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Extension of wLUR and wMLUR
norms on Banach Spaces

George Alexandrov
Presented by P. Kenderov

We show that, if X is a Banach space, Y is a subspace of X which admits an equivalent
weakly locally uniformly convex norm (respectively, weakly midpoint locally uniformly convex
norm) and the quotient space X/Y is separable, then this norm, respectively, can be extended
on X to norm with the same property.

1. Introduction

Let two of the three Banach spaces X, Y, X/Y (Y is a subspace of X)
possess some property A. Does the third space also have the same property
A? This question is called "three-spaces problem”. Another question which is
close to the three-spaces problem is the following one. Let the equivalent norm
|| - || on the subspace Y of a Banach space X possesses some property A. Can
the norm || - || be extended to such an equivalent norm || -||p on X (i.e. the
restriction of || - ||, on Y is equal to || - ||) with the same property A?

The problem for extension of norms with some convex properties, such as
strictly convex, locally uniformly convex and midpoint locally uniformly convex
norms is discussed in [1], [3] and [4].

Here we examine the problem for extension of weakly locally uniformly
convex norms and midpoint locally uniformly convex norms.

2. Definitions , notations and remarks

If X is a Banach space, X* denotes the dual.
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If sequence {z,} converges in weak topology to z € X, we write
z =w-—limz,.

fY i'; a subspace of the Banach space X, then Z means the element of
X/Y given by z.

A norm || - || of a Banach space X is called weakly locally uniformly
convex (wLUR) [respectively locally uniformly convex (LUR)]if

im(2(|z]” + 2[|zall® — llz + zall*) = 0, 2,2, € X,
implies w — lim z,, = z [respectively lim ||z + z,|| = 0].
n B n
A norm || - || of a Banach space X is called weakly midpoint locally

uniformly convex (wMLUR) [respectively midpoint locally
uniformly convex (MLUR)]if

lim ([|lz + 2all” + llz = zall® = 2ll2|?) =0, z,2. € X,

implies w — 1i1rln z, = z [respectively H7£n [lzo]| = 0].

The Banach space X with wLUR (WM LUR, LUR, MLUR) norm will
be called wLUR (wMLUR, LUR, MLUR) Banach space.

The following implications hold: LUR = MLUR, LUR = wLUR,
MLUR = wMLUR, wLUR = wM LUR.

Proposition 1. The Banach space X is wLUR if and only if for every
z €X, f€X*ande >0, there is § = 6(z, f,e) > 0 such that if y € X and
2llz1* + 2llyll* — lle +yll* < 6 then |f(2) - f(y)| <e.

Proposition 2. The Banach space X is wM LU R if and only if for every
ze€ X, feX*ande > 0, there is § = é(z, f,€) > 0 such that if y € X and
lz +9l* + lle—yll> — 2|jz||> < & then |f(y)| <.

3. Extension of wLU R norms

Lemma 1. Let X be a wLUR Banach space. Then for everyz € X, f €
X* and € > 0, there is § = §(z, f,€),-0 < 6§ < 1, such that whenever y € X,
lz - yll < 8 and = € X, 2llyll* + 20|=I1* = [ly + zII* < § we have | f(y) - £(2)| <
€.
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Proof. Letz € X, f € X* and € > 0. Since the Banach space X is
wLU R, according to Proposition 1, there is a §o = éo(z, f,€) > 0 such that if
v € X and 2||z|> + 2|v|* = |z + v||? < 8o then

|f(z) = f(v)| < €/2.

Let
0 <& < min{1, e/201fll So/3(llall + 1)}.
We take
(2) yeX, llz—yll < é
and
3) ce X, 2l + 2= - 2y +2? < 8.

From (2) and (3) it easily follows that
(4) lyll < llzll + 1 textand |2[| < [lzl| + 2.
Now use (2), (3) and (4) we have

20|21 + 2l - llz + =I1* = 20lyll* + 2ll211” - Iy + 21
+2(ll2l? = lyl®) + (lly + 27 = llz + 211)
< 6 +22llzll + Dllz — yll + (4ll=l + 5)ll= — yll
< 8(||lz|| +1)6 < do.

(5)

Therefore from (5) and (1), we get
If(z) = f(2)] < €/2.
Then

1F(») = fI < Ifllllz = ol + 1f(=) = f(2) < Ifll6 + /2 < ¢

and the Lemma,‘is proved. m

Theorem 1. Let X be a Banach space, and let Y be a subspace of X
which admits an equivalent wLUR norm || - || and let the quotient space X /Y
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be separable. Then the norm || - || can be ertended to an equivalent wLU R norm
on X.

