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Involving Inexact Right-Hand Side

N. S. Dimitrova*

Presented by Bl. Sendov

Considered is a method for determination of the optimal solution of a tridiagonal linear system

of equations with uncertain (interval) right-hand side derived from the known sweep method
by means of extended interval-arithmetic operations. An algorithm with result verification in
computer interval arithmetic is formulated.

1. Introduction

We consider a system of linear equations of the form Az = b with a co-
efficient n X n-matrix A = (a;;) and an n-dimensional right-hand side vector
b = (b;). Suppose that inclusion intervals A;; for the components a;; resp.
B; for b; are known, that is a;; € A;j, b; € Bj, i,j = 1,2,...,n. Denote by
[A] = (Aj;) resp. [b] = (B;) the corresponding interval matrix resp. interval
vector. Let {z} = {z : Az = b,A € [A],b € [b]} be the solution set of the
linear system Az = b for A € [A], b € [b]. It is known that {z} can have a very
complicated structure (see e.g. [11]). In the situation when {z} is a bounded
set (e.g. when every matrix A € [A] is nonsingular) the hull [z] of {z} [11] is
defined as

[z] = [inf{z}, sup{z}].

* The study is partially supported by Ministry of Science and Edication - National Fund
Scince Researches under contract No. MM 10/91.
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We shall call [z] optimal solution of the interval linear system [A]z = [b]. Every
interval vector [z/] with [z’] 2 {z} we shall call a solution of the interval system
[Alz = [b].

The computation of z is a difficult problem. Some classes of matrices are
known (e.g. the class of M-matrices, of totaly nonnegative matrices a.s.o., see
[2], [6], [12]) for which the optimal solution can be computed using different
methods.

A.Neumaier [10], [11] proposes a new approach for solving this problem.
The computation of a solution of [A]z = [b] is reduced to computations of
solutions of two linear systems with uncertaintess in the right-hand side only
in the following manner.

Let w be a positive real vector. Denote [w] = [-1,1]w. An interval norm
|| - |lw (see [10]) is defined by

l[z]l|w := min{a > 0: z C a[w]}, a real.

Theorem 1. [10]. Let be [A] = [A] — [E] with a point matriz A and an
interval matriz [E]. Denote by [z] a solution of the interval system Alz] =
[E][w], i.e. [2] D {z: Az = b, b € [E][w]}, so that ||[2]|lw = @ < 1 holds.
Denote further by [y] a solution of Aly] = [b], i.e. [y] 2 {y: Ay = b, b € [b]}
and let be ||[y]||w = B. Then the following presentation for the solution [z] of
the interval system [A]z = [b] holds:

[z] = [y] + (B/(1 — a))[2].

From this theorem it follows that the computation of a solution of linear
interval systems with interval right-hand side vector is very important. The
present paper considers the computation of the optimal solution of a linear
interval system in the special case of tridiagonal point coefficient matrix A
using extended interval arithmetic.

Let R be the set of reals and IR the set of all compact intervals over R.
An interval X € /R is denoted by X = [z,Z], z < Z. The width of X is defined
by w(X) = Z — z. An interval with end-points «, 8 € R (where a < 8 is not
necessarily) will be denoted by [aV 3], that is [a V 8] = {[a, 8], if a < B; [B, a],
if a > B}. ’

For X = [z,Z], Y = [y,9] € IR we define the following extenced interval-
arithmetic operations which we need further ([3]-[5]):
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X+Y=[z+yz+7);
X+ Y=[(z+9)V(E@E+y}
X-Y=[z-3z-y]
X-"Y=[z-yVvz-9)
X x Y = [min {zy, zy,Zy,Zy}, max {gg,gg‘/,:ig,i:g}];
/Y =(1/3,1/y],0 ¢ Y;
X/Y =X x(1/Y),0¢Y.

To compute the optimal solution of a tridiagonal linear system with interval
right-hand side vector we shall use the theory for interval-arithmetic presenta-
tions of ranges of monotone functions of many variables [4] which we shortly
introduce below.

