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Some Occurrences of Weakly
Inaccessible Cardinal Numbers

Kurepa Duro R.*

We indicate some cases in which we encountered win [weakly inaccessible numbers] as infinite
noncountable limit regular cardinal numbers. We stress in particular mapping Bn|KARD (s.
no 4:2) in which the siscrepancy between noninfinite case (= 0 or ﬁniteg and infinite case is
maximal (cf. 4:5 Theorem).

0. Each infinite noncountable limit regular cardinal n is called weakly
inaccessible (w.i.). If n is w.i. and such that 2™ < n whenever m < n, then n
is said to be strongly inaccessible (SIN) (cf.D74).

I had the opportunity to encounter i.n. in several situations.

1. Cellularity, cF, for any family F of sets is defined by cF := sup{pD :
D C F, D is disjointed:= (z,y € D and z # y) = z Ny = v}. For any space
S the cellularity ¢S := ¢G(S), where G(S) is the system of all open sets C §
(s.K35(2,3") p.131).

For any set system F let F¢ denote the set of all members of F' and of all
differences X\Y (X,Y € F).

1:1. Theorem. Let R be any ramified (:=non overlapping) set system i.e.
such that X,Y € R implies XNY =v or X CY or X DY ; then unless cR? is
w.i., the number cR? is attained in RY: there ezists a disjointed D C R?® such
that pD = cR?® (s.K35(2.8") p.110 TH.3).

Corollary. If A is any 2-complete interval atomization of any (L, <) :=
linearly ordered set, then cA = cL. For any (L, <), cL is attained, unless to be
. weakly tnaccessible.

This statement is transferable to topological spaces (s.ET43).
2. Trees T. Pseudotrees R
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2:1. Any ordered set (E, <) such that for any € E the left cone E(.,z) :=
{y:v € R, y <z} is well-ordered [linearly o.] is called a tree or ramifed table
[pseudotree or ramified set](s.K35); general notation T[R].

2:2 Theorem. For any T (pseudotree) the width, unless to be w.i. is
attained (s.K87(1) Th.2:4).

2:3. MATH. (Maximal Antichain Tree Hypothesis). Every T con-
tains @ mazimum antichain, i.e. one of power p,T (s.K88(3)).

MATH is a consequence of the RH (Ramification Hypothesis): For every T,
bT is attained (s.K35(2,3*);K36). RH is equivalent to the Main Tree alternative:
Every infinite T of regular pT is equinumerous to a subchain or to a subantichain
(s.K77 no 3:1).

3. Factorials

3:1. Permutations. For any set S let S!:= {f : f is a permutation of S,
i.e. f is a bijection of S onto itself; thus f§ = S§}. (pS)! := p(S!). If ON(n),
then n! := (pn)! and 0! := 1. ‘

3:2. Theorem. ON(n), n > 0 = n! =[[p(z) (1 £ z < n); if n > wo,
then n! = 2°* (s.K53(4) T.2.2; K54(16) Th.2.2).

3:3. Set R(n) for Ord(n) or~Kard(n). Let W(n) := {ordinals[cardinals]<
n}. R(n) denotes the set of all regressive selfmappings f of W(n), ice. 0 <
fz < z (z < n); in particular, R(0) := {v}; v is the void sequence (I used to
write P(n) instead of R(n), s.K 53(4) no 8, K54(16) no 8). Remark that R(n)
is defined without CA for any Kard(n) and any ON(n).

3:4. Theorem. ON(n) (pn)! = pR(n). If n > 0, then pR(n) =
[I(pz)(0 < = < n). Ifn > wo, then (pn)! = pR(n) = 2P(") = [(pz) (0 < = < n)
(v.K53(4) T.2.2, §9.1; K54(16) Th.2.2, Th.9.1; K59(3) no 8.4).

3:5. Hypothesis PERM:=Forcing of 3:4 to hold for cardinal numbers: n! =
pR(n) (Kard(n)) and n! = pR(n) = [[z (0 <z < n) for n > 0.

3.6. x-PERM Hypothesis: x! = [z (0 < 2 < x) for each alef x.

