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We consider an algebraic derivation of multilevel preconditioners of BEPS— type for solving
Nite element elliptic problems on grids with local refinement. The multilevel iterations are
of a hybrid V—cycle type. That is, at every group of ko steps of simple block elimination
of the nodes on the corresponding refinement level, we perform a correction by certain poly-
Nomial approximation based on properly scaled and shifted Chebyshev matrix polynomial.
This hybrid multilevel V—cycle BEPS— preconditioner is shown to be of optimal order of
Complexity for 2 — D and 3 — D problem domains. It performs without any restrictions on

e shape of the subregions as well as with respect to their number and sizes, and to the way
of refining for properly chosen parameters. However, if certain regularity of the refinement is
assumed the pure V —cycle multilevel BEPS— preconditioner is shown to be optimal. This
15 also illustrated by a number of numerical experiments.

1. Introduction

. . l .
Consider a sequence of finite element stiffness matrices { A}, _ | that is

A9 < (a9, )

zi,z; EN®
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{ ¢(k) are nodal basis functions in the finite element spaces Vi, V; Cc V, C
. C Vi. The bilinear form

o) = [ Tz Du a"’

is supposed symmetric, elliptic and bounded.

Here N(¥) is the set of the nodes of the corresponding triangulation 7%
of the considered domain €2, a two dimensional polygon or a 3-dimensional
parallelipiped. The set {7x} is obtained by successive local refinement. That
is we have at every discretization level the following partitioning of the nodes

N(k)’

where Nl(k) corresponds to the nodes, vertices, of the elements to be refined at
the next level k + 1.
Then any matrix A¥) admits the following two by two block form

k k k
A(")=[A(1) ABT NG

(11 Wb 3 } N

21

Note that the major block-matrix A( ) corresponds to the discretization of the
considered problem on a grid which is obtained by uniform refinement, that is
on a regular grid. We denote by A(%) the matrix A(*~1) but partitioned into
the following block form

k) (k) N(k=1) N
(k) _ } 2
(1.2) AV = [ u) A )] }N'y}) .

Recall that by construction Nz(k) c Nk-1) (Nék) is the set of nodes on the level
k, which corresponds to vertices of elements which are not refined, that is they
also are nodes from N(¥=1)),

The following two-grid preconditioner was proposed in Bramble, Ewing,
Pasciak, and Schatz [4] (in a matrix form it was derived in Ewing,
Lazarov, and Vassilevski [6])

AR 0 111 AR AR
i wo= [ sw]lo *]

where 50 = A% _ 2() 2(07" 4% i5 the Schur complement of A}, (1.2).
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When solving systems with B(¥) one needs two solvings with Ag’;), that is
on a regular grid and one solving with 5(¥)| which is based on a solving with
A that is on a coarser grid.

The scope of this paper is to derive certain algebraic extensions of the
above two-grid BEPS— preconditioner (1.3) to the multilevel case. In Ewing,
Lazarov, and Vassilevski [7] versions of algebraic multilevel BEPS —type
preconditioners were proposed and investigated. One of them was of V—cycle
type, whereas the second one was of pure W—cycle type and it was proved in
[7] that the V —cycle BEPS— preconditioner is nearly optimal but the second
one, of v—fold, v > 2, V— cycle type, is of optimal order. However, in the latter
case there was certain restriction on the speed of refining the subregions. In the
present paper we weakened this restriction by allowing the multi]ev.el iteration
to be of V—cycle type at every ko succesive steps and only after that to use
a v—fold, » > 1, V—cycle iteration which is based on a certain polynomial
acceleration involving properly scaled and shifted Chebyshev polynomials. We
were able to show that the optimality property of the hybrid V—cycle BEPS—
preconditioner thus derived is preserved.

Earlier results on optimal iterative refinement methods were investigated in
Widlund [18], Dryja and Widlund [5], Mandel and McCormick [9].
The results of the present paper are a natural extension of the algebraic multi-
level theory proposed in Vassilevski[i6]and Axelssonand Vassilevski
[1] and mainly of the recent report, Vassilevski[17]. Two-grid and multilevel
iterative refinement algorithms were studied in McCormick [11],
McCormick and Thomas [12], also see the monograph, McCormick [13].

