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A class of f-groups is called quasi-radical class if it is closed under taking closed convex
£-subgroups and joins of closed convex £-subgroups in K G). A quasi-radical class is called a
subproduct quasi-radical class if it is also closed under taking completely subdirect products.
In this paper we establish general theory for quasi radical classes. We also give the structure of
subproduct quasi radical class generated by quasi-radical class. Finally we give an interesting
example which is a quasi-radical class but not a radical class.

For the definitions and the standard terminologies concerning ¢-groups, the
reader is refereed to [1,2,4]. We use additive group notation. Let {Gala € A}
be a family of £ groups and let H G4 be their direct product. We denote the

a€A :
£-subgroup of H G, consisting of elements with only finitely many nonzero
a€A
components by Z Gqo. Tt is called direct sum of {G4|a € A}. An £-group is
‘ -

a€A
said to be a completely subdirect product of {Gu|a € A}, if G is an ¢-subgroup

of H G, and ZGO, CG. Foreachaec Aput Go = {g=1(.--19a,.--) €
a€A a€A
H Gola' # a = ¢’ = 0}. Let L be the class of all ¢-groups. A convex

a€A - »
¢-subgroup of an f-group is closed if it is closed with respect to infinite meets

and joins which exist in G. We denote the set of (closed) convex ¢-subgroups
of an ¢-group G by C(G) (K(G)). All classes of {-groups are assumed to be
closed under f-isomorphisms. The join in a lattice L will be denoted by V(L).
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1. Quasi-radical classes

A subclass R of L is said to be a quasi-radical class if it is closed under
taking closed convex {-subgroups and joins of closed convex ¢-subgroups in
K(G). It is clear that each radical class is a quasi-radical class. Let Ty be
the set of all quasi-radical classes. Suppose that {Uy|A € A} C Tp. Since the
intersection is also a quasi-radical class, we can define

Ath= )%

A€EA A€A
Vu)‘ =n{ueTo| U D U, for each A € A}.
A€EA

Let R be a quasi-radical class and G an ¢-group. Put

(K(G))
R(G)= \/ {A€K(G)A eR}.

R(G) is called a quasi-radical of G, and in particular it is an {-ideal.

Theorem 1.1. Suppose that R is a quasi-radical class. Then
If A e K(G), then R(A) = ANR(G).

Conversely, if we associate to each €-group G a closed ¢-ideal U(G) subject to
(*) above, and let R = {G € L|G = U(G)}, then R is a quasi-radical class, and
for each L-group G, R(G) = U(G).

Proof. ANR(G) € K(R(G))N K(A),so ANR(G) € R and A nR(G) C
R(A). On the other hand , R(A) € K(G) and R(A) € R implies R(A) C
AN R(G). Hence R(A) = ANR(G), (*) is valid.

Conversely, if we associate to each ¢-group G a closed ¢-ideal U(G) subject
to (*) above, and let R = {G € L|G = U(G)}. Suppose that G € R and
A € K(G). ThenU(A) = ANU(G) = ANG = A, so A € R. Next suppose that

K(G)
{A\A € A} C K(G), A= \/" " Ay and each Ay € R. Then Ay = U(A,) =
AN NU(G) € K(U(GQ)). B;\jAU(U(.G)) = U(G) implies U(G) € R, so®%4 € R.
Hence R is quasi-radical class.
U(G) € R implies U(G) € R(G). And we also have R(G) = U(R(G)) =
R(G)NU(G) C U(G). Therefore R(G) = U(G) for each {-group G. m
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Any mapping f : G — R(G) on L satisfying the above property (*) is
called a quasi-radical mapping. The Theorem 1.1 indicate that a quasi radical
class is uniquely determined by its quasi-radical (or quasi-radical mapping).

The proof of the following proposition is similar to the proof of Proposi-
tion 1.1 and Proposition 1.3 of [7].

Proposition 1.2. Suppose that R is a quasi-radical class, G is an €-group
and {G\|\ € A} C K(G). Then

. K(G K(G
) R(V( ( ))GA> _ Dy,
AEA AEA
(K(G)) K(G
(2). R(/\ )GA) = ANz
AEA A€EA

Similarly to the Proposition 1.1 and Proposition 1.3 of [5] we have '
Proposition 1.3. Ty is a complete Brouwerian lattice.