Denote by © the set © = {(61,602,...,0,): 6; € {<,>}}, where < and >
are the usual order relations in R™. The set O consists of 2" elements which
will be called order relations in R". We say that the vectors z = (21, %2, ..., Zn)
and y = (y1,¥2, ..., Yn) are ordered and write z8y if there is an order relation
0 = (641,0,,...,6,) € O such that z; 6; y; for : = 1,2,...,n.

A function f: D — R, D C R"™, is called monotone in D, if there is an
order relation 6 = (6,,6,,...,0,) € © such that for every z,y € D with zfy it
follows f(z) < f(y). The set of all monotone functions on D will be denoted .
by M = M(D).

Let f € M and [z] = [z, Z] = ([z;,Zi])[~, be an interval vector containd in
D,i.e. [z] C D. The order relation 8 = (6,,6,,...,0,) indicates two real vectors

= = (z7,25,...,z;) and zt = (zF,2],...,z}) with
Z; if §; =<, z; if 6; =S,
o = : i = .
z; if 0; =>; z;, if6;,=>.

Then the range f([z]) = [infze[z) f(2), sup,e, f(2)] of f on [z] is obviously
presented by the interval [f(z7), f(z%)].

Assume that the functions f, fi, fo € M and f = fi* fa, * € {+,—}. We
are interested in presenting the range f([z]) by means of f; and f;.

Denote # = #(f;[z]) = co{z™,2*} = {ta= + (1 — t)z*:t € [0,1]} and
consider the intervals

fi@) = [f(z7)V fizh)), =12
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define the values
5(fi(8) = fiz") - fi(a?), i=1,2.
Obviously the following equalities hold true: A
16(/:(2))] = w(f:(#));
8(afi(®) £ Bfi(%)) = ab(fi(2)) £ PS(fi(8)), a,B € R.

Theorem 2. [4]. Let f, fi, f2 € M and f = f1 * fa, * € {+,—}. Then
the following interval - arithmetic presentation for the range of f on [z] holds

e = 1@+ 5E) L) 20
fi(Z) +7 f2(2) if 6(f1(2))6(f2(Z)) < 0;

i) flz)= {fl(fi) =~ f2(&) if 8(f1(2))é(f2(2)) 2 0,
fi(Z) = f2(&) if §(£1(2))6(f2(2)) < 0;

2. Computation of the optimal solution of a tridiagonal linear
system with uncertain right-hand side.

We consider the linear system
(1) Ay=d

with a regular coefficient matrix A of the form

1 a 0 O 0 0
b] 1 ay 0 0 0
0 b2 1 a) 0 0
0 s 0 bﬂ_l 1 anp-1
o .. .. O 0 b, 1

and a right-hand side vector d = (do,d1,-..,dn)T. Assume that d € [d] =
(D)™ = ([d;, di])"_ and consider the interval tridiagonal system

(2) Aly] = [d].

We shall compute the optimal solution [y] = [inf{y},sup{y]] of (2). It
should be mentioned that the solution set {y} of (2) is convex and bounded.
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From the numerical algebra the sweep method for solving (1) is known:
the solution y = (yo0,¥1,---,Yn) is seaked in the form

(3) Yi = Pi¥%i+1 + G, 1=0,1,..,n— 1,

where the coefficients p; and ¢; are determined by the following recursion for-
mulae:

Do = —aop,
(4) pi = —a;/(1 + pim1bi), 1=1,2,...,n;
go = do,
(5) gi = (di — bigi_1)/(1 + picabi), i=1,2,...,n—1.

Using (3) for ¢ = n — 1 and the last equation of (1), i.e. from the system

bnyn—l +Yn = dn.
Yn—1 — Pn—-1Yn = Qn-1

(6)

we compute y, using e.g. the Cramer’s formulae. The components yn—1, Yn—2,
..., Yo are then determined consecutively using (3).

The applying of this method in the interval computation leads to a method
for determination of the optimal solution [y] = (Yo, Ya, ..., Yo) of (2). The idea
is based on the computation of the ranges of the functions ¢; = ¢i(do, ds, ...d;),
t =0,1,..,n — 1, and y; = y;(do,d1,...,dn), J = n,n — 1,...,0, considered
as functions of the variables do , di,...,d, over the interval vector [d]. The
coefficients p; do not depend on d;, i.e. they are real numbers.

