of a Special Diffusion Field

Consider a simultaneous stochastic system (3). As it arises from the already
proved Theorem 1, the functions fi, gk, k = 1,2 provide the existence of certain
functions Ki(tx), k = 1,2 and Co of the corresponding classes, by means of
which fi, f2, g2 could be expressed in terms of g; according to the formulas:

= K1K201,

(13) h(z,2) = 91(2,3){’(:1(3)3aco(2) + 2'13391(2,3‘) -
— Ka(Ya®) [ Bu[1/aa(z w)ldu},
fa(2,2) = gl ) (L Ka(D)B:Co(z) +271839(2,7)—
— @@ [ a1 fon(z w)ldy).

Zo

In order to construct a diffusion field E(z) which is the solution of the set
of equations (3), we shall apply the field 7(Z) obtained from the formulas:

(14) i = ¢i(ti)s i=1,2 z= (1‘1,1'2),
7(2) = Y(1(m1), ¥2(72), E(¥1(11), Y2(72))),
where ¢; are contmuously differentiable functions for t; € R4, &i(t) > 0,

¢i(R4) = Ry, i = 1,2, while v € C(1,3).
Introduce certain Wlener processes

(15) w; = {wiy(n), 7 € Ry}, i=1,2,

and adopt the notation g, ¥y, ; for the functions inverse to ¥, 1, P2 respec-
tively. Thus, for every z € R, t;,t3 € Ry, i =1,2: :

¢0(Z, '/)(zvx)) =T = 1/)(2,1,’0(2,2)),
Yi(@i(t:)) = ti = di(Wi(ti)). -
The problem is equivalent to constructing the functions ¢, ¢2, ¥, such,

that for 7o = ¥(0,0,£0) there exist independeant Wiener processes (15), for
‘which

dxn = V2dyioe(rs), dn(z) = VRldrin(n) + daiba(ra))],

e n(2) = no + V2|1 (1) + B2(73)], k=1,2

hold.
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With these functions having been constructed, the solution of system (3)
takes the form:

(17) £(2) = Yo(z,1(2)) = Yo(2, n0 + V2[1(41()) + Wa2(2(1))]).

Theorem 2. Provided that solvability conditions are observed, then system
(8) is equivalent to system (16), and the transformation functions satisfy:

#1(s) = [5[K1(u)] "2 du,
(18) #2(t) = [i[K2(u)]? du,
¥(z,z) = V2{[1/K:1(3)] [2[1/91(=, ¥)ldy — Co(2) + C(0,0)},

if we assume that ¥(z,R) = R.
Proof. To apply the result of [4], introduce the notation:

a = (l/ﬁ)gky Bk = gk/ -gk(dz—!{y)’

e = 2fu+ 20k [ [8x(1/g8)] dy — Bs[(1/2)(gk)?],

Zo

(7% Br Yk
dzax 03Pk O3k

3oy 93Pk O3k

As 71 = a1[2v2K1(8:1Co)] + 26101 In K4, it is clear that A; = 0. Hence, in
order to bring the first equation in (3) to the form of the first equation in (16),
we may construct the functions ¢,(t1), ¥(z,) using the formulas from [4]. For
this purpose we shall introduce additional notation:

A = , k=1,2

— | ax — | Be
Wi = laaak 037k |’ Pi 03Pk~ 337k

As Wy = V2g18 In Ky, (o)™ 'W; = 81 In(K}), then

, k=1,2.

&(s) = /0 " e /o * aﬁWﬂu,z)du}dﬁ: (K1 (0)]2 /0 (K (u)] 2.
From P, Ja; = —2v/2K18,Co, we obtain that

W)= VE@L 43 [ P axpl-g [ Wa )y =

o a1(u,z) ay (i, z)

= V3K (0)] ;c,l(s) L ’ — (;, dy = Ca(2) + Co(0, 1)L
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The functions ¢(s) and ¥(s,z) may be divided by constant factors: the -
former by [K1(0)]?, the latter by K1(0). Moreover, a constant summand

V2[Co(0,0) — Co(0,t)] may be added to the function 1. All these transfor-
mations will not affect the basic properties of the transformation functions. As
a result, we obtain the first and the third formula in (18).

It remains to prove that using the functions ¢2(t) and ¥(z,z) in (18), the
second equation of the system (3) takes the form of the second equation of the
system (16), i.e., k = 2.

For this purpose we shall find the derivatives of the functions ¢2(2), ¥(z2, z)

at a fixed 7 : ,
HO = IOP,
(19) il ‘f{/c (s) /,nfa’gl(z,y)]"y "”C“}
\/5 —V283g,
%% =@ 7%= Be)a)y

Consider now the system of Kolmogorov equations corresponding to the
simultaneous stochastic system (3):

(20) hf=0, k=1,2,
where f = f(t1,t2,z,31,32,¥) is the density of transitional probabilities of the
field £(z), for t; < s;. Within the adopted notation:
? = 1/’(213), 37 = ¢(31a32ay)7 6:' = ¢i(3i)’ 1= 1,2,
}.(7'17 T2, 57 61, 62a i'l) = f(tl’ t21 Z, 381,32, y)[a3¢(317 82, y)]—l'
-Now we establish from (19) that in terms of f the first equation in (20) is

of the form & f + 82f = 0.
Finally, we take the left-hand part of the second equation in (20):

bf = @K+ GuiWag: [ (@ 3y - 0,0l -
- sl [ @)y - 5030 - BCBTNVE o))+

+ 2-‘(gz)’[2(a:f)(/clgl)-2 + (a,f)(—f K 97 28591] =
= [Ka2(t)]? (82F + 2F) = 0,
asethe coefficient before 5,]' has proved to be edual to

‘,é: 82(1/g1)dy — v38:Co+

+ VK [-3392+ 59100~ 7 . a1ty -

- Exlxz\/iaagl =0

€
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Thus, the system of Kolmogorov equations for the transitional density f
of the field n(Z) has the form:

of . 9*f _ af | *f _
(21) on T =" oy Yo = O

This means that there exist Wiener processes iy (7x), such that Ito equa-
tions for the field 7(2) are of the form (16). Therefore, the theorem is- proved.

It should be noted that Theorem 2 enables us to construct the probabil-
ities distribution of the field £(z), since we may consider that for n(2) such
distribution is known. ’

Further, it is apparent that the theorem incorporates Assumptions 1 and 2
of the article [3], where the possibility of the above transformation was merely
stated, but the transformation function itself () was not constructed. Thus
we may conclude that the method reported in [4] can also be applied to solving
certain parabolic Kolmogorov systems.

Moreover, if we start proving Theorem 2 by constructing the functions
¢2(t) and ¥(z,z), then for A2 = 0 we would obtain the same transformation
(18),s,t € Ry, z € R.
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