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1. Introduction

In the study of effective properties (e.g. of heat conduction, stresses, dis-
placements, etc.) of composite materials it is often necessary to study boundary
value problems in media with a finé€ periodic structure. In such problems there
are two natural scales, namely the macroscopic scale with the length L and
the microscopic scale with the length €L, 0 <€ << 1, measuring the length
of one “cell” in the periodic structure. Moreover, several other problems in En-
gineering Sciences, Physics, Chemistry (e.g. to obtain macroscopic properties
of crystalline or polymer structures, nuclear reactor design, “optimal” design of
plates consisting of two materials, Stefan problems and diffusion in porous me-
dia) can be modelled in a similar way. The mathematical description of these
types of problems are usually given in terms of partial differential equations
with periodically and rapidly varying coefficients.

In this paper I present a fairly new mathematical method, often named the
homogenization method, for solving these types of problems. An important part
of the method consists of using some kind of asymptotic analysis for periodic
stlictures. During the very last years important contributions have been made
by several authors and our main references are the books [1], [4] and [19] and
the references in these books (e.g. there are 208 references In [19]). I also
present here some examples of complements and illustrations I and my group

* This research was supported by STUF (Swedish National board for technical development).
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in Lulei have developed in this connection. For more information we refer to
the book manuscript [12] (see also (8], [9], [11], [13], [14], [17] and [18]). In
particular we have:

* developed some concrete homogenization procedures for solving classes
of important engineering problems; .

* presented some numerical results which we have obtained by using these
procedures and the modified FEM-code HOMO (In particular we can calcu-
late in this way both global stresses and micro-stress variations in composite
materials);

* considered briefly a variety of problems, which can be treated in a similar
way. ’

This paper is organized in the following way: In section 2 we present a brief
description of the homogenization method. Section 3 is used to illustrate this
description by developing a concrete homogenization procedure for an equilib-
rium stress problem. In section 4 we consider a two-dimensional example and
solve it by using this homogenization procedure and the FEM-code HOMO
(see [9]), which we have developed for the problem at hand and implemented
on a SUN workstation. In particular, we can in this way illustrate the micro
stresses close to the individual “fibers”. Section 5 is reserved for some conclud-
ing remarks e.g. to briefly mention some other classes of problems for which
it is possible to illustrate the solutions by developing similar homogenization
procedures.

2. A brief description of the homogenization method

In mathematical terms the problems at hand can roughly be described in
the following way: Let 2 be a domain with boundary 99, let A* be a partial
differential operator on 2 and study the boundary value problem

(1) A‘u" = fin Q,
(2) u® is subject to appropriate boundary conditions on 9.

By varying the fineness of the underlying periodic structures we get a family
of partial differential operators {A‘} and obtain (hopefully) a corresponding
family of solutions {u‘}. Now the basic idea is to perform a multiple scale
expansion

u = uo+€l|+892+...



The Homogenization Method and Some of Its Applications 181

and try to find a homogenized operator A° (a partial differential operator with
constant coefficients) associated to the family {A“}. If certain conditions are
satisfied, then u‘ converges in a weak sense (i.e. we have convergence of suit-
able averages) to the solution u of the corresponding homogenized
problem (seee.g. [4] or [12])

A’y = finQ,
u is subject to appropriate boundary conditions on 9.

The coefficients of A° are often called the homogenized coefficients
or the effective parameters. The homogenized problem describes the
macroscopic properties of the underlying periodical structure. We emphasize
that the homogenization procedures we can derive give an explicit analytical
formula for the construction of A°. In this construction we need to solve a
boundary value problem (with periodic boundary conditions) within a periodic
cell. This problem is called the cell problem. We also emphasize that this
information on the local scale can be of great independent interest in several
problems.

We can get in this way a good approximation of the solution of the very
ill-conditioned and complicated problem (1)-(2) by first solving the cell prob-
lem and then solving the homogenized problem. Both of t0ese problems are
easy to solve numerically. In this way we can extract concrete homogenization
procedures for the scales of problems at hand.

3. A homogenization pmédm for an equilibrium stress problem

For notations and basic concepts in this section we refer to Necas [10].
We also refer to [15], where a similar investigation has been done. We consider
a linear elastic body consisting of an isotropic material which occupies a region
Q in R*, n = 2,3. We make the following assumptions:

(i) The external force field acting on the body balances the stress forces.

(ii) A specified surface force field is acting on a part I'; of the boundary
of the body and the remaining part I'y is clamped.

(iii) The stress- and the strain fields are linearly related through the gen-
eralized Hooke's law.

