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Average Number of Real Roots
of a Random Trigonometric Polynomial

N. N. Nayakt, S. Baghi
. Presented by P. Kenderov

Let Ta(8) = >_,_, yx(u) coskd be a random trigonometric polynomial, where the coef-
ficients, yx(u)’s (k = 1,2,...,n), are mutually independent, identically distributed random
variables, lying in the domain of attraction of normal law. In this paper we obtain an esti-
mate of the average number of real roots of T,,(#) in the interval (0, 27). It is proved that the

required average is assymptotically equal to (4n/v/3) (1 + VIog n)" when n is large.

1. Introduction

Let
n
(1) ~ T.(6) = > yk(u)coskd,
E k=1
where ¥1, ¥2, . . ., Yn is a sequence of mutually independent, identically distribut-

ed random variables, lying in the domain of attraction of normal law. Let ¥
denote the random vector (y1,92,-..,¥n). Let N(B,v) be the number of real
roots of T,,(8) = 0 in the interval 8 < # < v with the multiple roots counted
only once. Previously J.E.A. Dunnage [1] found that in the case of normal-
ly distributed random variables with mean zero and variance one, the above -
polynomial has % + O(n11/13(1og n)3/13) roots in (0,2r), except for a certain
exceptional set whose measure does not exceed (logn)~!. We know from the
work [3] that if the coefficients y;(u)’s (j = 1,2,...,n) are identically distribut-
ed random variables, belonging to the domain of attraction of normal law, and
have zero means and P(y; = 0) > 0, then the average number of real roots of
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the corresponding algebraic equation is asymptotic to (2/7) log n. The object
of this paper is to find an estimate to the average number of real roots of the
polynomial (1) in (0,27). Our main theorem is the following:

Theorem. Let T,(8) = > ;—, yk(u)cosk@ be a random trigonometric
polynomial, where the coefficients yx(u)’s are identically distributed, indepen-
dent random wvariables, lying in the domain of attraction of normal law with
the characteristics functions exp{——% h(t)} and exp{—% H(t)} in the neigh-
bourhoods of zero and infinity respectively, where h(t) and H(t) are posi-
tive slowly varying functions ast — 0 and t — oo. Then EN(0,2m) ~
(4n/v/3) (1 + Vlogn)™ for sufficiently large n.

In order to estimate the average number of real roots of T;,(#) in (0,27),
we divide them into two groups,

(i) those lying in the intervals [0, €), (2 —¢, Z+€), (T—€, T+¢€), (3 —¢, ¥ +¢)
and (27 — ¢,27], and

(ii) those lying in the intervals (¢,5 —¢€), (3 +€,m—¢€), (T +¢,% —¢) and
(3 +¢,2m — €), where € = =,

An interval of the first type which causes some difficulty should neither
be too large nor too small. The roots in (i), which so happens, are small in
comparison to roots in (ii). So those roots which make a significant contribution
to the final result are of type (ii). We denote the average number of real roots
of the first type by EN(w — €,w + €) and that of the second type by EN(8,7),
where w stands for 7, =, —2"'- and 2.

Hence

(2) EN(0,27) =4EN(B,7) + 5EN(w — €,w + ¢).

2. Some lemmas ’
In this section, we establish two lemmas which will be used in the proof of
the theorem.

Lemma 1. If h(t) is a slowly varying function ast — 0 and H(t) is a
slowly varying function ast — oo, then for0 < p <1

(i) lim;—o t?h(t) = 0 and lim;o t™7h(t) =

(ii) lim; oo t7°PH(t) =0 andlim; .o tPH(t) = 0o

Proof. The results of (ii) are consequences of Karamata’s theorem (cf.
(3], p-395) and the results of (i) are obtained if we put 1/t for ¢ in (ii).
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Lemma 2. If n(e) denotes the number of real roots of T,,(8) in |z| < ¢,
then

P{n(€)>(log2)™! (log';z + 4n€)} < for0<p<1.

nl-r

Proof. Applying Jensen’s theorem to the entire function T,(8) (cf. [6],

p-249) we get
1 2m
1
27 log 2 /0 8

Let ®,,(t) be the characteristic function of T,(#) in a neighbourhood of
zero. Then

Tn(2¢ €')

~T.(0) de.