Proof. We construct the extension of the norm || - || on X following the
method of [4].

First, we extend the given wLUR norim || - || on Y to an equivalent norm
|| -]l on X. This can be constructed in the following way. We take the closed
unit ball B;(Y) of Y with respect to norm || -|| and the closet ball B of X
such that BNY C By(Y). Then the Minkowski functional of convex hull of
B U B;(Y) is the desired norm || - || on X (cf.e.g. [6], [4]).

Since X /Y is separable, then as is known ([5]), the space X/Y admits an
equivalent LUR norm || - ||o.

Let B: X/Y — X be the Bartle-Graves continuous selection map, BZ € 2
(see [2]).

Let {@n}pcu> @n # 0, be a dense subset of X/Y. We assume that
a, = Ba,.

For each n € IN (IN positive integers), choose f, € X* such that f,(a,) =1,
1 fall = llaxll" (II¥]] - norm in X/Y engendered by norm || -||) and f, = 0 on
Y. We denote by P,(z) = fu(z)an, @n =1 — P, (I is the identity map on X)
and T, = Q,/(1 + || Ps||]). For every z € X we put

- 00
lzll? = (1= d)llzll® + Nzlla+ D> ITu(=)I/27,

n=1
oo. )
where b= 1/2" (L+||Pal)?, 0<b< 1.
n=1 e
Then the norm || - ||; is an equivalent norm on X whose restriction on Y

coincide with the wLUR norm || - || .

We now show that || - ||, is a wLU R norm.

For this purpose we assume that there aree, 0< e <1, z € X, sequence
{zm} C X and f € X™ such that

(1) ﬁfgﬂ(?ll-’tll? + 2llzmll} = lle+2znmll}) =0
but
(2) |f(z) = f(zm)| 2 &, Vm €N,

and we find a contradiction.
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From (1) and a convexity argument we get

(3) im(2llz)* + 2llzml® — llz+2ml®) =0,

(4) m(2el + 2emllo — 2 +2mll3) = 0

and

(5) -li;n(2||Tn(x)||2 + 2 Ta(zm)II> = ITa(z +2m)lI?) =0

for each n € IN.
The norm || - ||, is LUR on X/Y and therefore from (4) we have

(6) lim | ~ #mllo = 0.

Casei)Let 2 € Y. According to (6), we have lim ||Z,,[|, = 0 and therefore
m
for every m there is y,, € Y such that

(M lig‘ |zm — ym|l =0
From (3) and (7) we receive that

im(2flz)® + 2llymll* - llz + ymll*) = 0

and since the norm || - || is wLUR on Y then
(8) w— ligln Ym = T.
Since

() = fem) < 1£(2) = F(gm)l + Nflllgm = @ml]
then from (7) and (8) we get
im f(zm) = f(z)

which contradicts (2).
Caseii)Let z ¢ Y, & # 0. Put 2 = xo + yo, where 2o = BZ, yo € Y.
Choose sequence {@n} C {@n},, such that

(9) lim- [|& — & = 0
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and since B is a continuous map, then
(10) liyrln |lzo — an|] = O.
Since || Px|| = |lan|l/|l@x]l, then from (9) and (10) we get

tim [1Pall = llzoll/l]

and consequently the sequence {||@Qx||} is bounded.
According to (9), we can choose z, € @,,V n € IN, such that

(11) lim ||z — 2zl = 0.
Put z, = a, + v, , v, € Y and from (10) and (11) it follows that
(12) lim [lgo — vall = O.

From (6) and (9) we have l,é,m ||€m — @n|| = 0 and therefore there is t,,, € an,

tmn = Gn + Umn, Umn € Y, such that

(13) 1753,2 lzm = tmall = 0.

The assumption that || - || is wLUR on Y and the Lemma 1, forour yo € Y,
f € X* and € > 0 there exists §, 0 < 6 1, such that whenever Y ey,
ly — voll < & and z € Y, 2|lyll* + 2[|zI” — |ly+ 2|I* < & then
(14) If(y) = f(2)] < €/3.

Choose 61 such that
0 < 6; < min{e/3||f|l, 6/(1 + 16K3)},

where K = sup{||z||, [|zall, | znll, ltmnll, |@n]I} < oo.
m,n

According to (11), (12) and (13), there is ng € IN such that for each
n, m > ng, we have

(15) llyo — vnll < 6,

(16) llz — za|] < 6
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and
(17) ‘ |Zm — tmnll < 61.