We introduce a cartesian coordinate system (z;). Moreover, let us introduce
o =0y = (fi),t = (), u=(u) and n = (n;) as the stress tensor, the
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external force field, the surface force field, the displacement field and the outer
unit normal of the boundary 992 of 2, respectively. According to (i)—(iii) we
obtain the basic equation for the equilibrium elasticity problem of the form

(3) —%(a«jneu) = f mQ,

where u; = 0 on I') and a;jzaexan; = t; on I';. Hereafter we use the sum-
mation convention for repeated indices, a;zn denotes the elasticity tensor and
ern denotes the Cauchy strain tensor, i.e.

= )24 29)
2 \ 9z, 0z /)’

Now we assume that the elastic body consists of two different isotropic ma-
terials, material 1 and 2. We assume that material 2 is periodically distributed
in material 1 in the sense that we can define a unit cell which is periodically re-
peated. We obtain a transmission problem, where the stress- and displacement
fields are required to be continuous at the interfaces between the materials. We
introduce a cell structure and the local variable y = ¢! x and we assume that
af;en(X) = aijkn(x/€) = aien(y) is Y -periodic i.e. periodic in y with respect
to Y. In the sequel we simply write a,;ea and assume that it is positive definite.
By considering ¢ as a parameter for varying the fineness of the cell structure
we now study the scale of problems

(4) A‘u‘ = f in Q,
with the boundary conditions u{ = 0 on I'y, a;;kaexn(u‘)n; = t; on I'; and

where P
(A‘®), = - Pz, (aien exn(®(2))).
J

We proceed by assuming two-scales expansion representations of u‘(x) and
f‘(x) of the forms
2.(

(5) u(x) ufo)(x.y) +‘¢u$”(x.y) + € u,.’)(x,y) 4+ ... ,and
©)  £ix) = Oy + Py + AP xy) +

respectively, where uf")(x.y) and [,-(')(x,y). n =0,1,2,... are Y-periodic in
the variable y. We define e;;; and e;;, as

1 /69, a%;
Ci)'t(.) = 5 (5;; + —8:?) and e.,,(’) = 5 (3;: + .a_;‘l
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According to the chain rule we obtain
C.,(’(x, x/‘)) = el‘)t(’("y)"’gx/( + (-‘ et)'(.(xv Y))l,:x,g
and consequently the strain and the stress fields can be represented as
(1)

(7) €; = eij(u) = 'eSV(xy) + eD(x,y) + e(x,y) + ..., and

(8) o, = ai;mmeiy = e"‘af;”(x,y) + af;’)(x,y) + cag)(x,y) + ...
According to (5) and (6) we find that the equation (4) can be written as
(€2A0+¢ " A1+ A) (b4 e+ Su® 4. ) = fO LMy 3Dy |

where Ag, A; and A; are operators defined as

(Ao®);

- 8%, (assin exny(#)),
a
(A®), = - -87,_(0-',1.5 Cins(®)) — aijan 32;(631..(0)).
a
(A2®); = —aien 5;;_-(%&(’))-

The following equations are derived by equating powers of ¢:

(9) Aoll‘o) = 0,
(10) Ao + 4w = 0,
) Aou® 1 Aru) + A = 1O

In order to solve these equations we need the following crucial lemma.

Lemma. Let F,, 1+ = 1,2,3, be square integrable functions over Y and
consider the boundary value problem

(Ao®); = ®;, & is Y -periodic.

Then the following holds:
(i) A Y -periodic solution ® ezists if and only if<F;>= 0 fori=1,2,3.
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(i1) If a Y -periodic solution ® ezists, then it is unique up to a constant
vector c.

Here and in the sequel < F > denotes the arithmetic mean of F over a unit
cell.

A proof of this lemma can be found in [12] (this proof depends in a crucial
way on the positiveness of a;jx, and Lax-Milgram’s lemma).

By using (9)-(10) and the lemma we obtain

(12) u®(x,y) = u(x), and
(13) uM(x,y) = —X"*(¥) ersz(u(x)) + wi(x),

where u and w; are functions depending only on x and where x"*(y) is deter-

mined by the cell problem
rs — aa‘jﬂ’
(14) (ox™): = = 2

We further conclude from (12) that e;j,(4(®)) = 0. Thus (7) and (8) reduce

, X"°(y) is Y-periodic.

to

¢ — 0 (1)
e;;(x) = €;;'(x,y) + €€;;’(x,y) + ... and
€ _ 50 (1)
o5;(x) = 0;'(x,y) + €0;;°(x,y) + ...

