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The class of locally k-nearly uniform by convex Banach spaces is introduced. It is proved
that the class lies strictly between the class of locally k-uniformly rotund Banach spaces and
the class of locally fully k-convex Banach spaces.

Different uniformn geometrical properties have been defined between uni-

form convexity and reflexivity of Banach spaces. Sullivan [17] defined k-

“uniformly rotund (k — UR) Banach spaces. Fan and Glicksberg [1] intro-

duced the fully k-convex (kR) Banach spaces. In [11], it is proved that every
strictly convex k — UR spaces is (k + 1)R. Another uniform property is the
nearly uniform convexity (NUC), introduced by Huff [3].

Recall that the Kuratowski measure of non-compactness a(A) of a set A
in a Banach space X is the infimum of those ¢ > 0 for which there is a covering
of A by a finite number of sets each has diameter less than ¢.

Let X be a Banach space with closed unit ball B. By the drop D(z, B)
defined by an element z € X \ B, we mean the convex hull, co({z} U B), of z
and B. Let R(z, B) = D(z, B)\ B. X is said to have the property () [16] if for
each ¢ > 0, there is § > 0, such that 1 < ||z|| < 1+ 6 implies a( R(z, B)) < €. It
follows from [15] and [16] that property () is isomorphically between uniform
convexity and nearly uniform convexity. :

In [7], new uniform convexity k3 and k — NUC, k > 2, have been intro-
duced, where 1 — 8 coincides with (3). It is proved that for all k > 1, k — g
implies (k 4+ 1) — NUC and that for k > 2, k — NUC implies k — 3. Moreover,
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an example of an 8 — NUC space is given which fails to have an equivalent 1 -3
norm. From the definitions, it follows that NUC is the asymptotic property
of both k — NUC and k — 8. Furthermore, it is known that k¥ — UR implies
k — B and if X is strictly convex and k — NUC, then X is kR, which improves
isomorphically, the result in [11].

Nan and Wang [12] defined locally k-uniformly rotund (Lk — UR) and
locally fully k-convex (LkR) Banach spaces. They prove every strictly convex
Lk — UR space is LkR. They have also pointed out that L1R = L1 - UR =
LUR, locally uniform convexity, but for every £ > 2, LkR and Lk — UR are
different properties.

In the paper, we study the local versions, Lk — 8, Lk — NUC and LNUC
of k—B,k—NUC and NUC. Although k—f and k— NUC are distinct [7], we
show that Lk—8 and Lk— NUC coincide and we shall use the notion Lk—NUC.
LNUC is the asymptotic property of Lk — NUC and several characterizations
of LNUC are given. We also improve the results of [12]. Finally, examples are
given to distinguish Lk — NUC from Lk — UR and LkR.

Throughout this paper, let B denote the closed unit ball of a Banach space
X and S* denotes the unit sphere in the dual space X*. For a sequence {z,} in
X, the separation constant of {z,} is defined by, sep(z,) = inf{||z, —zZn||: n #
m}.

Definition. A Banach space X is called locally nearly uniformly convex
(LNUC) if for every z in X, ||z|| = 1 and for every € > 0, there is a § =
6(z,€) > 0 such that for every sequence {z,} in B, sep(z,) > ¢, then co({z} U
{z.})N(1-6)B #0.

Using the argument as in [16] and [7], the following can be proved.

Theorem 1. For any Banach space X, the following are equivalent,

(i) X is LNUC;

(ii) For every z in X, ||z|| = 1 and for each ¢ > 0, there is a § > 0 such
that for all f in S*, if z € S(f,6) then a(S(f,6)) < ¢;

(iii) For every z in X, ||z|| =1,

tlix{l+ sup{a(C): C C R(tz,B),Cconvez} =0

Definition. Let £ > 1 be an integer. A Banach space X is said to be locally
k-nearly uniformly convez (Lk — NUC) if for each z, ||z|| = 1 and each £ > 0,
there is a § = é(z,€) > 0 such that for all sequence {z,} in B, sep(z,) > ¢,
then there exist (n1,...,nx) such that FiT”"" + 2f=1 zol| £ 1-6.
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Recall that X is k-nearly uniformly convex [7] if for all € > 0, there exists
6 > 0 such that for all sequence {z,} in B, sep(z,) > ¢, there exists (n1,...,ns)
such that Z|| Ef:l Zn,|| < 6. It is clear that for all k, every Lk — NUC spaces
is LNUC. :