Proposition 1.4. Suppose that {Ur|A € A} C Ty and G is an €-group.
Then

(1) (V ‘“’ux) @ =\ " Pue),
AEA AEA

(2) ( /\‘“’m) @= A"
AEA AEA

Proof. (2) is clear. We only prove (1). First we show that G — U(G) =

\/ (K(G))LI,\(G) is a quasi-radical mapping. In fact if A € K(G), then
AEA

(K(4))
V Ur(A)
A€A
K(G
V& 4 0 o))
AeA

—A4n (\/‘K(G”ux(a))

A€A
= A n UG).

uA)
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K
Thus by Theorem 1.1 U(G) = \/ ' Us(G) defines a quasi-radical class
AEA
u={Geric= Viea¥@Us(G)}. 1f R is a quasi-radical class so that
R DUy (A€ A) and G € U. Then by proposition (1.2(1)) we have

R(G)=R (V (K(G))UA(G)) = V5 %y = V*Puer = ¢
AEA AEA A€EA

To
and so G € R. That is & C R. Therefore & = \/ """ty and
A€A

(V (r.)ux) @)=V K@y, e

A€EA A€A

For X C L we denote by R(X) the intersection of all i € To with X C U.
R(X) is called the quasi-radical class generated by X. Let Ji(X) be the class
of all joints G = V2 ¥ (@G, with Gy € XN K(G) (A € A) and K(X) be the
class of all closed convex {-subgroups of elements of X.

The following proposition is similar to Proposition 1.2 of [6]. The proof is
clear.

Proposition 1.5. Let X C L. Then R(X) = JiK(X).
Now suppose that 7, 4 € T,. Define the product

Ju = {GeL|G/I(G) € uU}.

Proposition 1.8. J U is a quasi-radical class whenever J and U are; if
G is an (-group, the product quasi-radical J U(G) is defined by the equation:

JUG)/I(G) = UG/I(G)).
Proof. We will prove that 7 U(G) satisfies (*) of Theorem 1.1. To show
that 7U(A) = AN TJU(G) for A € K(G) we prove that

[AN T .ucal(G)]/T(A) = U(A]T(A)).
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[A N JUG)/IT(A)=[A n JUG)/A n J(G)]
= [(A n JUG)) v J(G)/IG)
=[A vV J(G) n JU(G)/I(G)
=[A vV J(G)/I(G)) n [JU(G)/I(G))
=[A vV J(G)/T(G)) n U(G/T(G))
=U(A Vv J(G))/T(G))
XUA ] An J(G))
=U(A | T(A)).

Hence J.U(G) is a quasi-radical. It is clear that G € JX if and only if
JU(G) = G. So J U is the quasi-radical class defined by J.U(G). =

2. Subproduct quasi-radical classes

A quasi-radical class R is called a subproduct quasi-radical class if it is
closed under taking completely subdirect products. The set of all subproduct
quasi-radical classes is denoted by T'. Let R be a subproduct quasi-radical class
and G an f-group. The quasi-radical R(G) is called subproduct quasi-radical
of G. ’ . ’

Theorem 2.1. Suppose that R is a subproduct quasi-radical class. Then

(I) if A € K(G), then R(A) = ANR(G),

(I1) if G is a completely subdirect product of {-groups {G|A € A}, then R(G) =
Gn [ RG).

Con:::scly, if we associate to each {-group G a closed ¢-ideal U(G) subject to

(1) .and (11) above, and let R = {G € LIU(G) = G}, then R is a subproduct
quasi-radical class, and for each f-group G, R(G) = U(G).
Proof. We only prove the property (II). The other parts of the proofs are
similar to Theorem 1.1. Let G be a completely subdirect product of {G|A € A}.
Then

R(G)* ¢ I'[(R(G)“h?.‘;] c [l rRG)nG),

AEA A€A

R(G) ¢ [[R@G)nG] = RGN =[] R(G).

A€A A€EA A€A
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Hence
R(G) € Gn [] R(GY.
AEA
On the other hand Gy C G implies R(G)) = R(Gr) € G N [Iyea R(Gy) for
A e A. So
STR(GY) € Gn [ R(Gy) ¢ I RG>y,

A€EA A€EA AEA
that is, G N [Iyea R(G2) is a completely subdirect product of {R(G»)|A € A}.
Hence G N [ er R(G2) € R. But []cp R(G) is a closed convex ¢-subgroup
of [Txea Gars0 GNIlyea R(G)) is a closed convex £-subgroup of &. Therefore

R(G) 2 Gn [] R(GY).
A€EA
Combining (1) and (2) we get (II). m
Any mapping f : G — R(G) on L satisfying above (I) and (II) is called a
subproduct quasi-radical mapping.
Proposition 1.2, Proposition 1.3 and Proposition 1.5 are also valid for sub-

product quasi-radical classes.