We next formulate two propositions.

Proposition 1. [1; Chpt.17]. Let A~ = (afj_l))}"jﬂ be the inverse matriz
of A. Then the following presentation holds true: '
(-1)

i

Oy _
ad, *°

i,j=0,1,..,n.

Proposition 2. Let the coefficients p; be determened by (4). Denote

S0 = "bla
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8 = _bi+l/(1+pi—lbl'), 1= 1127 wey® — L.
Then the elements a'(.j‘l) of the inverse matriz A(-1) are ezpressed by the fol-
lowing recursion formulae:
iz = 1/(1 4 pa-1ba);
a$iV = pisial 1) + /(14 picabs), i=n—1,n—2,..1,0;
(-1) PiPi+1---Pk—1a£;l) if i <k,
a’ =
" sksk.,_l...s;_la'('-_l) ifi >k,
where p_; = bg = 0.

Similar formulae for a,(j_ 1) can be found in [13].

Denote by Q; resp. Y; the ranges of the functions ¢; = ¢;(d,, ds, ..., d;) resp.
Y; = yj(do,ds,...,d,) on [d], ¢ = 0,1,..,n—1, j = 0,1,...,n. Obviously, the
following interval-arithmetic presentation of Q; is valid (see [9]):

Qi = (D —b;Qi-1)/(1 + pi—1b;),i=0,1,...,n.
Using (6) we obtain for y,
Yn = (dn — bngn-1)/(1 + pn-1bn)
and the range Y, can be expressed by

Yn = (Dn - ann—l)/(l s pn—lb‘n)'

For the interval-arithmetic presentation of the range Yy, k = n -1, n —
2,...,0, we shall use Theorem 2, i) with f; = pxyr4+1, 2 =qr and f = fi+ f, =
Yk. For this purpose we need firstly the real vectors

d™(yx) = (dg (vx),dy (yk), --s dyy (yk),
d* (yx) = (dg (y&)> dF (Yk), -.-r dF (k).

Using Proposition 1 we obtain

d; ifa;" >0,

d; (yx) = {T' df () = {

t_i," if ai;l) >0,
d; otherwise; d

d; otherwise;

1=0,1,...,n.
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Denote further
di = co{d™(yx), d*(yx)} = {td™(wx) + (1 — t)d*(y): t € [0,1]}.
Using Theorem 2, i) we thus obtain
_ {pkykﬂ({zk) +Qulde) i peb(Yer1(dr)6(Qu(dk)) 2 0,
PeYi4+1(dr) +~ Qk(dk) otherwise,
where Y4 1(di) resp. Qx(dx) mean the intervals
Yit1(di) = [r41(d7 (k) V vk (@ ()],
Qk(dx) = [gx(d™(yr)) V qr(d* (wr))]-

The above expression for Y contains the intervals Qx(dx) and Yiqq(dx).
Since the functions gi are computed recm:sively acicording (5) we need for the
presentation of Qi(dx) the intervals Qo(dx), Q1(dk), ..., Qk-1(dik). To com-
pute Yii1(dy) we need Qit1(di), ... , Qn-1(di) and also Yn(dk), Yn-1(dk), ..
sYia(dy).

Proposition 3. For j = 0,1,...,n, and for some k,0 < k < n — 1,
Dj(dx) = D; and 6(D;) = —sgn(a;jl)w(Dj) holds true.