Our approach is however purely algebraic and it is based on certain rela-
tions between the Schur complements S(¥) of A(%) partitioned into the block
form (1.1) and the corresponding Schur complement §(*) of A(¥), (1.2). Name-
ly, by a local analysis technique, one can show that S(*) and §(*) are spectrally
equivalent and to estimate the extreme eigenvalues of §(¥)™" §(k) and based on-
ly on this information the method is constructed. Hence we do not need any
regularity of the bilinear form a(.,.). In particular the corresponding relative
condition number is bounded independent of possible jumps of the coefficients
of the bilinear form if these coefficients are continuous within each element from
the initial triangulation 7. However, if we assume certain regularity of the re-
finement our proof can be modified to show that the pure V —cycle multilevel
BEPS— preconditioner is optimal, similarly to the results of Widlund [18].
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The remainder of the paper is organized as follows. In Section sec2 the
construction of the algebraic multilevel BEPS— preconditioners is given and
the optimality properties are proved. In Section sec3 in a case of regular lo-
cal refinement the optimality of the pure V—cycle BEPS— preconditioner is
proved. In Section sec4 some computational aspects of the method are out-
lined. Finally, in Section sec5, a number of test examples that demonstrate
the practical behaviour of the proposed multilevel BE PS— preconditioners are
presented. _

Throughout the present paper for a given square matrix C by A[C] we
mean any eigenvalue of C.

2. The Algebraic Multilevel BEPS-Preconditioners
Let B(*) be an approximation to the stiffness matrix A(%) that is let
(2.1) A[a®7 B8] € 1,54,

Let ko > 1 be a given integer parameter. Then define, B(*) = B(*) and for
s=k+1,k+2,....,k+ ko

A(’) 0 I A(’)_IA(')
() — . 11 12
(22) B = [Ai‘? ol lo ™M

where C(®) is the Schur complement of B(*), that is the Schur complement of
B(>=1) but partitioned into the block form,

_ A Al }NE-D\ N
2.3 B(')=[.u - -,12.,_.-,] S
e AR oW+ AQA AR g

o)) 2
The blocks { A(?) }'_Fl :
(1.2) of A(®) and A(®) respectively.
We study next the condition number of A®)™'B() s =k 4+ 1,...,k + ko.
For this we need the following auxiliary fact used in Vassilevski [17].

- 2
{A'(-"j) . . are from the block partitionings (1.1),

$,J=1

Lemma 2.1. There ezists an increasing function n = (ko) such that

a t
(2.4) 0§ AR b, < 'I(ko)[cvl] Alk+ke) [c"‘] :
V2 V2
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,all vy, v, and k =1,2,...,1.

(k+ko) (k)
where [cvl] LY R

} NG

Proof. (see [15]). Estimate (2.4) is a matrix analogue of the discrete
Sobolev inequality. For two-dimensional problems as shown in Yserentant
[20] we can set n(ko) = C kolog , C = const and for three dimensional problem
domains as is well known we can define (ko) = C p*o/3, if we define the edges
of the elements into u!/3 parts in the process of refining the elements. o

v2

Lemma 2.2. The following inequalities are valid

1 ] L
m‘v;s(’)’vg S ’U;S(‘)‘Ug S v;S(‘)‘l)z, all V2,
that is the Schur complements S) and S(®) of A(®) and A9), respectively, see
(1.2), (1.1), are spectrally equivalent. (n(1) is form (2.4)).

(s) (s—1)
Proof. We have by (2.4) for any vector v = [c;u] }N} N\(‘I‘Yl) ,

'A% < n(1)inf v* AC)v

w

N } NG\ Né’) _[em _[ew
Letv_[v2 }Né') , U= v , V1 = B . Then

055y, = i{_}‘f A5 < n(l)'_il?‘f” 0! Ay = n(1)vi S v,.