Note that the lowest order approximation of the stress-strain relation is
given by
(15) oD(x,y) = aijin e (x,y).
By using the lemma once more we find that u(? is a Y-periodic solution to
equation (11) if and only if

(f(o) — Au® — A,u®)dy = 0, or componentwise,
(16) H
LU© = (4, - (4u®))ay = o,
Y

where, according to (12)—(13),

F) )
(AruM)i = = 5o (asmn exne (1) = aiun 7o enny ()
0 rs 0 aai jkh )
(17) = _ayj (aijkn X%) Bon (ersz(u(x))) — —6;]— exhz(wr)

0
+ aijkn exny(X™) B, (ersz(u(x))),
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and
(18) (Au®); = —aijra(y) 3% (eras(u(x)).

We insert (17) and (18) into (16) and obtain

(0)
(19) L (f + (atgra - azgkhekhy(x )) (ers:r(u)) + ayJ ekhz(wl)

_ ai%(afhiji’)E;(e"x(u(x')))) =

The functions a;jxs, and x"* are Y-periodic and the functions exhz(w1) and
(e,,,(u)) are independent of y. Therefore, by Gauss’ theorem, the third
and the fourth terms in (19) vanish and (19) is reduced to

9 0
(20) = Gijrs - (ersa(W) = <>,
which is the homogenized equation, where

(21) Gijrs = <Qijrs — Qijkh €khy(X™*)>

are the homogenized coefficients.

We remark that if a;jxs is positive definite, then g;jrs is positive definite,
too (see e.g. [12]) and we see that also (20) is an elliptic equation. Now by
using (12), (13) and (15) we obtain the formula

(22) o(%,¥) = (aijen = Gijrs €rsy(X**(9))) ekhz(u(x))

for calculation of the lowest order approximation of the stress field. In particular
we get the following lowest order approximation of the mean linear relation
between the stress and the strain fields:

(23) <a(°)> = Gijrs€rsz(Q) = Gijrs <e$3) > .
V
Furthermore, it follows from (20) and (23) that

D O
axj ”ij >—<fl >
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This equation together with the boundary conditions of problem (4) make
it natural to impose the following macroscale boundary conditions:

(0)

(24) <u,(-0)>= 0 onI and <o;;’>n; = t; onIs.

We summarize the results of this section in the following homogeniza-
tion procedure for the elasticity problem:

(i) Solve the cell problem (14).

(ii) Insert the solution of the cell problem into (21) and compute the ho-
mogenized coeflicients. -

(iii) Insert the solution of (21) into the homogenized equation (20), impose
the boundary conditions (24) and compute the mean displacement field.

(iv) Insert the solution of (20) into (22) and compute the lowest order
approximation of the stress field including the microstress variations.

4. A numerical example

We consider the equilibrium stress problem from the previous section in
the case of plane stress. This simplifies the numerical calculations and we
can use our FEM-code HOMO (see [9]) and carry out the computations even
on a workstation such as SUN 3/60. In this example we consider two fiber
composites. One “soft” with glass as fiber and one “hard” with boron as fiber.
In both cases we have epoxy as the matrix material. The unit cell is a square
and the fiber is circular with the radius equal to half of the side of the square
and placed in the center of the square. We present below the elasticity matrices
and the obtained homogenized elasticity matrices for the materials at hand.
We also present some level curves for the microstress variations.

0.79-10° 0.24-10° 0 0.45-10°  0.14-10° 0
0.24-10° 0.79-10° 0 0.14-10°  0.45-10° 0
0 0 0.28 - 10° 0 0 0.16 - 10°
glass boron
0.38-10* 0.12-10* 0
0.12-10* 0.38-10* 0
0 0 0.13-10*
epoxy
0.51-10* 0.15-10* 0 0.53-10* 0.16-10* 0
0.15-10* 0.51-10* 0 0.16 -10* 0.53-10* 0
0 0 0.17 - 10* 0 0 0.17 - 10*

glass-epoxy boron-epoxy
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T1Z2-stress component. Pure shear deformation in boron-epoxy composite.
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Z122-stress component. Pure shear deformation in glass-epoxy composite.
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§5its | 8.59a403
-0.200
-0.400
{ |
-B.£0|0
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z9-stress component. Pure axial tension in the z,-direction in boron-epoxy
composite.
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More information concerning this modelling and concrete results for other
materials can”be found in [8] and [13].

5. Concluding remarks

We remark that also important special cases of the following classes of
problems can be treated by using the homogenization method (see e.g. [1], [2],
[4]-[8], [11]-[13], [15]-[19] and the references given in these papers/books): Flu-
id flow in porous media, scattering of elastic waves by periodic narrow obstacles,
acoustic vibration of slightly viscous air in a rigid vessel, vibrations of mixtures
of solids and fluids, diffraction problems with narrow obstacles, certain Stefan
problems, mechanical dissipation in thermo-viscoelasticity, high-frequence wave
propagation, optimal shape of mixed materials, etc. We also remark that in all
of these cases it is possible to develop and extract a suitable homogenization
procedure, to apply a suitable numerical method for solving the corresponding
cell problem and the “averaged” problem and to implement this information
on a (sufficiently powerful) computer in order to obtain suitable information
about and illustration of the solution of the actual problem.