3:7. Theorem. x-PERM is equivalent to the following ezponential
equality: 2 exp(pwq) = 2°P@+2) ON(a). -

This follows from x! = 2X for each alef x (v.K53(4) T.2.2, §9.3, K54(16),
Th.2.2., formula(9.3)).

PERM or x-PERM implies 2+ H where

3:8. 2tH 2" = 27" whenever n is an alef > xo (s.L 35 for n = puwp;
K53(4) §9.3, K54(16) §9 general case; H73).

3:9. PERM [2+ H] implies that each constancy level [ of 2"|Kard, is a
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huge segment of KARD and that sup [ is regular (s.K59(3) §8.4 implicitly,
K78(4) explicitly with comments; B65; H73). '

The immensity of I’s was one of the reasons to declare: 27“° could be any
regular K ARD(n) of cofinality > pwo (s.K53(12) conjectured; K78(4); E70
proved).

In a similar spirit here is a specific.

3:10. Hyper-Inaccessible C.H. (HICH): Range
2"|Karde = {Ho,H1,...,Ha,...}, ON(a); Ho :="the first i.n. of species
07:=the first member B in SIN := {lo, hh,...,Ia,...}, ON(a) such that Ig =
pB. If a > 0, then H, :=the first cardinal = in the ordered class of all inacces-

sibles of species < a which has just z inaccessible predecessors each of species
< a, H, :="the first inaccessible of species a”.

3:11. Statement 3:9 is organically tied to the following.

3:12. ECL (Exponential Constance Lemma). Let (a,b) be any 2-un
:= ordered pair of ordinals and E be a nonvoid set of solutions of

(0) Asexp(Az) = Agexp(As) (A stands for Alef). If w := sup E is
singular, then w = z as well satisfies (0) (K59(3) no 8.4. implicitly; K78(4)
ezxplicitly with comments; B65, H73).

3:13. Theorem. Given any 2-un (a,b) of cardinals a,b such that 1 < a.
If the class E of all cardinal numbers z for which

(0) a® = bholds in nonvacuous and if w := sup E ezists and if
(1) w non € E,then w is a limit regular cardinal number.

Proof. Since (1) implies v # E # {0}, one has a < b. If b is finite, then
(0) has at most one solution, because for distinct solutions ¢, d one would have
a° # a®. Consequently, (1) implies that b is infinite.

We claim that for every infinite b the relation (1) implies that w is regular
i.e. ¢cfw = w. In the opposite case there would exist an infinite b such that
the cofinality ¢fw := r would be a regular infinite number r < w. There would
exist a strictly increasing r-sequence

(2) si € E (i < r) of cardinals > r such that sup s; = w and in particular
r < 89. Now, a¥ := [[3 a = (product of the constant w-sequence of a’s equals
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by the associative law for multiplication, putting u* := uexp(z))

a exp(so) H( II a)

0<i<r 3;<J<sip1
(because so € E and because the value of () is < aexp(si41 = b)
=b J] &= 5" = baexp(sor) = bb="b.
o<i<r :

Thus a¥ < b and jointly with the obvious relation a* > b one would have
a¥ = b, in contradiction with (1).

3:14. In connection with the ”Constance Theorem” 3:13 here is a statement
KL: For every cardinal k the left ideal W (k) of all cardinals < k is a complete
lattice.

Of course: AC=KL

Problem: Does KL imply AC?

4. Partition statement U(n,s)

4:0. Definition. For a given 2-un (n, s) of cardinals, let U(n, s) stand for
the statement: if for a set S of power s any F C P(S) satisfies cF < n, then
F' := PS\F contains a subsystem G such that

4:1 pG < n and p(S\UG) < n.

One writes U(n, §) = U(n, pS) and s € U(n) instead of U(n, s).

4:2. Function Bn|Kard. Given K ARD(n), let Bn :=the first s such that
s non € u(n).

4:3 Theorem. Fach nonnegative integer n verifies Bn = 2n + 1.