A Banach space X is k— g [7] if for each ¢ > 0, thereis 2 §,0 < § < 1, such
that for all z in B and for any sequence {z,} in B, sep(z,) > ¢, then there
exist (ny,...,n) such that co(z,Zyn,,...,Zn, ) N (1 — §)B # 0. It follows from
Theorem 2 below that the class of locally k — 3 spaces, as defined by condition
(iii) of Theorem 2, coincides with the class of locally kK — NUC spaces. As in
[7], the following can be proved.

Theorem 2. Let k > 1 and X be a Banach space. Then the following are
equivalent.

(:) X is Lk — NUC

(ii) For every z, ||z|| = 1 and every € > 0, there is a § > 0, such that
for any sequence {z,} in B, sep(z,) > €, there are (ny,...,n;), such that
€o(Z,Zn,,....Tp, )N (1 —8)B #0,

(#1i) For every z, ||z| = 1,

tl.ir{1+ sup{a(C): C C R(tz, B),co(z1,...,zk) C R(tz, B)
for all (z3,...,zx) in C} = 0.

A Banach space X is said to be an Lk— U R space [12] if for every z, ||z]| = 1
and every € > 0, there is a § = 6(z,¢) > 0 such that for any z;, ||z;|| = 1,
i=1,..,k, ||lz+2z1+...+zk|| > k+1-8(z,¢) implies V(z, 21, ..., Zx) < € where

1 1

u i € S‘"
V(ua, .., upyn) = sup fi(w) filues) | ia
i=1,...,k
Se(w1) o fi(uksr)
X is said to be an LkR space if for any z, ||z|| = 1 and any sequence {z,}

such that limn,, . n,—o0 [|Z + Tn, + .o + Znu |l = £ + 1 and lim,, [|2a]] = 1 then
lim,, ||z, — z|| = 0. It was proved in [12] that strictly convex Lk — U‘R‘spaces

are LkR. Indeed, the following is true.

Theorem 3. Letk > 1 be af; integer and let X be a Banach space. Then
(i) If X is an Lk — UR space then X is Lk — NUC;
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(ii) If X is strictly convez and Lk — NUC then X is LkR.

Proof. (i) Suppose that there exists z, ||z|| = 1 and € > 0 such that for
every integer m, there is a sequence {zs.m)} in B, sep(zs.m)) > ¢ and for any
(n1y..eyme)y gyllz+ 25, 28] > 1- L. Since X is Lk — UR, it follows that
lim,, V (z, 2™ . zs.'f)) = 0.

On the other hand, without loss of generality, we may assume that ||:c$."') Il =
1 for all n,m. Since sep (zs,m)) > &, we may find inductively {z&':')},-ﬂ,"_,k
such that for all : = 1,...,k, dist (zs,'_."),aff(z,zs.’:‘),...,xs.’.-"_), ) > 5 where
aff (z,zs.'?), ---,IS;?_),) is the affine hull of {z,zs.’l"), ...,zs.'?_),}. Then it follows
from [2] that for all m = 1,2,...,V (z,z&?’, ...,zs.':‘)) > (%)* which is a contra-
diction.

(ii) Let ||z|| = 1 and {z,} be a sequence such that

' k
' 1
* N _
® o et 2l =1
We may assume that ||z,|| = 1, n € IN. Suppose that there is a subsequence

{z;} of {z,} without any Cauchy subsequence. Then there is an ¢ > 0 and a
subsequence {z,,} of {z;} with sep(z,,) > €. Since X is Lk — NUC, there is a
6 > 0 such that 7,%“-’”‘2?:1 Zn,|| £ 1-46 for arbitrary large (ny,...,n;) which
is impossible by (*). Thus every subsequence of {z,} has a Cauchy subsequence.
Let y be any cluster point of {z,}. By (%), we have ||z + ky|| = k + 1. Since
llz|| = |lyll = 1 and X is strictly convex, it follows that z = y and {z, } converges
to z.