Proof. We have

Dj(di) = [d;(dg () V d;(df ()]

B { {dj: dj = (d; —dj)t+d;, telo,1]}ifaf;" >0,
{dj: dj = (d; — d;)t +d;, te[0,1]} otherwise;
_ { [{d; = (d; — dj)t +d;, t =1}, {d; = (dj — dj)t + dj,t = 0}] ifa{;") >0,

{d; = (d-J —-dj)t+d;,t=0},{d; = (d_J — Qj)t +d;,t= 1}] otherwise;

_{uj,i,.] if al;" > 0,

[d;,d;] otherwise;
=D;.
According to the above presentation we obtain

8(D;) = dj(dy (yx)) — d; (df (wr))
_Jldi=(d; —dp)t+d;,t =1} - {d;j = (d; —dj)t + dj,t =0}  ifal;V) >0,
a { {dj = (dj —d;)t + dj, t = 1} — {d; = (d; — d;)t +d;,t =0}] otherwise;
_ { ~w(D;) ifal;V >0,
v (w(Dj) otherwise;

= — sgn(af; )w(D;).
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Proposition 4. For some k, 0 < k < n—1, and for : = 0,1,2,...,k, the
presentation Q;(dx) = Qi = (Di — biQi-1)/(1 + pi—1b;) is valid.

Proof. We have for : = 0:
Qo(dk) = Do(dx) = Do = Qo.
For 2 = 1 we obtain

Q1(dx) = [q1(d™ (yk)) V a1 (d* (wk))]
(1/(1+ pob1))[dy — brdy,dy — brdo]  if agl) > O,agl) > 0;

(1/(1 + pob1))[dr — brdy, dy — brdo] if aigl) > 0,‘12-1-1) < 0;
| (1/(1+ pob1)ldy — brdo, ds — brdy]  if afg"” < 0,a7") > 0;
(1/(1 + pob1))[dr — brdo,dy — brdo]  if alz" < 0,a;") < 0;
(1/(1 + pob1))(Dy —~ by Do) if byal;Vals" > 0,
- { (1/(1 + pob1))(Dy — b1 Do) if byal;Valz" < 0.

Using Proposition 2 we thus obtain

)sosl...sk_lafc;

(=1)_(-1) 1)

=)
bia;, 'ap, =bisy ...sk-laik

=— (3031...sk_1a£;1))2 <0,
from what it follows
Q1(dk) = (1/(1 + pob1))(D1 = 51Qo) = Q1.
Further, using Proposition 3,

5(Q1) = (1/(1 + pob1))(8(D1) — 5:16(Q0))
= (1/(1 + pob1))(—sgn(a{; V)w(D1) + bisgn(ay" Jw(Do))
= —sgn(al7"/(1 + pob1))(w(D1) — bysgn(aly")sgn(al;")w(Do)),

hence sgn (6(Q1)) = —sgn(afy " /(1 + pob1)).
Suppose that for some i, 1 < i < k,
Qi(dr) = Qi = (1/(1 + pi=1b:))(D; — biQi-1),
sgn(8(Q:)) = —sgn(al; /(1 + pi—1bi))
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»hold. We shall prove that

Qi+1(ak) = Qi+1 = (1/(1 + pibit1))(Dit1 — bit1Qi),
sgn(8(Qi+1)) = —sgn(alip)/(1 + pibis1)).

Indeed,
Qisr(dy) = {(1/(1 + pibi+1))(Di =~ bi11Q:) lf bi+16(Di41)6(Q:) 2 0,
(1/(1 + pibiy1))(Di — bi41Qi)  if bi416(Di41)6(Q:) < 0.
Using Proposition 2 and 3 we obtain
sgn(bi+18(Di+1)6(Q:)) = Sgn(biﬂafcfﬂw(l)iﬂ)a;c:l)/(l + pi-1b;))
= sgn(—s,afn_:ia,u l)) = —sgn(a,“ )2 <0

and therefore
Qi+1(dk) = Qi1
Further we have
6(Qi+1) = (1/(1 + pi ;+1))(5(D:+1) — bi116(Q; ))
— _Sgn(akﬂ.l/(l + p; 1+1))(W(D1+1) = Sgn(a’kg+1)bt+1 Zd(Q )),

sgn(al; ) bi+16(Q:)) = sgn(ali)))-sgn(bit1).sgn(8(Q:))
= sgn(a{;,))-sgn(bis1)-sgn(al; /(1 + pi—1b:))

= sgn(afe:_’l_z ).sgn(s;).

sgn(aj;")
= sgn(ajz}1)’ 2 0,
hence
sgn(8(Qir1)) = —sgn(af;}) /(1 + pibit1)),
which proves the Proposition. =

Corollary. Under the assumptions of Proposition {4, the equality
sgn(8(Qx)) = —sgn(afy”/(1 + pr-1br))
holds true.