We fix n > ng until the end of proof.
From (5) it follows that

lim(2(|Qn(2)I* + 201@n(zm)II* - 1Qn(z + zm)II*) = 0

and therefore, we fix now m > n such that

(18) Dy = 21Qn(@)I> + 21Qn(em)l” = 1@n(z + zm)|* < é1.

Note that v, = Qn(2n) and uUmn = Qn(tmn)-
Furthermore using (16), (17) and (18), we have

2l|onll” + 2llumnll” = llvn = umnll®

= 2/|@n(zn)II* + 2[1Qn(tmn)II = 1Qn(zn + tmn)II?

= 2)1Qn()II + 2/1Qn(zm)II” = 1Qn (= + zm)II’

+2 (1Qn (=)l = 1@n(@II) +2 (IQn(tma)l” = 1Qn(zm)I?)
(19 4 (I1Qn(z +2m)I = 1Qn(zn + tma)II*)

< Do + 201Qall* (2]l + llzn[Dllz = zall

+2/|Qul’ (lzmll + ltmnlDlizm — tmall

+1Qull*Ulzll + llzall + lzmll + ltmnll) (ll2 = zall + llzm — tmn”)
< Dpm +8K3(||z = zal| + [|Zm — tmnll) < (1 + 16K%)é; < 6.

Consequently, from (15), (19)‘and (14) we get
(20) |f(vn) = f(umn)l < €/3.

Then, from (16), (17), (20) and definitions of 4,

1£(2) = f(zm)l < Wfllllz = zall + 1 f(vn) = f(umn)l + [ fllllem —

< 2||fll61 +¢/3<e

which contradicts (2). The theorem is proved. m

mal|

223



224 . George Alexandrov

4. Extensions of wM LU R norms

Lemma 2. Let X be a wMLUR Banach space. Then for every z €
X, f € X*ande >0, there is § = é(z, f,e), 0 < § < 1, such that whenever
veX,llz—yll<dandze€ X, ly+ 2> + |ly—=z||> — 2||y]|*> < 6§ we have
[f(2)] <e.

Proof. Let z € X, f € X* and ¢ > 0. Since the Banach space X is
wM LU R, according to Proposition 2, there is 6o = §o(z, f,€) > 0 such that if
ve X and o+ of? + llo—ol® — 2ljz/> < b then

(1) lf(v)] < e.
Let
0 <& < min{l, é0/32(||z|| + 1)}.
We take
(2) yeX, llz—yll < 6
and
(3) zeX, lv+z1® + llv—=zI* = 2llyl?

From (2) and (3) it easily follows that
(4) lyll < ll=zll + 1 and [l2]| < 2{lz|| + 3.
Now using (2), (3) and (4) we have

llz + 212 + ||z — 2II? — 2llzll? = lly + =% + lly = 21> — 2/|||?

+ (llz + 2% = lly + 212 + (lz = 2% = llv = =l1?) + 2(ll9> = ||=I|*)
< 6+ 2(6llzll + Dlle — yll + 2€2llzll + Dllz - vl

< 60/2 + 16(||z|| + 1)6 < bo-

(5)

Consequently from (5) and (1), we get

If(2)| < e

and the Lemma is proved. =
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Theorem 2. Let X be a Banach space, and let Y be a éubspace of X~
which admits an equivalent wM LU R norm || - || and let the quotient space X|Y
be separable. Then the norm || - || can be extended to an equivalent wM LUR
norm on X. . . : :

Proof. We construct on X equivalent norm || - ||, in the same manner of
the Theorem 1.

Now, we only show that the norm || ||, is a wM LUR norm.

For this purpose we assume that there areeg, 0<e <1,z € X, sequence
{zm} C X and f € X* such that .