Proof. 4:3:1. First claim: B0 =1i.e. 0 € 4(0) and 1 ¢ u(0). Namely,
if § = {}, then PS = {{}}; if F C PS and cF < 0, then F = {}, UF =
{}, F' = PS and the subset G = {} of F’ satisfies the conditions 4:1 for n = 0.

On the other hand, 1 ¢ u(0), because if S is a singleton {e}, then PS =
{v,{e}}; if f C PS and cF = 0, then F is empty, therefore F' = PS; if
then G C F’ and pG = 0, one has G = {}, UG = {}, S\UG = S thus
p(S\UG = pS =1 > n = 0; contrarily to 4:1. This contradiction proves that
1 & u(0). .

4:3:2. Second claim; If n € N, then 2n + 1 ¢ u(n)).

Proof. Let § := {0,1,...,2n} and Fs := {XIX C S, pX > 1}; then
pS = 2n 4+ 1 and cFs = n. Since {{0,1},{2,3},...,{2n —2,2n — 1}} is a
disjoint subsystem D in Fs and pD = n, one has cFs > n. On the other hand
one has not cFs > n, because this inequality would mean that Fg contains
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a disjoint subsystem X of power > n + 1; therefore § D UFs D UX and
PS > 2pX > 2(n+ 1) > 2n+ 1 = pS - absurdity. _

4:3:3. Third claim: Any cardinal numbers n,s such that s < 2n 4 1
satisfy :

s € u(n).

The relation was prowed for s = 2n; the general case is implied by the following

4:4:4. Lemma If s ¢ u(n), then s + 1 ¢ u(n).Namely, the lemma 4:4:4
implies 2n—1 € u(n) because in the opposite case one would have 2n—1 ¢ u(n)
and thus, in virtue of the lemma, 2n—1+41 ¢ u(n), contrarily to the first claim.
By the same arguments one infers 2n — 2 € u(n) and, step by step, k € u(n)
for each k£ < 2n.Proof of the Lemma 4:4:4. Let S be a set of power s and e an
object which is not element of §; let T := S U {e}. We assume s to be 0 or
finite.

Let suppose contrarily to the Lemma, that*s + 1 € u(n). Thus (cf.§4)
for every system F' C PT such that cF < n, the system F’ would contain a
subsystem G such that pG < n and p(T\ UG) < n.

We have only 2 possible cases.

First case: e € T\UG. Thus UG C S, G C PS and e € UF, if instead
of every X € F one considers X, := X\{e}, then F, := {X.|X € F} would
be a general subsystem of PS satisfying (4:1) contrarily to the assumption that
s & u(n):. ’

Second case: e ¢ T\UG, thus e € UG and at least one Y, € G contains
e as a member; then the system F, := {X\{e}|X € F} would satisfy the
conditions (4:1) and consequently s € u(n), contrarily to the hypothesis. This
finishes the proof of L.4:4:4.

4:4:5. Theorem. Fach alef x satisfies i(x) < Bx, where i(n) is the first
weakly inaccessible alef > x. For a proof s. K80(1), Th.2.2.

4:5. Theorem on Bn (Discrepancy between infinite and noninfinite).
Each nonnegative integer n satisfies Bn = 2n + 1. Each alef x satisfies i(n) <
By.

The theorem 4:5 demonstrates 2 features: radical difference of behavior of
cardinals < xo and alefs and secondly: a particular occurence of the set 2N — 1
of odd natural numbers to be the range of the function Bn|Np, No := {0} UN.

5. Ordered measures

5:0. The question of the existence of a measure for sets belonging to a
given set S is a very particular question of isotone mappings of ordered sets.
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5:1. Isotone mappings. If ((E,<),(E’,<’)) is any given 2-un of or-
dered sets, then any single-valued mapping f : E>—>E' such that

z<yin (E,<)= fz<'fyin (E',<')

is called an isotone or increasing mapping of (E, <) into (E’,<’) (cf.
Kurepa [1937(4)],[1940(1)],[1941(2)]).

5:2. Zero-measure. In particular, if f is any isotone mapping of power
set (PQ,C) into (E’,<’), then every subset X C @ such that fX = f@ or
fX = f{q} for some point ¢ € Q is said to be of zero-measure with respect to
f or simply to be of f-zero-measure or, still simpler, to be of zero-measure.