The other required inequality follows from the following identity for any ¢ € V,
with a coefficient vector v with respect to the standard nodal basis in V,
v APy = a(¢, $). .
cw] } NG\ N(-1)
Then using the partitioning v = [ 7 ] } NG-1)\ Nz(') , we have
V2 } N2(')
v;S(")vg = inf vt Ay = inf a(o, ¢)
v N\NG-1
¢|N(-—')\N§" L
- inf a(o,
- ¢lN('—l‘).\N2(') = ¢IN('-‘)\N,(') (¢¢)
peVimcle % (s-1) (2)
- i{llllf 'i')t;l(’)f?, v = [c;;l } N }NZ(SNZ
= v55()y,.

The last inequality is the desired result. (m]
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Lemma 2.3. The following bounds for the spectrum of A(®)™B(s) ¢ —
k+1,...,k+ ko, are valid

s—k
A [A(a)—aB(a)] € [1, 1+ A —1n(s— k) + Zq(r)] )
r=1
Proof. By the definition (2.2) we have
v‘(B(’) — A(’))v = v;(é(a) - S(‘))vg.

__ [etr] }NED\ND
Choose now v = [ V2 ] } N2\ such that
By = [ .0
o= [,

that is
A + A, =0,

or c0
A v [S(’)vz] .

which implies

Hence
(2.5) v{(B® — Ay = 1~Jt(§(a) AG)p 4+ vi(5) — S(‘))vg > 94(BO) - A(’))’t'},

by Lemma 2.2 and by induction on s > k (note that A [B(")_lA(")] <1,(2.1))
the left bound 1 of A [A(")— B(’)] is proved.
Using (2.5) recursively we have
v(BG) — A®)y = 54(BC) — A())p 4+ v4(5) — §())p,
< 3B - Ay + 5t A%

s
(2.6) < Z (' AN 4 ) (BlR+1) _ A+1))5(k+1)

r=k+1

where %() are defined as follows:

(a') () = v,
(b) for r = s—1 downto k first partition v("+1) into a domain decomposition
Hanner (r+l) (r+1)

o(r+l) = [ (r+1) ] } N tr+1)
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then extend vgr'H) on N()\ N.y“) to 5("*+1) such that

~ 0
A(r+l)ﬁ(r+l) = [~ c ]
S(r+l)v£"+l)

(that is Ag§+l)5§r+l) + Ag';l)vgr"'l) = 0) and finally set v(") = 3("+1),
By construction we have

5(?+1)¢A(r+1)6(r+1) = vgr"'l)‘g(r-l-l)vgr'{'l) = = inf th(")w

cw N(r) N("'"l)
w,:w:[vgrq»ll) } }Nz"’})

Using Lemma 2.1 we get, r < s,
‘ 5O AOF0) < p(s — 1 + 1)p@)* A p®)

and substituting in (2.6) we obtain, see (2.1)
s
v} (B®) — ALy < E (s —r+ 1) A ) 4 (X, — 1)n(s - k)v'A(’)v,
r=k+1

which implies the desired result,

s—k
Ao < 14 (A= 1n(s = k) + 3 ().
r=1
o
Now we define the algebraic multilevel BEPS — type preconditioner which
combines the two versions proposed in Ewing, Lazarov,and Vass ilevski
[7]. See also a corresponding definition in the hierarchical multilevel case,
Vassilevski [17].
Let p, = p,(t) be a given polynomial of degree » > 1 such that

(2.7) p(0)=1, ,0<p(t)<1, ,te(0,1].

For a given integer ko > 1 we define,
6)) B(1) = A(),
(2) for k = 2,3,...,1 set

k k)=t L (k
A cw||o I
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where

c® = @),

for k # sko + 1 and C(*) is the Schur complement of B(*) that is the Schur
complement of B(¥=1) partitioned into the block form (2.3);

and for k = sko+ 1, s = 1,2,...,l/ko — 1 we first correct B(¥) to B(k-1)
as follows

(2.8) B-D™ = [I —p, (jg(k)“;i(k))] A0

and then C(%) is defined as the Schur complement of B("), partitioned into the
two by two block form with respect to the partitioning of the nodes N(k-1) =
(NE=D\ N Y NP

Remark 2.4 Definition (1), (2) for kg = 1 reduces to the multilevel
BEPS— preconditioner studied in Ewing, Lazarov and Vassilevski [7]