(1) lim(llz + omll} + llz - zmll} - 2llzl}) =0
. but
(2) ) I f(z'm)l Z g, V mE ]Na

and we find a contradiction.
From (1) and a convexity argument we get

3 im(llz + zmll® + llz —2al® - 20z =0,
(4) Hm(||z + Zmllg + 12 = 2mllg — 21I2li5) = 0

and

(5) ([ Ta(z + 2m)I2 + [Ta(z = 2a)I* — 2Ta(@)I?) = 0

for each n € IN ‘
The norm || - ||p is LUR on X/Y. Consequently it is M LU R and therefore from
(4) we have

(6) tim [|2flo = 0

Casei)Let z €Y. According to (6), for every m there is y,, € Y such
that

(7) lim [l = 4l = 0.
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From (3) and (7) we receive

im(l|z + ymll® + llz = ml® - 2ljz)?) = 0

and since the norm || - || is wMLUR on Y then
m
Since

If(@m)l < Iflllem — ymll + |f(ym)
then from (7) and (8) we get

H'in flzm) = 0

which contradicts (2).
Caseii)Let z¢Y, & #0. Put z =20+ yo, where 79 = B, yo € Y.
Choose sequence {@,} C {@n}, <, such that

9) lim |2 — &l = o.
and since B is a continuous map, then
(10) lim (7o = axll = 0.

Since || Py|| = |lan|l/llénll and @n(Zo) = (Zo — @n) — fu(Zo — an)an, then from
(9) and (10) we get

(11) Lm || Pall = [loll/lI2[|
and
(12) lim [|Qn(z0)l] = 0.

From (11) it follows that the sequence {||@Qyx||} is bounded.
According to (9), we can choose 2z, € @,V n € IN, such that

(13) lim llz = za]] = O.
Put 2z, = @n + vn , v, € Y and from (10) and (13) it follows that

(14) lim |lyo — vall = 0.
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From (6) and (9) we have lim ||(Z + &m) — @x|| = 0 and therefore there is ¢,,, €
m,n

@n, tmn = @n + Yo + Umn, Umn € Y, such that
(15) 1#’171‘ [l(z + Zm) — tmall = O.

The assumption that ||-|| is wMLUR on Y and the Lemma 2, for 'oul_"
Y €Y, f € X* and € > 0 there exists §, 0 < § < min{l, £/4||f||}, such that
fyeY,lly-wll <sandzeY,|ly+zl* + lly—=2l® - 2||yll* < & then

(16) If(2)| < €/4.
Choose 6; such that .
0 < &, < min{e/4||f|l, 6/(1 + 10K? + 24K3)}, *

where K = sup{||z||, l|zoll, l|Zall; zall; Itmnll, [|@nll} < o0-
m,n .

Accordiné to (12), (13), (14) and (15), there is no € IN such that for each
m, m > ng, we have

(17) . llyo — vnll < 6,
(18) ' Clz =zl < 6,
(19) ’ (z+ zm) —tmn|l < &
and

(20) 1Qn(zo)ll < é1.

. We fix n > ng until the end of proof.
From (5) it follows that

Lm([|Qn(z + zm)I* + [1Qn(z — zm)II* - 2/|Qa(2)I*) = 0
and therefore, we fix now m > n such that
(21) Dum = [1Qn(z + zm)II* + [1Qn(z — zm)II* — 201Qn(2)|)? < 61.

Note that v, = Qn(2a), Y0 + Umn = Qn(tmn) and yo = Qn(z — Zo)-
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Furthermore using (18), (19), (20) and (21),.We- have
[lvn + umn"2~+ lvn — umn”2 - 2“”ﬂ”2 = |@n(zn) + Qn(tmn) — '!10”2
+ 1Qn(2n) = @n(tmn) + voll* = 2[1Qn(zn)I”
- = 1Qn(= + zm)lI? + 11Q@n(z — zm)II” = 2/1Qu(=)I)?
+ (1Qn(zn + tmn — 2) + Qu(z0)I* = |@n(z + 2m)I?)
~+ (1@n(zn = tmn + 2) = Qu(=0)II* = 1Qn(z = 2m)II?)
+2 (IQu(@I = 1Qn(=0)II%)
< Do + 2(1@Qull (=1l + lzoll + llzall + [|Zmll + [[Emnll)
X {l1@all(llz = zall + lI(z + 2m) — tmnll) + |Qn(z0)ll}
+ 201Qal%(llzll + lznlDllz — 2l _
< Dam + 14K%2 = 2all + 10K3)|(z + ) = trun
+ 10K?|Qu(zo)ll < (14 10K? 4+ 24K3)5, < 6.
Consequently, from (17), (22) and (16) we get '
(23) ) If(umn)l < gf4.
Then, from (17), (18), (19), (23) and definitions of & and &,
@)l < U@ + 2m) = tannll + 1 £1l190 = vl + 1F )] + £l = 2
<2(|fll6s + IflI6 +e/4<e

which contradicts (2). The theorem is proved. m

e
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