Remark. It was proved in [9] that a Banach space X is LUR if and only
if X is strictly convex and L — §. This is a consequence of Theorem 3, because
LUR=LIR=L1-URand L-B8=L1-p3=L1-NUC.

We now give a list of examples to distinguish Lk — NUC, Lk — UR, LkR
and LNUC.

Example 1. For each k£ > 2, there is a Lk — NUC space which is not
L(k-1)-NUC.

In [12], for each k& > 2, an example is given of a strictly convex k — UR
space X which is not L(k — 1)R. Hence, by Theorem 3, X is Lk — NUC but is
not L(k—-1)—- NUC.
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Example 2. There exists a Banach space X with property (3), hence X
is 2— NUC but X is not Lk — UR for all k > 1.
Let X = [3°72, ®!7],,- By [4], X has property (8). To see that X is not
Lk — UR for all k > 1, fix k and consider
z; = (0,...,0,€;,0,...), i=1,2,..,k+1
ey’

k+1

where {ey,...,e,} is the usual basis of I7. Obviously, || S5 z;|| = k + 1, but
V(z1,...,2k41) > 1. Thus X is not Lk — UR.

Example 3. For each k > 2, there is a strictly convex 2 — NUC space
which is not Lk — UR.

Let E = (Ia,]|| - |||]) where for z = (a1, aa,...,) € E,

2l = {lar] + (a3 + a3 + 9722+ ((F) + ot (2) 40

The space E was studied in [12], [11], [14] and [17].

Let X be the l;‘“-sum of E. It is clear that X is strictly convex and it
follows from [12] that X is not Lk — UR. Since 2— NUC is preserved by finite
l2-sums (8], it remains to show that Fis 2 - NUC.

Let z = (aj,az,...,) € E. For convenience, let us denote gz = a,, pz =
(0,a3,a3,...,) and Tz = (0,%},. 2a ..). Let || - || be the usual norm in /5.

Yy 9

Then |||z||* = {lgz| + |lpz|}* + ||Tz||* for all = in E.
Given € > 0, by uniform convexity of /2, there is §;, 0 < § < %, such that

for y1, ya in la, l|wall = llvell = 1, if [lya — v2ll > §, then Fllgn + vall < 1 — 26;.
Put § = ‘:—gl. Let {z,} be any sequence with [[|z,||| < 1 and sep(z,) > £ in

E. Passing to a sequence, we may assume that ¢z, — b1, ||pza|| — b2 and
ITz,|| — bs. Clearly (|b1| + b2)? + b3 < 1. Since ||Tz|| < ||pz|| and {gz,} is
convergent, it follows from sep(z,) > ¢ that if we consider n and m greater than
some fixed number, we shall have ||pz, —pZm| > § for n # m. Therefore b; > £
and moreover, for n and m sufficiently large, we have %||pzn+ PTm|| < (1—6;)b,.
Let n < #6%¢2. Then for sufficiently large n, m, n # m,

1
5 (@n + zm)llI* < {I82] + 7+ (1= 81)b2}? + (b3 + n)?
6162

<1-263(6-6)<1- S~ =1-4

This completes the proof that E is 2— NUC.
For the remaining examples, we need the following.
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Theorem 4. Let(X,||-||) be a 2R space with normalized basis {e,}. Define
forallz =377  ane, in X,

o P 1/2
llzlll = {(Iall ¥ n)_‘,a,.e,.u) +5_:(9,-3)2} .

n=2 n=2
Then (X, ||| - [||) s a 2R Banach space.

Proof. It is easy to see that (X,]||-|||) is a Banach space.

As in Example 3, for z = Y 02, anz, in X, let gz = a1, pz = Y, , ane,
and T: X — I, defined by Tz = (%,...,2s,...). Let also 7(z) = |gz| + ||pz||
and s(z) = ||Tz||2 where || - ||2 is the usual norm in /;. We shall follow the proof
in [14]. o

Let {z,} be a sequence in X such that lim, m—oo |||} + Zm||| = 2. There-
fore,

”Ixﬂ + x'm”l = "(T(:L‘" + zm), s(zn + xm)”2
< "(szsz'n) + (szs 3371n)”2
< llzalll + Hlzmlll — 2.