Note that by Lemma 2.3 the condition number of B()™ A() for s = k +
1,k+2,...,k+ko can increase unacceptably. That is why we make a correction
in order to stabilize the possible growth of cond (B(’)—'A(")) :

We choose the following polynomial

1+ Tu (liltizzt

1+, (H2)

l-a

(29) pu(t) = ) ’ te [a9 1]

T, is the Chebyshev polynomial of degree v, that is To(z) = 1, Ti(z) = =,
Tst1(z) = 22.Ts(z) — Ts—1(z), s = 1,2,... and a € (0,1) is a properly chosen
parameter. )

The following estimate is valid for any polynomial p,(t) satisfying (2.7):

:\(k—l) = sup{ t €1/ k-1, l]} .

1
1-p,(t)
Let for a given k = sko the parameter a satisfy

0<a<1/M-1,  Ake1 = Amax [A(k)"p(k)] ’

Then by correction (2.8) we get the following improvement of 5*1:-1 =
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Amax [ AR B(k—l)] ,

:\k_l < sup {1_—;(5, t € |a, 1]} , (¢ £1/Ak=1)

- 3 - .
l-T@= T (%-t&) -1
_(+¢) _1-ya

“a-e? Tirva
2

el - | O+ver+a-vay

- ’

2\/532231 (14 va)y—+(1 - ya)*-!

Since ¢V — 0, when ¥ —> 00, it is seen that Ax_; can be done arbitrary close
to 1 if v is sufficiently large.

Now we prove the main result on the relative condition number of B(¥)
with respect to A(*).

Theorem 2.5. Let v > /n(ko), see (2.4) and a € (0,1) satisfy the in-
equality

(1- @) <
(2.11) 1/a = " n(s)| /n(ko)

<
a [Ty (1+ vay (1 - va) 1" © [ s=0

Then the algebraic multilevel preconditioner B(¥) of hybrid V —cycle type (1),
(2), with the properly scaled and shifted Chebyshev polynomials, (2.9), are spec-
trally equivalent to the corresponding stiffness matrices AK) and the following
estimate is valid

by [A(")“B(“] € [1,1/a).

Proof. The result is essentially given by Lemma 2.3. Let for some s > 1
and k = (s—1)ko+ 1

Moct = Aomax [A“’“B“’] <1/

Consider
Me—1 = Amax [A(k)_lﬂ(k‘l)] , see (2.8).
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Then we have

5 (1+ve)” + (1 - vay)?
e [ Ve Ve -

This estimate and Lemma 2.3 imply

ko
Asko < 14 [Aez1 — 1n(ko) + Z:n(r)
(1-a) ko
< 1) I Va1 vayp t 2L see (10}
<, by (211),
a
which completes the proof. - m|

Remark 2.6 Note that (2.11) for v > \/7(ko) can be ensured if a € (0,1)
is sufficiently small since for @« — 0 the left-hand side of (2.11) behaves like

1/v? whereas the right-hand side tends to 1/7(ko).

3. Regular Refinement Case

In this section we consider a case of local refinement which we call a reg-
ular refinement. Starting with a subdomain Q(?) of Q(1) = Q which consists
of the coarse-grid elements that are to be refined, we generate a sequence of
subdomains {Q(®} Q1) 5 Q(¥), That is, each Q(*) contains those elements
from 7;_; that are refined to define the uniformly refined elements of Tk.

Our main assumption on the subdomain sequence {Q(")}L_:l is the follow-
ing:

(A) extension property:

For any v € Vk__l(Q("‘l) \ Q(")), i.e. a function from Vj_,; restricted to
Q=1 \ Q) there exists an extension Pv € Vi—1(2-1)) such that

Pv=v in Q-1 \ (k)

and
aqe (P, Pv)<C am»...x)\m.)(v, v)

with a constant C independent of k and v. Here by ap(.,.) for any subdomain
D of ) we mean the restriction of a(.,.) to D.
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This means that the energy norm of the extension function is about the
same from both sides ot I'(¥) | the interface between Q(¥) and Q(-=1)\Q(¥), This is
for example the case when Q(* =1\ Q(¥) js not very thin part of 2(*~1), For more
details about extensions of finite element functions we refer to Widlund [19],
Nepomnyaschikh [14],and Nepomnyaschikh and Widlund [15].

