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Presented by P. Kenderov

In this work we define a new integral transform and deduce its inversion formula. The
nucleus of this transform involves a generalization of the Hermite polynomials. The transform

is considered for locally integrable functions f(z) according to Lebesgue and of order O e“’),
with @ < —1 for | z | — oo, that is a vector space which is denoted by L°*P. Besides we
present an explicit convolution for such transform, for even and odd functions. The results
are the extemfed for arbitrary functions of the space considered.

1. Introduction

We define a generalization of the Hermite polynomials H,(z) in terms
of the confluent hypergeometric function ¢, and deduce its orthogonality on
(—00,00). Other properties and relations referred to these polynomials are
given in a previous paper [4].

(i) Generalized Hermite polynomials.

We define the generalized Hermite polynomials, which are denoted by the
symbol Hanyrq(Z), as

-1)*(2n + r)!
(1) Hanyra = (=) (n' ) (2z)"¢(-nja+1: z2)
where 7 is a nonnegative fixed integer (r € IN); » € IN; z is real and @ > —1.
If r = 0and a = —1/2, Hap4rq(2) coincides with the even Hermite polynomial,
Hy,z and if r = 1, a = 1/2, (1) reduces to the odd Hermite polynomials.
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If we substitute the result [5, p. 273 (9.13.10)] in (1), with z = z? we obtain a
relation with the generalized Laguerre polynomials Lg(z):

_(=D)"(2n+ r)!(2z)"
(2) H2n+r,u s (a + l)n

Ly(z?)

z is real; r € IN (fixed); a > —1 and n» € IN.

(i) Orthogonality of the polynomials Hzntre(2)-
Let’s consider the function w(z,a,r) = e~ (22)2~7*1/2 and the integral.

oo
I, = / w(z,a,7)Hongra(Z)Homyra(z)de.
z is real; 7 € IN (fixed); a > —1;n € IN and m € IN.

If we substitute Hopqra(z) and Homyr,a() according to expression (2) we ob-
tain

I = 227 (—1)™*t(2n + r)!(2m 4 7)!
o (a+ Dn(a+ m

where, using the orthogonality property of the Laguerre polynomials [5, p. 84],
results

/ e 't LE(t) Ly, (t)dt
o]

0 ,m#E M
(3) Ia,r — { 22'l"(a+ n + 1) [(211 + 1)']2 —m
n! atr .| "7

Hence, the polynomials Hy, 4, .(z) are orthogonal on (—o00,00) with respect to
the weight function w(z,a,r).

2. Generalized Hermite transform and its inversion formula

The generalized Hermite transform of a function f(z) € L7 is defined by
() @) )= [ f@)e T @) T  Hana(e)de
—00

z is real; 7 € IN (fixed); n € N; a — 7+ 1/2 > 0 and Hjpyra(z) are the
polynomials defined according to (1).
Let’s consider

f(z) = Z C2n+rH2n+r,a(x) ;T E IN,

n=0
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If we multiply (5) by e~ (22)* "*V2Hy, 4, q(2), integrate with respect to
over (—o00,00) and utilize the results (3), we obtain

/ f(z)e_xz(:':2)a”M_l/zHZm+1',adz =

22T(a 4+ m + 1) [(Qm + 1)!]2
m! (a4 1)

(6)

= C2m+r
The results (4), (5) and (6) lead to the desired inversion formula:

(M) S = 222,F(a oot Dol M (@) 20+ 1) Haar(s)

z real, r € IN (fixed); a > 71 —1/2
If r is even, we have the generalized even Hermite integral transform of the
function f(z), which we denote by H,{f(z);2n + r} and if 7 is odd, we obtain
the odd Hermite integral transform of the function f(z) which is denoted as
Hi{f(=);2n + 1}

Particular cases

(i) For r = 0 and a = —1/2, the transform (4) coincides with the even
Hermite integral transform [3, p. 345]

(ii) If in (4) we take » = 1 and a = 1/2, we obtain the Hermite integral
transform for n odd.