Since 2 is 2R, Tz, — 1o and sz, — g for some rg and so. It follows from
the above inequalities that 7(z, + z,,) — 2r¢ and s(z, + ) — 2s0.

Clearly ||| - ||| is strictly convex, hence {z,} has unique cluster point. To
show that {z,} is convergent, it remains to show that every subsequence of {z,}
has a convergent subsequence. Let {z;} be any subsequence of {z,}. Passing
to a subsequence, we may assume that gz; — ¢go. Thus ||pz;|| — 7o — |qo|
and ||p(z; + z;)|| — 2(ro — |go|) as i,5 — oo. Obviously, this also implies
s(zi — zj) — 0. Thus {z;} is convergent, which means that ||| - ||| is 2R.

Example 4. There exists a 2R space which is not LNUC.

Let (X,||-|]) be the l2-sum of {l,,n > 2}. Then (X,||-||) is 2R. Consider
(X, |l - 1) as in Theorem 4. It follows that (X,|||-|||) is 2R. We claim that
(X, 1l - 1) is not LNUC.

According to [3], X does not have any equivalent NUC norm, in particular,
|||l is not NUC. Thus, there is an € > 0 and sequence {zs,m)},, with ||:v$:")|| <1,
sep(z™) > e in (X, [|-]]) but ||ly|| > 1- L for every y in co({z{™},). Without
loss of generality, we may assume that sup, |||z$.m)||| — 1 as m — oo and the
separation constants of {:cs,m)} are also greater than €. We now show that
(X, Il - |I]) fails to be LNUC at z = e;.
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For any \; > 0, 2.—0’\' =1 and any (n,,...,nk), we have

k k 2
[ Aoz + Z AizMI12 = (Ro + |l E Aiz™|)? + (3(2 Aiz{™) )

i=1 f=1 =1

2
Z(/\O'f'(l—/\o)(l—;l;)) 2(1_%)2_’1'

This completes the proof that (X, ||| - |||) is not LNUC.

Example 5. There exists a LNUC space which is not Lk — NUC for all
k.

Let (X, || -||) be the Baernstain’s space with the equivalent 2R norm || - ||
defined in [10]. Consider (X,][|| -|||) as in Theorem 4. We first observe that
(X, Il - 11D is, in fact, NUC.

For any z and y with max{i € suppz} < min{i € supp y}, we obviously
have |||z + y|[|2 > |l|=[lI* + [llyll|?>, which implies that (X, ]| -|||) is NUC (see
the proof of Theorem 3 in [13]).

Now, fix k > 1. For each m € IN, let Xp, = {3232, aie;: 32, aje; € X}.
Then (X, || - ||) has a spreading model equivalent to /; [10]. Hence there is a
bounded sequence {z{™}, in X, so that for all j, if j < 7 < ... < nys, then
for all ¢, ..., ¢35, we have

(1- —)Z lesl < I Ectz("‘)ll <1+ —)E leil-

=1 =1

Take I so that 2! > k. Then for every n > I, 1 — & < ||z$,m)|| <1+ L.
Moreover, if i # j, i,7 > I, ||:c(m) (m)" > 2(1 — ). Thus the separation
constant of {z{™ )},,>1 with respect to ||| ||| is also greater than 1. Furthermore,
ifl < ny < ...< ng, then || E‘_l z,,. || > k(1 — ). Denote z = e;. Then for

any {n;}r_, w1th l<n <...<ng,

k 2 1 \2
|||I+Zx("‘)|||22 (1+||2153"||) > (1+k(1—;)) - (k+1)?

i=1 i=1

as m — oo. Also, by the choice of {zs.m)}n, sup,, 3(135:")) — 0 as m — oo,
whence sup,, |||z$,m)||| — 1. This completes the proof that (X,]||| - |||) is not

Lk - NUC.
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