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1. Introduction

Let D = L+iM be nxn complex diagonalizable (matrix D has a complect
system of eigenvectors), where L, M € IR™*" and let IR?*? be the set of real
p X ¢ matrices. The spectral problem for matrix D

(1) (L+iM)(z +iy) = (A +ip)(z +1iy),

where z,y € R**! and A\, u € R'¥1, is equivalent to the real problem (with
real solutions)

® e ) ()= )G

where I € IR™*™ is a unit matrix.
In this paper we propose an effective algorithm for solving the eigenproblem

of real matrix B 24
H=H(AB)= (M _L )

2. A description of the algorithm and a convergence theorem.
For the matrix H we construct the sequence

(3) Hipr = U HLU = (REYY), Hy = H, k=1,2,3,...,
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where each Hy = H(Ag, B) and Ux = U(pk, gk, pr). For each k the matrix Uy
depending from three parameters pg, gk, Pk
Let denote

Hi = H(Ai, By) = (h®)), Ar=(al)) and By = (b3),

Cy = C(Hy) = H HY — Hf Hy, = H(Fy, Ex) = (),
where
Fp = F = AT + By BY — AT A, - BY By = (f{?)
and
Ey = —E] = By AT — AuBT + BT Ay — AT By = (),

2n

| Hkll* =

r,s=1
For symmetric matrix Hx + H], we have
Hy + HY = H(Ax + AT, B, — BY).
The strategy determining U} from (3), pk, gk, ¢k is the following. For the
matrix Hy, find

k) = m:.x]cgj)ﬂn and A = m:xlhgj) + A

If ¢(k) > h(k) then we choose the matrix Ui to decrease Euclidean norm of
Hpyy4. If (k) < h(k) then we choose the matrix Uy to innihilate the off-diagonal
elements h(,l,, + h,(,f;,k and h((,,‘z,,, + h,(,':z,, of matrix }(Hi + HT).

Then there are four possible cases

AL |fDV2=c® >h®) and 1 < p=pr <q=aq <, ¢ = @4 In this
case Ux = Upg(p) = (urs) is different from the 2n X 2n unit matrix by elements

(4)

{ Upp = Ugq = Upinptn = Uging4n = COSh

Upg = Ugp = Uping+n = Uginpsn = Sinh o

Define ¢ by
(5) “tanhp = f{¥) / (Ga+ Gp + 2D% + 2D} + 265 + 263),
where

Da = o o, D~ b9~ HD, €4 =l e, €5 = HD Y
G4 = Z (a(k))Z + (a(k))2 + (a(k))Z + (a(k))z

J#pa
Gg = E (b(k))2 + (b(k))2 + (b("))Z + (b(k))2

J#P.9
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A.2 |e,(l,‘;)|1/2 =c® >hk) and 1 <p=pr < qg=qx < n, p = @i. In this
case Uy = Upq(p) = (urs) is of the type

Urs = brs,(7,3) €{(P,P), (¢,9), (P + n,p+n), (¢+ n,q+ n),
(p,g+n), (¢+n,p), (¢,p+n), (P+n,q9)}
Upp = Ugqg =Uptnp+n = Ugtng+n = cosh

(6)
Upgtn = Ugtnp = — Ugptn = —Upyng = sinh ¢

In this case, we define ¢ by

(7) tanh o = e¥) / (Ga + Gp + 2D} + 2D} + 203 + 293),

where
Do = U 60, ma = ¥ + o), mm = 62 + 6D

Remarkl. In cases A.1 and A.2 when Ui choose from (4) or (6) and
¢ choose from (5) or (7) respectively we have

1
(8) WHKN? = | Hegal? 2 51e®1 7 (|l

A_.§|a,(p';)+a¢(,’;)| =hk) >k and 1 <p=pr<qg=qx <n, =i In
this case we choose the matrix Ux = Upq(p) = (ur,) of the form

Urs = brs,(7,3) ¢{(P,P), (¢,9), (p+n,p+n), (¢+n,q+n),
(p,9), (g,p), (P+n,q9+n), (g+n,p+n)}
Upp = Ugqq =Uptnpt+n = Ugtng+n = COSY

(9)
Upg = —Ugp =Uptngtn = —Ugtnptn = SIN P
ies (k) (k)
From the condition |apg + agp | = 0 for ¢ we have
(10) tan2p = (as,';) + ag’;)) / (a},’;) - a((,';)).