In this paper we have not discussed the important problem whether or not
the described procedures converge to the correct solutions of the corresponding
problems. However, nowadays we know that in almost all cases of techni-
cal/physical interest we have the desired convergence at least in some averaged
sense. This statement is true not only for the classes of elliptic problems we
have studied here, but also for a lot of parabolic and hyperbolic problems(see
[1], [4] and [12]).

Summing up, we are convinced that such homogenization procedures can
be of interest not only for mathematicians but also for people working with
Chemistry, Physics or Engineering Sciences.

References

[1] N. Bakhvalov, G. Panasenko. Homogenization: Averaging Processes in Periodic
Media. Nauka, Moscow, 1984; English translation by Kluwer Publ., London, 1989.

[2] M.P. Bendsoe. Generalized plate models and optimal design. In: Proc. of the work-
shop “Homogenization and Effective Moduli of Materials and Media”, The IMA Volumes
in Mathematics and its Appl., 1, Springer Verlag, 1986, 1-26.

[3] D. Begis, S. Dinari, G. Duvaut, A. Hassim, A. Piestre. MODULEF et les
materiaur composites. 6°™-colloque, I.N.R.I.A., 1983.

[4] A. Bensoussan, J.L. Lions, G. Papanicolau. Asymptotic Analysis for Periodic
Structures, North-Holland Publ., 1978.



190 Lars Erik Persson

[5] A. Bossavit, A. Damlamian. Homogenization of the Stefan problem and applica-
tions to magnetic composite media. J. Appl. Math., 27, 1981, 319-334.

[6] C. Conca. On the application of the Homogenization Theory to a class of problems
arising in fluid mechanics. J. Math. de Pures et Appl., 64, 1985, No 1, 31-75.

[7] S. Dinari. Etude de comportement mecanique lineaire et non lineaire du bras Triflex.
These, L’Uttiv. P. et M. Curie, Paris, 1984.

[8] A.Holmbom, L.-E.Persson, N.Svanstedt. Computing microstresses and effective
moduli in some composite materials. Techn. Report, Dept. of Appl. Math., Lulei Univ.,
1986.

[9) L.-E.Lindgren, L. Persson, N.Svanstedt. HOMO (a FEM code). Dept. of Appl.
Math., Luled Univ., 1986. -

[10] J. Necas, I. Hlavacek. Mathematical Theory of Elastic and Elastoplastic Bodies: An
Introduction, Elsevier Sci. Publ., 1981.

[11] L. Persson. Computing effective thermal conductivities of composite materials by the
Homogenization method. Master Thesis 130:E, Dept. of Appl. Math., Luled Univ.,
1986.

[12] L.-E. Persson, L. Persson, N. Svanstedt, J. Wyller. An introduction to the
homogenization method. Dept. of Appl. Math., Luled Univ., 1989; revised 1990 (book
manuscript).

[13] L.-E. Persson, L. Persson, J. Wyller. On computing stresses in comrposite mate-
rials by the homogenization method. Research report 4, Dept. of Appl. Math., Luled
Univ., 1988.

[14] L. Persson, J. Wyller, C. Dysthe. A note on Whithams method and the homoge-
nization procedure. Physica Scripta, 38, 1988, 774-776.

[15] F. Piestre. Calcul des microcontraints dans les materiaux composites. These, L’Univ.
P. et M. Curie, Paris, 1984.

[16] J.F. Rodrigues. On the homogenization of some free boundary problems. London
Math. Soc., Lecture Notes Series 122, Cambridge Univ. press, 1987, 303-315.

[17) N.Svanstedt. A homogenization procedure. Enlarged abstract, EquaDiff 7, Prague,
1989.

[18] N.Svanstedt. Homogenization of some scales of partial differential equations. Licen-
ciate Thesis 1990:02 L, Dept. of Appl. Math., Luled Univ., 1990.

[19] E.Sanchez-Palencia. Non-homogeneous media and vibration theory. Lecture Notes
in Physics, Springer Verlag, 1980.

Department of Applied Mathematics, Received 28.08.1992
Luled University of Technology, »

S-951 87 Luled

SWEDEN

and

Department of Mathematics,

Narvik Institute of Technology,

P.O. Box 385, N-8501 Narvik

NORWAY