3. Convolution of the generalized Hermite integral transform for
odd and even functions

The convolution of an integral transform is consigered in the sense of
Churchill [1] and Dimovski [3], which is defined as follows:

Definition 1. An operation f * g in L°*?  is said to be a convolution for
generalized Hermite transform (4), if and only if

H{f*+g;2n+r}=pH{f;2n+r}H{g;2n+r};n €N

r € IN (fixed), with g, # 0, where the sequence {u,}does not depend on
functions f and g.

If we denote by L7™ and L;"" the odd and even function subspaces in L°°P

respectively, obviously we obtain:
If f € LP , then Hy{f;2n+ 7} =0 and if f € Lp"" , then H;{f;2n+ 1} =0
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Therefore, we just consider:

M:{f;2n + r};7 odd, if f € LT and
Hp{f;2n + r};r even, if f € L™

3.1 Convolution of the generalized Hermite transform for odd functions

Let f € L}, then

(8) Hi{f(z);2n+ 71} = /oo e~ (z2)* "2 f(z2) Hanyra(2)dz
0

r € IN (a fixed odd number); a > r — 1/2 and n € IN.
If we substitute the result (2) in (8) and set z2 = t, results

T(—1)" 1/2
(9) Hi{f(z);2n+ 71} = 2( 53_:217;: nt /0 e 't? f(tt/Z )L“(t)dt

Introducing the transformation

(10) @nw=LE2 0<icw

whose inverse transformation is
(11) (T7'¢)(z) = =" ¢(2?)
we can write the relation (9), as

H{f(z);2n + 1) = 27(_(1)1217;: r)!

- e 't*(Tf)(t)La(t)dt i.e.

27(-1)"(2n + 1)!
(a+1)n

(12) Hi{f(z);2n+ 1} = L*{Tf;n}

where the symbol L*{h(z);n} denotes the Laguerre transform of function A(z),
defined in [2, p. 41].

Let’s consider now the functions f and g in L}" and the product of their
generalized Hermite transforms. As indicated above

227[(2n + 7)!)?

(13)  H{fi2n+ r¥Hi{gi2n+ 7} = =

L*{Tf;n}L*{Tg;n}
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If a >r—1/2, for all r € IN (odd) (i.e. @ > —1/2), then we can use the
convolution theorem for the generalized Laguerre integral transform established
in [2], according to which we can express

(14) L°{f % g;n} = un L?{f; n}L*{g; n}
with
____/mn!
(15) bn = Tt at D)
and
(16) f * g)(z) = /w e~ (1) /1r e~VTtcosd 4 5in2e pdpdt
0 0
with

Ja—l/?(\/z_tSin ¢)
(1/2V/ztsin ¢)*—1/2

and J,(z)is the Bessel function of first kind and order v. From (14), (15) and
(13), we obtain

Hi{f2n + r}Hi{g;2n+ 1} =
(17) 27 [(2n+ 1)’ T(n+a+1)
- [(a + 1),]271/2n!

r € IN (a fixed odd number); n € N and a > r — 1/2
where, according to (10) and (16)

A = g(z + t + 2zt cos §)

L*{Ty % Ty;n}

oo 1/2 0
(18) (Ty 2 T,)(y) = / e“t“% e~V¥icosd B4 pdt
V] 0o

with

_sin®* ¢g[(y + t + 2/yt cos $)'/?)Jo_1/2(V/yE sin §)
- (v + t + 2\/yt cos $)1/2(1/2/yt sin ¢)*—1/2
Using (12) we obtain

(a+ Da(=D"

— A
wran ) T Ty * T}i2n+ )

(19) L{T; % Ty;n} =

From (12) and (19)

(—1)*(a + 1),7'/2n!

{p-1 N —
HAT™ {Ty*Tp}i2n+r} = 2r(2n+7)T(n+a+1)

Hi{f;2n+r}Hi{g;2n+7}
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Therefore f H g =TTy * T,) is a convolution of the generalized Hermite
integral transform in L}*". So,

HASf ;‘ gh:2n+r} = p Hi{fi2n+ r}Hi{g;2n + r}
with

_(=D)™a+1),7!/?n!
(20) ach 2r(2n+r)!T(n+a+ 1)