The algorithm for computing the optimal solution of the tridiagonal interval
system (2), which can be considered as a sweep interval method for solving (2),
is presented by the following
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Theorem 3. The optimal solution [y] = (Yo, Y1, ..., Yn) of the tridiagonal

interval system (2) can be computed by the following algorithm (Al) — (A2):
(A1) For j =0 to n — 1 compute p; according (4); end;

Qo = Do;

For j =1 to n — 1 compute

Q; = (1/(1 +pj—16)))(D;j — bQj-1);
sgn(8(Q;)) = —sgn(a" )/(1 + pj-1b;));

end;
(A2) Compute Yn = (1/(1 + pr-1bn))(Dn — 0,Qn-1);
For k = n — 1 downto 0 do begin
For j = 0 to n compute

8(D;) = —sgn(ay; ) (D;);
end;
For j = k+1 to n — 1 compute

= { (1/(1 + pj-15;))(D; —~ bin—-lS‘ik)) if b;6(D;)6(Qj-1(dx)) > 0,
v ’ ) (1/(1 + pj-16;))(D; — b,-Q_,-_l(dk)) ) otherwise;

6(Qj(dx)) = (1/(1 + pj-1b;))(8(D;) — b;8(Q;-1(dr)));

{Qr(dr) = Q& };

end;
Compute

Y, (Jk) - {(1/(1 + Pn-1b;))(Dn =~ ann—x(Jk)) if bns(Dn)é(Qn—l(C‘ik)) >0,
" (1/(1 + Pn-162))(Dn — ba@n—1(de))  otherwise;

8(Yn(di)) = (1/(1 + Pn-16n))(8(Da) — bnd(Qn-1(dk)));
For j = n — 1 downto k + 1 compute

Y;(dy) = {PJ'YHl(d:k) +Qi(de)  if pj6(Yj41(dk))6(Qj(dk)) > 0,
’ ~ PiYj+1(di) +~ Qj(dy) _ otherwise;
6(Y;(de)) = pi(Yi+1(de)) + 6(Qj(dr));

end;
. {kak+1(Jk) + Qe if agal;V6(Yesa(di)) > 0,

prYit1(de) +~ Q& otherwise;
end.

Proof. The optimality of [y] = (Yo, Y1,...,Ys) follows from Theorem 2
and Moore’s theorem [9]. The right-hand side condition in the computational
formula for Y} follows from the relation

sgn(Ped(Yer1(dx))8(Qk)) = sgn(prals” /(1 + pr-1bk)86(Yes1(dr)))
= —sgn(ar/(1 + pr-16x)?al;V6(Vis1 (dr)))
= sgn(axaly " 6(Yis(dr)))-
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Remark. In the algorithm (A1)—(A2) we need only the signs of the
elements a,(J ") and not their values. For this purpose we can use any interval
method (see e.g. [1], Chpt. 18) to compute enclosing intervals AE;I) 3 a;j. In
the situation when 0 ¢ A,(-j_l) we can determine the signs of the elements a;;.

As a special case of Theorem 3 we obtain the following

Theorem 4. Let the components of the matriz A and a( 1)

matriz A~! satisfy the conditions

of the inverse

abeiraliOa 0 20,

ai;l)/(l + pk41be) 20, k=0,1,...,n-1

with p_; = bg = 0. Then the optimal solution [y] = (Yo, Y1,...,Ys) is computed
by the following algorithm (B1)—(B2):
(B1) po = —ao, Qo = Do;
For i =1ton— 1 compute
= _al/(1+ pi-1b; )
Qid— (1/(1 + pi- lbl))(D —b;Q;i- 1)

(B2) Y, = (1/(1 + Pn—lbn))(Dn - ann—l);
For k = n — 1 downto 0 compute
Ye = peYiq1 + Qu;

end.
Proof. We shall prove the following relations: *
1) Y, -1 = Pn—lYn + Qn_l if an_lbnasl__ll)n_lasml) > ()
as:.—}ln—l/(l + pﬂ—2bn—1) > 0

2) Yoz =pn-2Yn_1 + Qn-1 if a,._lbnaft_ll)n_lasml) >0,

1 1
7(1—2)71—2“5;—1)7.—1 20,

sl 12)n 2/(1 +pn—3bn_2) >0,
a{ Y1/ (14 Praban) 2 0;

an_2bp_1a

: - .