(3) n(e) <

2 n
®,.(1) = exp{-% z cos k@ h(t cosk8)}
(4) k=1 .
12 '
= exp{~5 hn(1)},
where hm(t) = Y k=1 cosk® h(t coskf) and h(t) is a positive slowly varying

function in the neidhbourhood of origin. We have by B.V. Gnedenko a‘nd
A.N. Kolmogorov (cf.[2], p. 54) that

2/n
(5) PUT. O > n) < o [ 1= 8n(v)]at
Now

2
L= &n(t) = 1 - exp{- hm(t))
(6) .

= 5hm(t)(1 +0o(1)) ast— oo.
Since by Lemma 1, for p > 0

h(t)<t™® ast—0

we have from (4)

(7 hn(t) < t7° Z(coskﬂ)l"’ < nt™’.
k=1
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Hence, from (5), (6) and (7), we get

n2 2/n
P{ITA(8)] > n} < & / £2-° dt
o

22+
(3= p)nl-r
<5 (since 2277/(3 — p) < 2).
Therefore
. . 9
(8) P{TL(0) <n) <1- -2

Let F(z) and ®(t) be the distribution function and the characteristic func-
tion of the random variable y(u) respectively. Then by the Levy inversion
formula (cf. [2], p. 48), we have for a >0

P{ly(u)| < a} = F(a) — F(-a)
1 oo eita _ e,—ita
. = ox . 7 ®(t)dt
00 5
9 2a 511} at (2) dt
T Jo at
2e ®(t)dt

IA

0

(since sin(at)/(at) < 1). _
Since y(u)’s belong to the domain of attraction of normal law, we can find
€1 > 0 and a number T > 0 (however large) such that

(o o) €1 2
/0 ®(t)dt = /0 exp{—%h(t)}dt
(10)

_ T % 12
+/Cl <I>(t)dt+/T exp{—EH(t)}dt

Let T = (log log n)7+ and € = T
We have in (€, T)

B(t)e T < e (since (1) < 1).

< ylogn
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So ®(t) < JIogne—(#7)/2 .
As h(t) and H(t) are slowly varying functions as ¢ — 0 and t — oo
respectively, we can find some to > 0 and Tp >t such that by Lemma 1

(11) "h(t) >t? forp<ty and H(t)>t"? for p> To.
Making use of (9), (10) and (11), we obtain

2a € 13t+e T 13=p :-p
P{ly(u)| < a} < — [/ e'_z'dt+/ \/logne""':"dt+/ e dt]
0

™
2a . t’- 2= "'
5-77 e dt + \/logne 3 dt+
0
(in (0,61)’ e_%ﬂ_/e_n;p = e .2+p(1 13°) < eas t<1) ’

2(1 o _.2—, )
=?(1+e+\/logn)/ e” 7 dt
0
2 21/2-» 1
= _a (1+e+ logn) I'(—),
2-p 2—p
< \/__ (1 + e+ /logn)

 (since T is decreasing in [0, 1], I'(35) < ¥/7 and 2;/_:' <2). So

Pyl < e} < 22 (1t et Viogm) < T

Hence
(12) P{|T+(0)| < e72™} < (4/v/m)" ™™

Now |T,(2¢ e*?)| < ne?™<. So from (8), we get
(13) P{|T.(2¢€*)| < ne?™} > 1 — ==

Hence from (12) and (13), we obtain for e = 1/y/n

Tn(2¢e!
. ——:,(, 2| < ne
>1 - -

Now it follows from (3) that

1 2 4ne
n(e) < 27 Tog 2 /0 log(ne®™) dé
= (log2)™! (logn + 4ne).
Hence P{n(e) > (log2)~!(logn + 4ne)} < =% for 0<p<1.
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'3. Formula for EN(3,7)

The results of this section are based on a discussion of M. Kac ([4], p. 5~
12). Let P(yx) be the distribution function and f(¢x) be the characteristic
function of the random variable yx. Then by the Levy inversion formula (cf.
(4], p.48) for the continuity points yx and yx + h (h > 0) of F(yx), we have

1 A e—flk!lk - e-"tk(!lk+h)

F(yr +h) — F(yx) = o Lm 3 ™ F(tk)dt
1 A e—“"yk(l _ e"itkh)
15 - — I
(15) o A - itr F(te)dt
1 A e~itvrit h(1 + o(h))
T or ,\h—-n;o _ ity £tk )t

Now from (15) we have

dF(yk) _ lim F(yx + h) — F(yx)

dy h—0 h
1 [
= J_° Y f(ti) dix,
or
(16) aPu) = 3= ([T et () due) d.