A.4|—b§,§)+bg§)|=h(") >cMandl1<p=pr<q=qx <n, 9= In
this case we choose the matrix Ur = Upq(®) = (urs) of the form

Ups = Ops, (7’, 3) ¢{(p,p), (Q7 Q), (p +n,p+ n), (q +n,q+ n)’
(ps q+ n)7 (q + nap)a (q7p+ n), (P + n, q)}
Upp = Ugq =Uptnptn = Ugingtn = COSY

Upg+n = ~Uginp =Ugptn = ~Uping = — SN Y

(11)
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From the condition Ibg’;) - bg;)l = 0 for ¢ we have
(12) tan 2o = (5%) — b})} / (al®) — o).

Remark2. Incases A.3 and A.4 the similar transformations U,:l H U
are steps from Jacobi’s method for the symmetric matrix Hy + HT [1].

Lemma . Let o and (3 be nature numbers, 1 < o, f < 2n, a # f3,
| —B| #n. Let H=U""HU, where U determine following

If1< a, B < n, then p = min(a, 8), ¢ = max(a, 3), ¢ is computing by (5)
and U 1s of the type (4).

Ifn+1<a, f <2n, then p=min(a — n,B — n), ¢ = max(a — n,3 — n),
o is computing by (5) and U is of the type (4).

Ifi1l<a<n,n+1<pB<2n, thenp= min(a,ﬂ—n), q= ma‘x(a’ﬂ—n);
o is computing by (7) and U is of the type (6).

Ifn+1<a<2n,1<B<n, then p=min(a —n,fB), ¢ = max(a —n,f),
¢ 18 computing by (7) and U is of the type (6).

Then

) 1/2
|hes — hrs| < (g) |c‘,,ﬁ[1/2 forall 7, s

where H = H(A, B) = (h,,), H = H(A, B) = (h,,), C(H) = H(F, E) = (cs)-
This lemma is proved analogy with Lemma 1 from [4].

Theorem . For sequence (3) we have
I. C(H) - 0,k — o0
II. Y(H + HT) tends to matriz diag[Ay, ..., An, A1, ..., An]
I IfB#~ € (1,...,n) and A\g # A, then

agf,)Y — 0, k — oo,

b(ﬁk,')y — 0, k — oo.

1V. If for a fized nature number m € [1,n] and each nature number t € [1,n],
for which t # m we have A\ # Ay, then

bgf?n — Pm, k — oo.

Proof.

I. We consider a sequence ||H||?> (kK = 1,2,3,...). The similar transfor-
mations with matrices of form (9) and (11) preserve the Euclidean norm and
similar transformations with matrices of form (4) and (6) decrease or preserve
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(from (8)) Euclidean norm implies that the sequence || H 113, | H1||?, . - . is mono-
tonically decreasing. Let for each matrix H; we introduce a number a; such

that
{0 if Ux from (9) or (11)
ay = . ;
1 if Uy from (4) or (6)

The sequence of matrices { Hx} is bounded. From this sequence we chocse a
convergent subsequence {H,} where s € § C IN and IN is the set of nature
numbers. Suppose that a, contains the infinitely many of ones and Hy, is a
subsequence of {H,} that for each m € M C S we have a,, = 1. Then from
(8) we obtain

! 1 m 1 m
NHml? = | Hmtall? 2 5(0( N/ | Hnmll? 2 5(0( Nt/ NH|?

It follows that ¢(™) — 0, m — oco. And from inequality h(m) < ¢(m) follows
that R(™) — 0, m — oo.

Let H = H(A,B) = (h,,) is a limit a sequence {H,,} and for H + HT,
C(H) we have

H+HT = H(A+ AT,B - BT) = (hys + hor),
C=C(H)=HHT - HTH = H(F,E) = (¢rs),

where
F=FT = AAT + BBT — ATA- BTB = (f3,)

and
E=—ET = BAT - ABT + BTA - AT B = (eg,).

Hence H is a limit if »r # s we obtain ¢,; = 0 and h,; + hsr = 0.
From h,; + hsy = 0 (7 # s) follows that

(13) agy +ay =0for B # v

(14) : by — bys = O for all B, 7.
For diagonal elements of C'(H) we have
fos =) ((ah; — alp) + (b3; — bjp))
i<B

+ ) ((ag; — al) + (b3; — b3p))
i>B

Formulas (13) and (14) implies that fgg =0for 8 =1,...,n.
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Analogously for fg.,, 8 # v, we have

(15) fov = 2ap,(ayy — app) = 0.