Then we can prove the following results which is a refinement of Lemma
2.3.

Theorem 3.1. Consider the multilevel BE PS— preconditioner defined by
(2.1), (2.2) starting from k = 1 with B®) = A(). Then the following uniform
bounds for the spectrum of B(®)™" A(®) are valid

A [B(')“A(')] €,1+C],

where C is the constant from assumption (A).

Proof. Recall the proof of Lemma 2.3. We have

(3.1) vt (B(a) - A(’)) o= z’: vgr)' (g(r) _ S(r)) v;r)’

r=2
since B(2) = A2) = A(1) = A(2), Let v be the coefficient vector of some v € V.

We note first that by construction

(3.2) o) 50N = w'AOw < a(b, ),

inf
__[ew] } (11%)
it v;r) 10\ Q)

where @ € V,_, is the extension of v|qg\q() from assumption (A). Next we use
the following inequalities, E

v;')'S(')vgr) = inf {a('w,w) tweV,, w=vin Q) Q(r)} ’
(3.3) 2 ag\a¢ (v,v) = ag\ae (B, ©),

since @ = v in Q \ Q).
Hence by (3.2) and (3.3) we obtain

o (30 = 500) o) < a(, ®) - aq\ae (B, D)

= age (0, ®) < C age-n\qu (D, D),
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by assumption (A). Then the desired result follows from (3.1) and the last
inequality. The lower bound 1 for the spectrum of B(*)™" A(s) was shown in
Lemma 2.3. ]

Remark 3.2. We note that the constant C' in assumption (A) may
depend in general on possible jumps in the coefficients of the bilinear form
a(.,.), whereas the constants in the Theorem 2.5 and the preceding results are
bounded with respect to possible jumps of the coefficients in a(.,.) as long as
they are continuous in the interior of the elements from the initial triangulation
1.

4. Computational Aspects

We consider a sequence of nested grids with nodes N¥), k = 1,2,...,1,
obtained by succesive steps of local refinement of the initial (coarsest) trian-
gulation. Let N() = Nl(k) UNék) be the corresponding domain decomposition
partitioning of the nodes on level k£ where the set of nodes Nl(k) corresponds to
the triangulation in the subdomain Q(¥) where we have regular, that is k steps
of uniform refinement. We also have, by construction, N;k) c N(k-1),

Let the number of nodes in Nl(k) and Nz(k) be ngk) , ngk) respectively, and
in N*) pn(k) = ngk) + ngk).

We assume that the problems on the regular set of nodes Nl(k) with block
matrices Ag’{) from the corresponding domain decomposition partitioning of
A®)_(1.1) can be solved efficiently with O(ngk)) or more precisely O(ngk) log 1/¢)
arithmetic operations. For example, this can be an ordinary multigrid solver,
e.g. Hackbusch [8], since in the subdomain Q(¥) we use regular, that is
uniform grid refinement. Another possible choice is any fast elliptic solver, if
(k) is a rectangle and the coefficients of the differential operator are constant
or allow separation of variables. Then one can use, for example, the generalized
marching algorithm, cf. Bank and Rose [2], Bank [3].

We now consider the asymptotic work estimate of one multilevel cycle,
which can be used as a preconditioning step in the preconditioned conjugate
gradient method. Let w(k), k = sko be the amount of arithmetic work on level
k. Then we have, per iterative step, see (2.7) in definition (1), (2).

ko—1
(4.1) w(sko) =C 2 ngsk"') + vw((s = 1)ko)

r=0
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The last term corresponds to the polynomial correction (2.8) on the level
(8 — 1)ko. The constant C depends, in general, on the accuracy within the
subdomain problems are solved. Note that the problems corresponding to Ag;)
are defined on uniform grids.

In order to have the number of arithmetic operations proportional to the
number of the nodes in N() on the final triangulation 7; we need an estimate

of the form

w(l) < Ccn,
Let us have for some g € (0,1]
W o 4 1= gy

that is (1 — 3)-th part of the regular elements on the level k are not further
refined.