Here f::g, from (18) and (11) is given by

(f+9)(y) = TN T, 4 T,)(y) =

21) 0o ) n
( — 2yr/ e~ % (zZ)a—r/sz(z)/ e—yzcoséAd¢dx
(0] 0

with
sin?? ¢g[(y? + 22 + 2yz cos ¢>)]1/2Ja__1/2(yx sin ¢)
(y2 + 22 + 2y cos ¢)7/2(4F sin ¢p)a—1/2
r € IN (a fixed odd number); a > 7 —1/2; n € IN and J,_;/5(z) is the Bessel
function of first kind and order v

A=

3.2 Convolution of the generalized Hermite transform for even functions

Let f € L;"7, then
(22)  Mifizntr) =2 [ e @ @) Haa(2)de
0

The equations (9)-(12) are valid for functions f € L;*", when a > 7 — 1/2 and
r € IN (a fixed even number); except that r = 0 and a = —1/2
Hence we have the following

Theorem 1. -The operator f * g, given by (21) and denoted by f H g, if
r € IN (odd) and f 5 g if r € IN (even) is an internal operation in:
(i) LT such that

'H.'{fig;2n + 7} =pHi{f;2n+ r}Hi{g;2n+r}; a>r—1/2

(i¢) Lp"P such that

(23) ’Hp{fzg;2n+r} = punMHp{f;2n + r}H,{g;2n + r}
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a>r—1/2anda # —1/2
with p,, # 0, given by (20).

If r =1 and a = 1/2, the former result coincides with Theorem 1; formulated
and demonstrated by Dimovski and Kalla [3].

For r £ 0; a = —1/2, the expression (22) coincides with the Hermite integral
transform of the function f, and the convolution f 5 ¢ (21) and the relation
(23), correspond to theorem 2 given by Dimovski and Kalla [3].

4. Convolution of the generalized Hermite integral transform for
arbitrary functions

Let f and g be arbitrary function in L°*?. Each function can be written
as the sum of a function in L}™ and a function L;". So f = f; + f, and
9 = g1 -~ gp; Where

(24) fi(z) = w € L™
(25) fo(z) = L&)+ 1 (=2) +2f(—z) € L

Similarly for g.
Let’s consider H{f;2n + r} = H{fr + fp;2n + r}. Then,

H{f;2n+r} =H{fr;2n+ 1} + H{fp;2n + 7}

If r € IN (even), H{f;2n + 7} = Hpo{fp;2n+ 7} and if r € IN (0odd), we have
H{f;2n+ 1} = Hi{f1;2n+r}.

Considering the operation f * g = (fr ;gj) + (fp :g,,); .where the operations

% and ¥ are given by (21) for r € IN (odd); @ > r — 1/2 and r € IN (even);
a>r—1/2(a# —1/2); respectively. Then we have:

H{fxg;2n+71} = H{fr % gr;2n + 1} + H{S, % g3 2n + 1}
=H{fr*gr;2n+r} if r € N (odd) ;

according to Theorem 1 ~

H{f *g;2n+ 1} = pHi{f1;2n + r}Hi{g1;2n + 7}
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r € IN (a fixed odd number); a > r — 1/2 and with u,, given by (20). Similarly,
if r € IN (a fixed even number) we have:

H{f*g;2n+ r} = pnMHp{fp; 2n + 1} Hp{gp; 2n + r}
a>r—1/2 (a# —1/2) and with u, given by (20).
The earlier results can be summed up in the following theorem

Theorem 2. -The operation f *x g = (fr ; g1) + (f» A gp); where the

operators % and ¥ are given by (21) for r € IN (odd) and r € IN (even), is a
convolution of the generalized Hermite integral transform (4) in L°*P such that
if f, g€ N and n =0,1,2,..., then
(?) If r € IN (odd)
H{f*g;2n+ 71} = pHi{f1;2n + r}H{g;2n+71}; a > r —1/2
and a # —1/2
(i) If r € IN (even)

H{f*g;2n+ 7} = paHp{fp;2n + r}Hp{gp;2n+7}; a > 17— 1/2
and a # —1/2 with f1, g1, fp, 9p given by (24) and (25) and p, given by (20)

If r = 0 and a = —1/2, the convolution of the generalized Hermite inte-
gral transform for arbitrary functions in L®*? correspond to the theorem 3
of Dimovski and Kalla [3].
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