The probability mass atached to the infinitesimal rectangle 7(%) containing
the point 7 is

(17)
dP(y) = k}; {(51; /_: e~ f(tk) dtk) dyk}

—(2n)-" { (/_: , /_: e Laai U £(11) .. f(tn) dt - ..dtn) dy: .. .dy;} )

where dy,dys,...,dy, are the lengths of the sides of 7 (%).
Now following the procedure of M. K ac [5], we obtain

(18) ENGBY) = 5 [Ta0 [ e Roceo),
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where

19) Rn(€,6) = (27)™" /_:’7/:, (/-:/_: e Donan thUk

x f(t1)...f(tn)dty...dt, ) cos(ETn(6))|Tn(6)| dy: - .. dy
We know that

1 *© 1—cosny _
(20) - [ = an = .
We shall further write (20) as A
1 . ) ¢ 1 —cos ny
r dm (e [0S = bl

Using this for y = |T.(8)| in (19), we get

n(€0)-— /oo 9 () / /
(/w / e~ Lm0 f(11)... f(tn)dtl...dt,,)

X co€1,0) (1 - soxTLO))

@ L e 8 o [
X (/_ /— e? Eu_—.l teyn f(tl)...f(tn) dtl...dtn)
 [cos(€T(0)) ~ cos(ET3(6)) cos(nTHO) 1dun v -

Now cos(£Tn(8)) = Rle® 2na ¥ 5k Gimilarly

cos(an(éj) cos(nTL(6)) =—;- Rl [exp {i (Zn:(fyk cos kf — nkyy sin kG)}

k=1

+ exp {i (zn:(fyk cos k6 + nky; sin ko)}] .

k=1
Therefore : A
. 1 oo d77 n oo oo .
Ra(,0) =emy L [T AT R [T ([T s an)
T Jooo k=1 —00. —o0
(22) x (eify., coskf _ % ei(fwc cos k6—nkyx sin k6) )

_ _2. el(fy., cos k0+nky. sin k0) dyk
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Now

oo pOO .
RI / J e f(ty) dty eV K0y,

=rt [ s ( / e-*‘““**fw’“)dyk) dty,

where the interchange of order of integration is justified by the fact that the
integrand is dominated by an exponentially small quantity which is bounded.

(23)

Since

® o in(te—tcoskd) g, _ o 1 Sin N(tk — € cosk6)
R /_ € dyi =2 I\}l—r»noo (tk — &coskl)

we have, from (23) that
@) B[ [7 sy dnetn iy, = 2 im [© Qrdn,
—ooJ —oco —® J-co

__ sin N(tx—& cos kb
where Q = Tt cos kD .

Now (24) can be written as

)
=2 Jim [ / @ exp{-En(an + [ Qs

(25) r o T
+ [ Qewt-%nwnan + [ @sewan

oo 2
+ [T @ exp(-F H(m)an,

where h(tx) and H(tx) are positive slowly varying functions as t; tends to zero
and infinity, respectively. Choosing 6§ = 1/T, where T = (loglogn) 31, we
have

T T 1, |3—#
(26) /5 Qf(t) < /5 Qvlogn e~ 5 dt

and

~8 1122

-5
(27) C Qf(tk)dt < Q e e dt,.
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Since, by Lemma 1, H(tx) > |tg|~?, we have

: -T _4 T e
(28) / e~ H(t) dt). < / e di
—00 —00
and
o i oo ' ltxl2—P
(29) / e~ 7 HM) gy, < / e~ T diy.
T T .