For X C £ we denote by R(X) the intersection of all i/ € T' with X C U.
R(X) is called the subproduct quasi-radical class generated by a quasi-radical
class X. The subproduct quasi-radical generated by a quasi-radical class R is
denoted by R*?. In the following we will determine R*P.

Let R be a quasi-radical class and G an {-group. If an {-group P is com-
pletely subdirect product of £-groups {Px|A € A}, we denote Z pP,CcPC

AEA .
I1 P We define '
AEA

CR(G) = {P € K(G) | Z p,CcPC H Py with {Py|\ € A} g 'R,}
AEA AEA
and

rr@) = V4P € cr@)).

Lemma 2.2. Let {Gula € A} C L. Then

R (H Ga) ="T] R*%Gs)-

a€A a€EA
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Proof. PutG = [Iaca Ga- Then
r7@G) = VP e crG)).

Let P € CR(G), thatis , Y Py C P C' [ Px with {Py|A € A} C R. For each
e AEA ’
a € A,put P, =G, N P and P = P,N Py for A € A. Then

DIy el | B¢

A€EA AEA

and P, € CR(G,) for a € A. That is, Iloca R°?(Ga) is an upper bound of
CR(G)in K(G). On the other hand, if A € K(G) is an upper bound of CR(G).
Then AN G, is also an upper bound of CR(G,) in K(G,) for @ € A, because
CR(G,) € CR(G). Hence ANG, 2 R**(G,). Since A € K(G),

A= [[AanGs 2 [[ R?@Ga) = [[ R™(Ga)

a€A a€A °. a€A

Therefore

[I ”*(G) = V*“¢pecr(@) = R7(G).
a€EA

Theorem 2.3. Suppose that R is a quasi-radical class. Then G —
RP(G) is a subproduct quasi-radical mapping and the subproduct quasi-radical
class generated by R is R°? = {G € L|G = R°P(G)}.

Proof. Let C € K(G) and P € CR(G), that is 3 Px C P <’ ] P

A€A A€A
with {P\|]A € A} C R. Put P =CnNPand P, = PN P, for A € A. Then

P' € K(C) and ‘
d_pric P c ]~
A€A A€A

For each A € A, P{ € K(P),) and so P, € R. Hence

{CnP|PeCR(G)} = {P'| PPeCR(C)}.
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Therefore
CAR™P(G)=CnN (\/(K(G»{P € CR(G)})

=V cnp|P e crG)

=\VFUp |1 P e crO)
= R*%(C).

Now we suppose that

3 6. € G <[] Ga
a€A a€A

It follows from Lemma 2.2 that

G n [] R*(Ga) = GNR™ (1‘[ Ga)

a€A a€A

- =Gn (V(K(H.“G-” {p e crR(]] G,)})

a€A
K(G
=\ {GnPlP e cr(]] Ga)}
a€A
K(G
= V¥ 1P € crG)
= R*?(G).
Therefore G — R*P(G) satisfies the properties (I) and (II) of Theorem 2.1,
so G — R*P(G) is a subproduct quasi-radical mapping. Let R*? = {G € L|G =

R*?(G)}. By Theorem 2.1 R*? is a subproduct quasi-radical class. If J is a
subproduct quasi-radical class containing R, then

r*(G) = V4P € cr(G)
c VP4 € k©G)14eT)
= 7(G)

for each f-group G and so R** C J. We proved that R*? is the smallest
subproduct quasi-radical class containing R. m.
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For X C £ we denote by P(X) the class of £-groups which are completely
subdirect products of elements in X.

Corollary 2.4. Suppose that R is a quasi-radical class. Then R*P =
Jr P(R).

For X C L we denote by R(X) the intersection of all & € T' with X € U.
R(X) is called the subproduct quasi-radical class generated by X. Let G be an
£-group and X C L. Put

' \
CX(G) = {P €K@G)| Y. PcPC [] P with {PAlX€A}C K(X)}
A€A A€EA
(K(&3)
=x(G) = VPP € cx@G)

Theorem 2.3 can be promptly generalized to the following v

Theorem 2.5. Let X C L. Then G — Rx(G) is a subproduct quasi-
radical mapping and the subproduct quasi-radical class generated by X is

R(X) = {G € L|G = Rx(G).

Corollary 2.6. Let X C L. Then R(X) = Jy PK(X).