0-k-1) Yiy1 = pes1Yiso + Qi if “k+lbk+2a5c+l)k+la£+2)k+2 20,
ars2brizal=y . alZ) >0,

k+20k+3%) 4 2k 4 2%k 43k +3

An-1 bnasl__ll)n_l as;;l) >0,

ak+1k+1/(1 + prbry1) > 0,

5._‘1’,,_1/(1 + Przbn_1) > 0;
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n-k) Yi = ppYi41 + Qk if akbk.Hasck )a£+l)k+l >0,

(-1) -1)
ak41bey2a; 14y a’k+2k+2 20,

(-) 1) 5 g

an-lb a,_1n-14nn
a(ck/(l + pk-1bx) > 0,
ak+lk+1/(1 + prbi+1) > 0,

o) /(14 paczbaoa) 2 0
k=n-4,n-3,..,1,0.
We see that the right-hand side conditions on step (n — k — 1) are included
in the conditions on (n — k)-th step, exclusively the two inequalities

akbkﬂ“ik )a£+11)k+1 >0 and
akk )/(1 5 pk—lbk) > 01

which verification proves the theorem.
Without loss of generality we shall prove 1) and 2). Applying Theorem 3
with n = k — 1 to 1) we obtain

Yo(dn-1) = (1/(1 4 Pue1bn))(Dn — bnQn—1) if baal) 6(Qn_y) > 0.

Because of sgn(6(Qn—1)) = —sgn(af,___ll)n__l/(l + Pn—2bn—1)) we have according
Proposition 2 and (5)

sgn(bna' ™) 6(Qn-1)) = —sgn(bppa-1a$;Va ") 1 /(1 + pu2ba1))

= sgn(bn(an_1/(1 + pn-zbn-1))almVa T, 1 (1/(1 + pu=2ba—1))
(-1)q (-1)

= sgn(’)naﬂ*lan'n n—ln—l)‘
The last equality and the expression for §(Y,,) imply obviously that
sgn(8(Yn)) = —sgn(ai_\,/(1+ Pa-1bn)).
Furtlier we have
}’n—-l = pn—-lyn + Qn—l if pn—l‘s(yn)é(Qu—l) 2 0.
The above expression for Y,_; contains Y, so that we have to add to the right-
hand side conditions the inequality bnrl.ﬂ_lasml)ai1 ]l)" ; > 0. We have

Sgll(/'n—l's(yu 4 Qn—l))

= sgn(pa-1{a,_ 11;/(1+7’n 1 ))(”,L o —1/(] + Pn-2bn-1)))
= sen(p’_ 1(“( /(1 + pruiby) )(“,L m /(1 + pra2bn1)))
= sgu(an_lln_l/(l + Pn—2bn-1))-
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It follow;s then

()

Yo = P'n-lYn + Qn—l if ap_1b, as:-;l])a'g—ll)n 1 20;

a7, _1/(1 + Pa-2bn-1) 2 0.
To prove 2) we apply Theorem 3 for k = n — 2. We obtain consecutively

Qn1(dn-2) = (1/(1 + Pr-2bn-1))(Da-1 = ba-1Qn-2) = Qn-1
1) D 5.

n-2n—‘2an—ln—

Yn(a‘n—Z) = (1/(1 + pn—lbn))(Dn - ann—l) =Y,
if a,,_lb,.a('l) laﬁ;ll) >0

if an_gbn_la

n—1ln—
-1 -1
and an_gb,,_las‘_z)n_zasl_l)"_l > 0;