Assume now that we have generated n = p(ﬂngk)), p > 1, regular
nodes on the k + 1-th refined level. We also assume that

(k+1)
1

up > 1,

but not very large. In fact, for 2 — D domain 2, uf8 can be chosen arbitrary
close to 1. For 3 — D domains we have to satisfy the inequality 1 > 8 > Cu—5/6
as we shall see below, _

Then we obtain, by (4.1),

ko—1
w(sko) = C 3 n{*™) /(uB)" + (s — 1)ko)

r=0

=C %nﬁ”‘"’ +ww((s = ko), 8=2,3,...,1/ko.

Hence
w(l) = Ay, [ngl) + Vngl—kn) bt V[:/k.,]-xngko)] +Vu/k.,]-1w(ko)’

’ ! [t/ ko) v r—1
(4.2) — Ak.,ng) E ((#ﬂ)ko) + V[Uk"]-lw(ko).
r=1
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Here AL =C I_ZM
ko 1—-1/up
Then
n(k+1) — n§k+l) + ngk+l)
= ppn® + (1 = Byl 4 Al
= (u — 1)Bn{" + n®)
k
=(u-18Y n{” +nk)
r=ko
k—ko
= (u=1)ni"™) 3 (uB) + nl*)
r=0
-1 _ . .
(4.3) = 5 Al = a4 nlko)

Assume now that

v < (up)ko).
Then by (4.2)

— (ko) \{/ko

(4.4) < C n{Dyilke=14(ky)

As, by (4.3),

n(® pB — 1 (ak) I—ko o, 1/ko—1
— T | 21| 2 (eB) ™% >R,
nk) X B3 ol (1B)

we get

1-1/&  1-v/ak)  n®
ko) i—1 (nk) N
4a0@) VB (2 G A= s,
n(ko) i=B \

k
< [Cl + Cz%] n),
n 0

—1/ike 1 — ~ (ko) \l/ko ,,(})
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where

— C .
- (I—v/ik)(1-1/p)’

ﬁ -1 n(kﬂ) n(kﬁ) ~
Cz=maxl:.——(—ko‘ 1 < —y A= pB.
ip—B ng ) ng )
That is w(l) is proportional to the number of the nodes N () of the finest level
l.

C1

Recall that by Theorem 2.5 we also have the restriction v > /7(ko) =
C (log ,u)l/zls:(l)/2 for 2 — D domain or v > C(u'/¢)* for 3 — D domain £, by
Lemma 2.1.

Thus we have to satisfy the inequalities

- CVkolog!/?u, 2-D domain Q
ko ko) = 0 ’
(uB)™ > v > /1(ko) { C(u/6)%, 3-D domain Q

For 2 — D domain 2 the above inequality is readily ensured if kg is suffi-
ciently large since we have assumed p3 > 1, but arbitrary close to 1. For 3 — D
domain Q it can be ensured if 1 > 8 > Cu~5/6. The eigenvalues A\x can be
estimated by computing Anin [B(")_lA(")] = 1/, using the Lanczos method.
The action of B(*¥)™" on certain vectors can be realized by the AMLI— al-
gorithm from Vassilevski [17]. This information can be used in order to
construct the optimal polynomial for the next level k£ + 1, etc. Hence we will
have p,(t) = p,, (1), £k = 2,3,...,l, and most of the v, will be 1 guaranteed by
Theorem 2.5. For details on this adaptive implementation of the methods, cf.
Vassilevski [17]. Such an implementation will be especially useful when we
have very irregular refinement.

The complexity analysis for the pure V—cycle method (v = 1) is much
simpler (cf. e.g. Ewing, Lazarov, and Vassilevski [7]). In this case
there is no restriction on .

5. Numerical Experiments

In this section we present numerical results corresponding to the following
bilinear form

(5.1) a(u, $) = /n k(z,9) V u. v $dz dy,
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where 2 is the unit square and the finite element spaces consist of piecewise lin-
ear functions on isosceles triangulations 7%, so that at each level k = 2,3,...,1 =
7 the locally refined subregion Q(*) is the north-east quarter of Q(k-1),

We refine the coarse-grid triangles in the subregions into a number of con-
gruent ones, so that hy = hx_1/n9, where ng = 2,4,8 and k = 2,3,...,7.