The diagonal elements of E are equal to zero because £ = —ET. For
off-diagonal elements eg, of E we find

(16) epy = 2bg,(a,, — agg) = 0 for B # 7.

Then formulas (15) and (16) are true for all 3, 7. This implies that c,s = 0
for all 7 and s, thus H is a normal matrix and H + HT is diagonal. Then the
diagonal elements aqy,...,a,, are the real parts of the eigenvalues of H and

HT.

Since H is normal, we have
C(Hn)—0, m— oo

and .
NHmll> = 2115 (v = Aj + inj).
1=1

Since the whole sequence ||H|| is non-increasing, it follows that
n
NHK? = 2 |v;)?
J=1

or equivalently

C(Hi) — 0, k — oo.

Hence the whole sequence { H;} tends to normality.

Let the sequence {a,} contains only the finitely many of ones. Then there
is a natural number so such that for s > soU, are from (9) or (11) and a, =
0. Then the process becomes a Jacobi’s methods for the symmetric matrix
H,, + HI. Then

R -0, s— oo.

Since ¢() < A(%) then
¥ - 0, s— oo.

Every convergent subsequence of {H;} has a limit H = H(A, B) with
properties (15) and (16). This proves I.

II. We shall prove that h(¥) — 0, k = 1,2,3,... for the sequence {Hg}. In
proving I we have found a subsequence {H,} of { Hi} for which II is true. We
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consider the case when the sequence {a;} contains infinitely many of both zero
and ones. We know that for the subsequence {a,} of {ax} and a, = 1 then
h(P) — 0, p — co. We consider the sequence from all indices kq,...,ks,... such
that ag, = 0, ag,—1 = 1 for s = 1,2,.... In this case for m = k; and from
lemma for (™) we have

1/2
A™] < (D] 4 [ - B < [am D 4 2( 3) e

Since ¢(™=1) — 0 and (™1 — 0 for m = k, and s = 1,2,..., it follows that
h(m) — 0. Let o4 denote a sum from squares of off-diagonal elements in blocks
of symmetric matrix 1(Hy + HT). Then

¥ < o}/? < 2n (2n — 1) BK),

For the subsequence {H,,} from h(m) — 0 it follows that o, — 0.

Consider those indices m+t of {ax}, (m = k;) with a1 = 1, @p_14¢ = 0
for t = 1,2,...,p and an4p = 1 for s = 1,2,.... For those m + t 0,4 is
a monotonically decreasing because for matrix Hp4¢e + HL,, is used a step
from the classical Jacoby’s methods. It follows that oy — 0 for &k = 1,2,...
and h(*) — 0 for same k. Then from I, we conclude that every convergent
subsequence of {H;} has a limit with the properties (13), (14), (15), (16) and
its diagonal elements are the real parts of the eigenvalues of H.

I In II we have show that h(¥) — 0, ¢(¥) — 0 as k — oco. From (13), (14),
(15) and (16)

af)(af) — alf)) = apy(Ag — Ay) = 0 and B # 7,k — o
b5 (al) — al?)) — bay(As — Ay) = 0 and B # v,k — oo,

where

ag:) — Ap., bgfy) — by, k— 00
and agg = Ag.
If 3 # v and Ag # A, then
0
(k)
bﬁ'y =0

IV. Let t # m be nature numbers from set (1,2,...,n). Let {H,} be
a convergent subsequence of {H} with limit H = H(A,B) and H = (h,,).
Since the limit H satisfies (13), (14), (15), (16). In rows and columns with
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numbers m and m +n of matrix H will have only four nonzero elements h,,,,, =
hragnmen = Am and Rpmtn = —hpminm = —bmm. This implies that A, £ tbpm
are eigenvalues of D.

Remark3. From the proof of Theorem 1, it follows that the Algorithm
computes always the real parts of all eigenvalues of the complex matrix A+ ¢B.
Let v = A +iu be eigenvalue of A+¢B. If no other eigenvalue (real or complex)
with the real part equal to A, then Algorithm computes the imaginary part u
of v.
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