Again , since, by Lemma 1, h(tx) > |tk|?, we have

1 t2 ) | I|2+p
/ e~ 3 h(ty) di, < / e~ L dity.
5 -5

(30) F e
<e / e~ dt) (since t < 1).
-6

Hence, making use of (25), (26), (27), (28), (29) and (30), we obtain

Rl / / et f(t) di e'tvr coskl dy,

1tx13-P
<2(1+ logn) Jim / Qe 5 a4t
(31) > sin N(t 1513~
_ — . , — £ cos ko) 12-e
=2(1+ Vlogn) 1\}1—1»“00 oo (tk — EcoskB) dt

(putting the value of Q)
= 2(1 4 /logn) w e~ 3lcoskol~ - (Cf. [7], p.188).

Similarly we will get

1 [ [ . ) .
5 / / e_'t“y“ f(tk) dtk et(fy,, cos k@—nkyx sin k0) dyk
—o0o0 J—00

(32)
< (1 + /logn) m e~ 3lécosk0—nksinko|*=
and
1 /00 /OO ity (€ 5 ke-}; k . k@)
- e f(1y) dty, el(Eux coskOtnkyn sinko) gy,
(33) 2 ) ) (%)

< (1+ + /log n) p e—%lfcos k6+nk sin k6|*~*
Now, using (31), (32) and (33), we obtain

(1+\/Iogn) /°° d"] e_l & cos k0|~

2 k=l|

R.(£,0) < ~—mFX——

o e—§2k=l |£cosk0-—nksmk0|°’ g % 1 IEcosk0+nksmk9|°']

(34)

b

317
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where a = 2 — p.
So, using (34), we obtain from (18)

/ n )
EN(,H,’)‘) < (1+ 27r2gn) / do/J d77 -1 l|£cosk0|"

1 L H o
— ™3 Zk___l |€ cos kf+nk sin k6| + e oy

_ e—‘; ::; |€ cos k6+nk sin k6|~ ] de¢

_, |[€cos kb|*

(put £ = nv and d€ = ndv) -
= Gy B [Tao [™ [ S0 [emd Bl ecosar
22 g n
) _ e~ X0, Inveoskotnksinko|m o =% 3" Invcos kol
b o S ioisesnia | 4,

_ (14 /Togn)" /" 40 /°° [lo (ZZ:] |vcos k@ —k sin k6|~
- 212 5 _ & S k- |lvcos k6™
: Y k=1 lvcosk® + ksin k6|*
+log ( S re |lvcos k@™ v
(by Frullani’s theorem (Cf. [8], p. 155))
n v oo n _ . o
_ (1+\/12ogn) / dﬁ/ log(zk:l |Zcosk0 k sin k0| ) do.
2m2a ) oo > k—q |lvcos kb

v

Now. .

/»°° log (ZZ=1 [':)lcos k6 — ksin k0|?’) do .
oo > k=1 lvcoské|™ )

_ /°° log (E’,:=1 |coskd|™ |1 - & tank0|°’> do

—00 ZZ:] ICOS kgla
| cosk6|> °
> k=1 | cosk6|>

[=S) n k
= / log (Z |1 — > tan k0|°‘d>k(0)> dv

k=1

(36)
(put ®(6) =

Since 1 < a < 2 and Y }_, ®x(#) = 1, we have by Holder’s inequality for
mean values with weights ®,(6) '

n /o n 1/2
k o k
[E 1 - > tan k6| (Dk(G)J < [E |1 - p tan k0|2<§k(0)j,

k=1 k=1
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Let us put 82 = | coskf|® so that ®x(6) = Z—s—F’ 5
-Thus (36) becomes i
/ log (Zk=l |vcos k6 — ksin k9|. ) do <

E::: |v cos k8| =

5/ log($_ 11 - % tan k6]*®x(6) dv

k=1

*® " — k tan k8)232
=/ log (Zk=l (: . an2 ) ﬂk) dv
—o0 v Zk=l ﬂk

- or_, (vBx — kB tan k9)2)
/_w log ( E:=1 (o812 dv

(put ax = kBx tankf)
oo n 2
=/ log (Zk:ln(vﬂk a;) )dv
—o00 Zk:] (Uﬂk)
=2 / dn / (e-z;ﬂ(vaknf _ e-z:;=,<vs.n-a.n>=) dv
—oo n o ‘
(by using Frullani’s theorem again)