Yn—l(an—Z) = (1/(1 + pn—lbn))Yn + Qn—l = Yn—l
if a'St_—ll)n—l/(l + Pn-2bn-1) 20
and the condition by Yy;
n—Z(dn—2) Pn— ZYu—l + Qn—Z =Yn—2

it (a7 /(1 + Pae2bno1))(@ 2/ (1 + Pn-3bn-2)) |

and the conditions by Y,
that is
Yn-2 = Pn-2Ya-1+Qn-2 if an-1bpalh) _aGY >0,
(-1) (-1) >0,

n-2n—2%n-1n-1

5!.—12)71—2/(1 + pn—Sbn-Z) 2> 0
51-11)'1 ]/(1 + pn—an—l) 20,

Qp-2bn_10

which proves 2).
Using (7) we obtain finally

Yp-2 = pn—2Yn-1 + Qn-2 if an—zbn—1“5;-;)%2“5;-11)7;—1 20,
a{9,-2/(1+ Pn-bn-2) 2 0.
In the general case we have analogously
Y=Y + Qi f akbk+1a(k2-])“§+1k+1 20,
aTV /(1 + peabi) 2 0,
k=n-1,n-2,..,10.
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3. The algorithm with result verification.

Let S be a floating-point system [7], [8] and 1.5 be the set of all intervals
with end-points from S. For a € R denote Va = max{z € S: z < a} and
Aa = min{z € S: z > a}. The roundings V and A generate the computer
arithmetic operations (see [7])

a¥h = V(ax*b), adh = A(axb), *€{+,—,%,/}.

Let be A € IR, A = [a,a). Two kinds of monotone roundings for real
intervals are used (see [3], [5]):

[Ag,Va] if Aa < Va,

OA = [Va, Aal, A=
[Ve,aa), © {0 otherwise.

They associate the following computer interval arithmetic:
A<e>B = O(A*B),A®B = O(A* B),

where * can be any one of interval-arithmetic operations defined above and
A,BelS.
Let A, B € IR. The following inclusions hold true [3], [5]:

OA(H)OB C A+ B C QA<>OB;

OA(-")0B C A-"B C OA<-"> OB if w(A) > w(B),

QA(-")OB C A-"B C0A <X—"> OB if w(A) < w(B);
(8) OA(+7)OB C A+~ B C OCA<>0B if w(A) > w(B),

OAH+T)OB C A+~ B C CA<4>OB if w(A) < w(B);

OA(H)OB C A x BC CA<>OB;

OA(/)JOBC A/BC OA< /> CB.

Assume now that the entries of the matrix A are machine numbers, i.e.
a;, b€ 5,1=0,1,...,n—1,j=1,2,...,n; assume also that the components
of the right-hand side interval vector are computer intervals, i.e. D;inlS for
1 = 0,1,...,n. Suppose further that inclusions for the elements a'(-j_l) of the
inverse matrix are known and denote by ¢;; their signs, i.e. €;; = sgnag—'l).
We formulate now the algorithm with result verification (C A1) — (CA2),

related to (A1) — (A2).
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(CA1).
" Opo = —Opo = [—aop, ag);

For

end;

0Qo0Q

FOI‘i:

end;
(CA2).

i=1to n — 1 compute
O(1 +pic1bi) =1 < + > O(pi-1 < X > b;)
O(1 + pi—1bi) = 1(+)V(pi-1b;) = 1(+)0Opi-1(X)b;;
Op; = —0(ai/(1 + pi—1b;)) = —a; < / > O(1 + pi—1by);
opi = —0(ai/(1 + pi-1bi)) = —ai(/)O(1 + pi-1b:);

o = Do;

1 to n — 1 compute
0Q:i = O(1/(1 + pi—15:))(X)(Di(=")bi(X)0Q:i-1);
Qi = O(1/(1 + pi—1bi)) <> (D; <=~ > b;<>0Qi-1);
sgn(6(Q:)) = —sgn(eii/O(1 + pi-1bi));

Compute Y, = O(1/(1 + pn-1b,))<>(Dp < =~ > by >OQn—1);

FOI' ’C —
For
For
OQi(dx)

= <

n — 1 downto 0 do begin
i = 0 to n determine §(D;) = —exiw(D;); end;
i=k+1ton—1 compute

[ O(1/(1 + Piz18:)) () (Di ()b 0> OQi—1(dw))
if w(D;) > |6:6(Qi(de))|,
O(1/(1 + pi-16:)) () (Di (- )i (YOQi-1(dk))
if w(D;) < [6:6(Qi(dk))I,

bieri6(Qi-1(dx)) < 0,

OQi(dy)

.