The corresponding boundary conditions are of Neumann type on the
boundaries z =1 and y = 1. On the boundaries £ =0 and y = 0 Dirichlet
boundary conditions are imposed.

We test the sequences of stiffness matrices {A_("’)}:c=1 , corresponding to
the bilinear form from (5.1) with the following coefficient k = k(z, y):

Problem 1: (a smooth coefficient)

k(z,y) = 1+ 2% + 42
Problem 2: (a discontinuous coefficient)

1076, z<1/20ry<1/2
k(z,y)= {1073, 1/2<z<3/4,y>3/dor1/2<z<1,1/2<y<3/4
1, z > 3/4and y > 3/4

We consider the pure V—cycle multilevel BEPS— preconditioner, i.e. at
each level k, k = 2,3,...,7 the polynomials p, from (2.9) are linear, i.e. p(1) =
1-t, v=1.

We estimate the spectrum of B(¥)™* A(¥) using the Lanczos method where
the action of B(¥)™" on certain vectors is computed by the algorithm AM LI from
[17]. The subregion problems are solved by a preconditioned conjugate gradient
method with a high accuracy. The stopping criterion for these problems we used
is

rir < e, e=10"2%4
where 7 is the residual vector.

The results are listed in Tables 1, 2 corresponding to the Problems 1, 2
respectively. They illustrate that the pure V—cycle multilevel BEPS— pre-
conditioner is of optimal order. Since we solve the problems in the subregions
exactly we have that Ay, (A(")"B(")) is always 1. Our experiments are done
on uniform grids with meshsize on the initial level ; = 1/N, N = 4 and the
number of levels equals to 7. .

For Problem 2 we see from Table 2 that the eigenvalues are independent of
the jump of the diffusion coefficient. In this case the pure V —cycle multilevel
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BE PS — preconditioner turned out to be also optimal, although the assumption
=103,

(A) from Section sec3 holds with a large constant C' = O(1/e),

In the second test we varied the initial coarse meshsize hy = 1/N, N =

8,16, 32 whereas = 2 for both test problems, 1 and 2. The corresponding

hx—1

[

largest eigenvalues A\x = Amax (A(k)-lB("))

optimal order with respect to the coarse-grid size.

are shown in Tables 3-4. Here we
also observe that the pure V—cycle multilevel BEPS— preconditioner is of

no k 2 3 4 5 6 7
2 Ak 1.2698 1.2716 1.2601 1.2712 1.2709 1.2710
4 Ak 1.4077 1.4079 1.4080 1.4082 1.4083 1.4084
8 Ak 1.4602 1.4603 1.4605 1.4606 1.4608 1.4609
Table 1. Largest eigenvalue A\; of A®)™" B(*) for Problem 1.
no k 2 3 4 5 6 7
2 Ak 1.7394 1.7396 1.7398 1.7399 1.7401 1.7403
4 Ak 2.3217 2.3219 2.3222 2.3224 2.3226 2.3229
8 Ak 2.6076 2.6079 2.6082 2.6084 2.6087 2.6089
Table 2. Largest eigenvalue A\x of A)™" B(¥) for Problem 2.
N k 2 3 4 5 6 7
8 Ak 1.2579 1.2529 1.2521 1.2515 1.2510 1.2549
16 Ak 1.2385 1.2370 1.2361 1.2354 1.2360 1.2358
32 Ak 1.2368 1.2359 1.2353 1.2348 1.2345 1.2342
Table 3. Largest eigenvalue Aj of A®™' B(¥) for Problem 1., no = 2.
N k 2 3 4 5 6 -7
8 Ak 1.7394 1.7396 1.7398 1.7399 1.7401 1.7403
16 Ak 1.6446 1.6447 1.6449 1.6451 1.6452 1.6454
32 Ak 1.6436 1.6438 1.6440 1.6443 1.6445 1.6446

Table 4. Largest eigenvalue A of A®™' B(®) for Problem 2.,n0=2.
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