(put vnp =§, X=Zﬂ:, Y=2deﬂk and Z=Z ai)
k=1 k=1

k=1

0 o [ o—XE _ —(XE-Yentzn?)
=/ df/ 3 dn.
oo =oo N

Let us put Y6 =t and Z = h/2. Thus

0o [ e=XE* _ o—(XE*-Y&n+2n?) _xe [ 1-— etn—3hn* -
/ = dy = e X¢ / —— dn.
—o00 n n

(37)

—00

Now we split the last integral into three integrals p(k) + g(h) + r(h), where

) l_e—-;-ha:’
) = [T (o),

2
—00 T

® iz _Llpp2
q(h):—/_ooﬁl—ez dz (h>0)

and

—° \i=2

=) O gt 1— e—%hz"
T(h) = _/ (Z T) —2—2— dz (h>0)
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After evaluating these integrals we have from (37)

| [ g (Bl st
(38) —0o k=1

VaXZ -Y? '
<T—>.

Hence, from (35) and (38), we have

EN(B, ) < ST vogn)” VWI"g")n /7 btk 4X§_ L
B

4. Proof of the theorem

The set of valyes w for which either 4X (w)Z(w) = Y?(w) or Z(w) = 0
will be called w-set. In the present case, this set is successively (¢,% — €),
(2 +e,m—¢), (n+¢&% —¢), F +¢,2m — ). This yeilds

1++VIogn)* [37¢ V4XZ -Y?

(39) BN,y < 1HLEn) / e,
where " "

X = E B = Z | cos k6]°,

k=1 k=1
Y =2) oxBi =2 |cosk6|*k tanké

k=1 k=1

and

Z = kz al = kz | cos k@|*k? tan® k6.
=1 =1

Now we have

[CTI]

n n
1
X < E cos?’kf = = + 5 E cos? k6.
k=1 k=1

Let Sx = cos 268 + cos 46 + cos 60 + ...+ cos 2kf. Then for e < 8 < § — ¢,

1 1
- < -Sk <S5k < —.
sSin € Sll'l' €
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ThUSXS%-f- 2—;;—; So
X = %(1 +o(1/n)) (taking € = 1/v/n).
Similarly

n
Y <) ksin2k6

k=1

=-5(2-1)-508-2)—...—=Sp1(n=(n-1)) + nS,

2n —1

< —= )
sin €

or Y = O(n32); and Z = %(1+ O(1/n)).
Then the relation (39) yeilds

(40) EN(8,7)~ —= (1 + Viogn)".
We know t;hait
. P{Tn(6)>(log2) ! (logn + 4ne)} < nla_,,

for w — € < 6 < w+ ¢, hence

3 IOg n 1’”'6
l: (w - E’w + € <

)

nl"P nl“P
and choosing p = 1/n, we have

logn 4 )
-a/m) T pam-amy)

(41) EN(w—e,w+¢€) = O
Finally from (2), (40) and (41), we have

4n n

EN(0,27) ~ W (1+ y/logn)™,

which completes the proof of the theorem.



322 N. N. Nayak, S. Bagh

References

(1] J.E.A Dunnage. The number of real zeros of a random trigonometric polynomial.
Proc. London Math. Soc., 16, 1966, 53-84.

[2) B.V.Gnedenko, A.N. Kolmo.gorov. Limit Distributions for Sums of Independent
Random Variables. Addison-Wesley, Inc., 1954.

(3] LA.Ibragimov, N.B. Maslova. On the expected number of real zeros of random
polynomials 1, coefficient with zero means. Theory Probab. Appl., 16, 1971, 228-248.

[4) I.LA. Ibragimov, Yu.V. Linnik. Independent and Stationary Sequences of Random
Variables. Wolters-Noordhoff Publ., Groningen, 1971.

[5] M. Kac. Probability and Related Topics in Physical Sciences. Inter Science, New York,
1959, 5-12.

6] E.C. Tichmarah. The Theory of Functions, second edition. Oxford, 1939.

71 E.T. Whittaker, G.N. Watson. A Course of Modern Analysis. Cambridge Univer-
sity Press, 1962. : -

(8] B. Williamson. The Integral Calculus. Scientific Book Co., Patna, India, 1955.

t Department of Mathematics,
0.U.A.T., Bhubaneswar, Received 23.07.1991
Orissa, .
INDIA

1 Department of Statistics,
Sambalpur University,
Orissa,

INDIA