5:3. Definition of measure. Let n be any cardinal number. Ordered
measure of rank n on a set § is any isotone mapping m of the ordered set
P(S), C) into any ordered set (E, <) satisfying following measure conditions:

K,(n) Every subset of S of zero-measure is of zero-measure;

K3(n) The union of any family of cardinality < n of subsets of S of zero-
measure is of zero-measure;

K3(n) If (Fp, F;) is any 2-un of subsets of a non-zero-measure and C P(S)
so that the members of F;(i = 1,2) are pairwise disjoint, then the conditions
F, C F3, p(F\F}) > nimply mU F; < mU F3.

5:4. Lemma. For any 2-un (n,s) of cardinal numbers there ezists an
n-measure on s (i.e. on a set of cardinality s); if s < Xo, the measure may be
assumed to be real-yalued and strictly increasing.

Proof. Let S be any set of cardinality s and let so be any object such
that so € S; let E := {so} U P(S) ordered by < so that @ < so < P(S5)\0 and
that < extends C in (P(S),C).

For every X C S let us define

mX = sg provided pz < n

mX = X providéd pz > n.One checks readily that m is an (E,<)-
measure.lf § is of a cardinality < xo, let then s;,82,... be a 1-1-sequence
of length < wp exhausting the set §; for any @ # X C § set mX := 21. 2-3, j
running through the set of all indices j such that s; € X; this measure m is
additive and a-additive.

5:5 Theorem. Let n be infinite cardinal number and S be any transfinite
set satisfying u(n, S). Let m be any isotone mapping of (P(S),C) into any or-
dered set (E,<) so that the conditions K1(n), K2(n), K3(n) are satisfied. Then
the following two conditions are incompatible:
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0, There exists a set M C S of non-zero measure.

An  p(mP(S)) £ X(n)-!
Proof. Let us assume that some n > xo and some set M C § satisfy

(1) m{z} # mM # m0

for every z € S, although A, holds. Let F be the set of all members z € P(S)
such that £ N M be of non-zero m-measure. Every member z € F is~of measure
# 0 because of the condition Ky(n).

5:5:1. Lemma. cF < X(n) := 7 := Xu.

In the opposite case there would be an uncountable w(y)41-sequence z; (i <
W(n)41) of mui:ua.lly disjoint sets € F; setting F, = U;z; ({ < w,r) for every
T < wy41, Fy is of measure # 0. Moreover for r < t < w, 41 the set F; contains
disjoint sets X, r4c for w,r + ¢ < w,t, thus disjoint system of n sets of measure
# 0; therefore according to the condition K3(n) one has not only mF, < mF;
but also mF, < mF; (r,t < w,41), contrarily to the condition A,.

Consequently, we have cF < n.

Therefore, the set S satisfying u(n,S), there exists a family G C PS\F
such that pG < n and p(S\UG) < n,i.e. § = RUUG, where pR < n. Hence
also M = (M N R)UUgegM N g with p(M N R) < n. Each of the sets M Ng
being of measure zero, the set M N R being of cardinality < n we infer that
M N R is also of measure 0, a fortiori, M would be of measure 0, contradicting
our assumption (1). Hence 5:5 Theorem is proved.

5:6. A Tree Axiom

5:6:1. If Onn is w or SIN, then every level of R(n) (s.§3:3) is < pyR(n) = pn
and pB = pn for each branch B. This is to be compared with the following.

5:6:2. Tree (or Dendrity) Axiom. If ONn is regular uncountable,
then there is a tree A, of rank YA, = n and pX < pn, where X stands for any
level or any subchain of A,, (s. Kurepa 1985(1) A tree axiom. Publ.Inst.Math.
38(52) (Beograd) 7-11).

Remember: Rank or ordinal height of (E, <) is v(E, <):= the first or-
‘dinal number which is not embeddable in (E, <).

! For an ordered set (E, <) let p.(E, <) := sup pW, (W, <) being well-ordered subset of (E, <);
of course, mP(S) := {mX : X € PS}.
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