3. Product quasi-radical classes

In this se¢tion we define another special kind of quasi-radical classes. A
quasi-radical class R’ is called a product quasi-radical class if it is closed under
taking direct products. The set of all product quasi-radical classes is denoted
by T". Let R’ be a product quasi-radical class and G an £-group. The quasi-
radical class R/(G) of G is called a product quasi-radical of G. Slmlarly to
Theorem 2.1 we have

Theorem 3.1. Suppose that R' is a product-radical class. Then
(a) if A€ K(G), then R'(A) = ANR'(G)

(b) R' (]‘[ G,\) =11 R’(éx).

AEA A€EA
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Conversely, if we associate to each L-group G a closed ideal U(G) subject to
(a) and (b) above, and let R' = {G € L | G = U(G)}, then R’ is a product
quasi-radical class, and for each €-group G, R'(G) = U(G).

The proof of this theorem is similar to Theorem 2.1.

For X C £ we denote by R’ the intersection of all i € T’ with X CU. R’
is called the product radical class generated by X. The product quasi-radical
class generated by a quasi-radical class R is denoted by R?. We denote by
P'(X) the class of ¢-groups which are direct products of elements of X.

Let R be a quasi-radical class and G an (-group. Define

CR'(G) = {P eKG)|P= H Py, with {P\|\ € A} C R’}
AEA

and

! K(G
r?(G) = \V P e cRY()}
Similarly to Lemma 22. Theorem 2.3 and Corollary 2.4 we have

Lemma 3.2. Let {G, | a€ A} C L. Then

R? (H Ga> I1 »7(Ga).
a€A a€A

Theorem 3.3. Suppose that R is a quasi-mdic;zl class. Then the product
quasi-radical class generated by R is RP = {G € L | G = R?(G)}.

Corollary 3.4. Suppose that R is a quasi-radical class. Then RP =
JiP'(R).
Let G be an ¢-group and X C L. Put
CX'(G) = {P e K(G)|P= H P, with {Py\|A € A} C K(G)} ,
A€EA
K(G
=) = VP e cxiay).
Theorem 3.3 can be generalized to

Theorem 3.5. Let X C L. Then the product quasi-radical class gener-
ated by X is R'(X) = {G € L|G = R'(G)}.

Corollary 3.6. Let X C L. Then R' = Jy P'K(X).
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4. An example

Let Z be the integer group with usual order. For m € Z we put

P {0}, m=2k (ke 2)
""{{Z}, m=2k+1(keZ)

Consider the lexicographic product

For each m € Z we put

Zn ={m' € Z|m'2m}, .
Gm ={9=(-.y9m,-..) € G| gm =0 for each m' € Z\Z,,}.

Clearly, for k € Z Gy is £-isomorphic to Go and G2k41 is €-isomorphic to G;.
The following results are also clear.

Lemma 4.1. (1) {Gn, | m € Z} are only non-zero convez {-subgroups of
G, that is, C(G) = {G,{0},Gr, | m € Z}.
(2) {Gar | k € Z} are only non-zero closed convex (-subgroups of G, that is,
K(G) = {G,{0},Ga | k € Z}.
()G = |JGn = | Gu-

meZ kezZ
(4) If A = |JAj where {4; | j € J} C C(G) is a chain in C(A), then
jeJ
A € C(G).
(5) If A = |JA; where {A; | j € J} C K(G) is a chain in K(A), then
FI ' -
A€ K(G).

It follows from Proposition 3.4 of [5] and Lemma 4.1 that

Proposition 4.2. The radical class Rg generated by {G} consists of (-
groups P which can be ezpressed as direct sums P = [[,c Pa with {Pa|a €
A} Cc {G’ {0}’G0a Gl}

By using Proposition 1.5 we can show the analogue of Proposition 3.4 of
[5]. We omit the proof.

Lemma 4.3. Let X C L. Assume that each (-group belonging to X is
linearly ordered and X is closed under taking closed convez (-subgroups. Then
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the following conditions are equivalent:
(1) Q € R(X),
(2) There ezists systems {A; | i € I} C C(Q) and {A;;]5 € J(i)} C K(Q)Nn X
for each i € I, such that A; = U A;; is valid for eachi € I, and Q = Z A;.
JEJ(4) i€l
From Lemma 4.1 and Lemma 4.3 we get

Proposition 4.4. The quasi-radical class Ry; generated by {G} con-
sists of L-groups Q which can be expressed as direct sums Q = 3 5.5 Qp with

{QslB € B} C {G,{0}, Go}-
Corollary 4.5. Rp g Rg.
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