=4

[ O(1/(1 + pi=18:)) (Y(Di (= 7)bi (YO Qi-1(dk)) if bigxi8(Qi(dr)) > 0;

O(1/(1 + pi—1bi)) <> (Di <=~ > bi(x)OQi-1(dr))
if w(D;) > b:8(Qi(dk))l,

O(1/(1 + pi—1b:)) o (Di(~")bio>OQi-1(dk))

if w(Dy) < [6:5(Qi(d))l,

[ O(1/(1 + pi—18:)) 9> (Di <=~ > bi()OQi-1(dr)) if bieri6(Qi(dr)) > 0;

bierid(Qi-1(dz)) <0,

127



128 N.S. Dimitrova

8(Qi(dx)) = O(1/(1 + pi—1b:))<>(8(D5) < — > bi<>6(Qi-1(dk));
end;

{Qr(dx) = Q&};
Compute
OYn(Jk)

4

O(1/(1 + Pr=16))(<)(Dn (= )b > OQn—1(di))
if w(Dn) Z |bn6(Qn(d-k))|7
=1 O/ + pn=162))()(Dn(=")bn ()OQn_1(ds))

if w(Dn) < [626(Qn(dr))],
[ O(1/(1 + Pr=16n)) () (Dn (= )br()OQn-1(dk)) if breknd(Qn(dr)) > 0;

bnekn6(Qn—l(‘Zk)) S 0)

OV, (di)

.

0(1/(1 + Pn-lbn))<X>(Dn <-="> bn(X)OQn_1(Jk))
if w(Dn) > ba8(Qn(di))l,
= 1 O(1/(1 +Pn-1b1)) (D (= )b >OQn-1(d))

if w(Dﬂ) < |bn6(Qn(Jk))|’
[ O(1/(1+ Pn=162)) 9 (D <=7 > bn(x)OQn-1(dk))) if buckn6(Qn(dr)) > 0;

bnekna(Qn—l(Jk)) <0,

8(Qn(dk)) = O(1/(1 + Pu-162))<>(8(Dr) < = > bu0>8(Qn—1(dx));
For i = n — 1 downto k£ + 1 compute
OYi(dy)

i Opi(x)OYi-H(af)(+)OQi(ak)~ if pid(Yit1(dr))8(Qi(dr)) > 0;
Opi(X)OYit1(dk)(+7)0Q:(dk)
= if |pi6(Yiger(dr))| > 16(Qi(dr))I,
Opi 0> OYig1 (d)(+7)0Qi(dx)
(if [pib(Yier(di))| < |6(Qi(dx)),

Pi6(Yi1(dx))é(Qi(dx)) < 0;
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OYi(dy)

= if |pib(Yiga (di))| > [6(Qi(dk))I,

([ Op;o>OYpn (d)<t>0Qi(dx) if pib(Yig(di))8(Qi(dx)) > 0;

0pi 0> OYiya (dr) <4>0Qi(dk)

. 3 pi6(Yiy1(dx))8(Qi(d)) < 0;
Opi(x)OYi41(di) > 0Qi(dk)

| if [pid(Yiga(dr))] < 16(Qi(dx))I,

8(Yi(dk)) = pid(Yiy1(dx)) + 6(Qi(dx));
end;

Ye =

end.

\

( OpkOOOYk.,.l(ak)(-f-)OQk if akekké(YkH(flk)) > 0;
Opk <><><>Yk+1(ak)<+>OQk
if |pk6(Yis(di))l > |86(Qk)Is

. arekkd(Yet1(dk)) < 0;
Opk(X)OYk+1(di) > OQk

[ if [pr6 (Vg (di))| < [6(Qk)Is
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