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On the Limit Distribution of Maxima
of Random Number of Bivariate
Random Vectors*

N. R. Mohan, S. Rav:

Presented by P. Kenderov

Limit distributions of partial maxima of random number of bivariate random vectors are
obtained using random as well as non-random normalization. Normalizations considered here

are more general than just linear.

1. Introduction.

Let { X, = ( X,(,l),X,(,z)), n > 1} be a sequence of independent, identically
distributed (i.i.d.) random pairs defined on a probability space (2, F, P) with
common distribution function (df) F. Let F; denote the df of X and

() _ [0 I
M, —lrsnka.sank, 1=1,2

Suppose that there exist sequences {G,(f)(.), n > 1} , t=1,2, of strictly in-
creasing, continuous functions defined on R and a nondegenerate df H on R?

such that

L) gim P (M < GP(en), MP <GP (22)) = H(ar,22)

* Research supported by University Grants Comission Junior Research Fellowship at Univer-
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at all continuity points = (z1,z2) of H. Then H is max stable (Pancheva
(1988)). Further, from Pancheva (1984) the marginals H;, i = 1,2 are nec-
essarily continuous and hence H is continuous. For any nondecreasing function
K : R — R we define K~ (y) = inf {u : K(u) > y}, infimum over an empty
set is taken to be co. Let {m,, n > 1} be a sequence of positive integers such
that m, increases to oo with n and T" — A, 0 < A< oo. As it will be seen

from Corollary 2.3, (1.1) implies that there exists 9A)( ) such that

(12) Jlim GO~ o GP() =60, i=1,2,

where foh = f(h). Let {(N,(,l),N,(,z)), n > 1} be a sequence of pairs of positive
integer valued random variables (rv’s) defined on (2, F, P) such that

(1) (2)
(Nn ’ Nn ) P (N, N @)

n n

(1.3)

where & denotes convergence in probability and P(N M <o0)=0,i=1,2.
Denote by a V b = max(a,b) and a A b = min(a,b). For any df L on R let
S(L) = {z:0 < L(z) < 1} and r(L) = sup S(L). Let [z] denote the greatest
integer less than or equal to x. The purpose of this article is to prove the
following two theorems.

Theorem 1.1. Suppose that (1.1) holds with H; strictly increasing over
S(H;), i = 1,2, and that (1.3) holds. Then for ¢ = (z1,z2) € R?,

llm P M(l()l) < G(l(x)(xl)a M(z()z) S G( (2)(12))

n—o0 -

(0 if z € By

o [ HYN (gi (21), 97 (22)) (Ha(20)) "5

(Hay(z2)) = .dP (N <y, N®) < 2) if z € By,
= 4

HI(Z]) if z € By,

H;(z3) if z € Bs,

| 1 if z € By;
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where
Bo = {z : Hi(zi)=0 for atleast onei, i =1,2};
By ={z : 0< Hi(z;)<11i=1,2};
B; = {1‘ :0< Hl(.’tl) <1, Hg(:tg) F l};
B3 = {z : Hl(.’tl) =1,0< Hg(zz) < 1};
and

By ={z : H.'(:t,') =1,1= 1,2}.

Theorem 1.2. Suppose (1.1) and (1.3) hold. Then
lim P (Ml(vl,‘.)” < GS;I)(“’I), M}(:i’) < Gﬁf’(zz))

n—oo

- / / (H(2)) . (Hi(z1)) 0=V
y=0 2=0
x (Hy(z2)V0dP (NV <y, NO<z), 2R,

The above theorems are generalizations of the theorem in Barndorff-
Nielsen (1964) in that univariate case with linear normalization has been

considered.
In section 2 some preliminary results are presented and the proofs of the

theorems are given in section 3. In the last section some remarks are made.

2. Some preliminary results.

In this section four lemmas are presented. The proof of the first is similar
to that of (ii) of the theorem of Barndorff-Nielsen (1964) and the proof
of the third is on the same lines as that of Lemma 3 of Blum et al. (1963).
The second can be proved using Proposition 0.1, Resnick (1987).

Lemma 2.1. If (1.1) and (1.3) hold than for | = 1,2 we have

lim P (M“) < G%i,,(z,)) = H(z)), @ €R.

n—00 N®

Lemma 2.2. Let {K,, n > 1} be a sequence of df’s on R such that

Kn(Ln(.)) % U(.) and Kn(Ga(.)) & V(.),
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where % denotes weak convergence; L, and G, are strictly increasing and con-
tinuous functions on R; and U and V are nondegenerate df’s. If U and V are
continuous and U is strictly increasing over S(U), then nIer;O G, o L,(.) exists
and is equal to V= o U(.).

The following corollary follows from the above lemma.

Corollary 2.3. If {m,, n > 1} is a sequence of positive integers such
that m,, increases to oo with n, —n'i — A, 0< A< 00, and if (1.1) holds, then

Iirr;O(GS,';)u)‘ o GU)(.) exists and is equal to H o H}(.), i = 1,2.

Lemma 2.4. Let {k,, n > 1} and {m,, n > 1}, k, < my, be two se-
quences of positive integers increasing to oo with n. Let A, € F, n > 1, be
such that A,, depends only on {zk, kn < k < m,}. Then for any A€ F,

lim {P(An | 4) = P(4,)} =0,
where P(A, | A) is defined as equal to P(A,) if P(A) = 0.

Lemma 2.5. Let {k,, n > 1} and {m,, n > 1} be as in Lemma 2.4. Let
{an, n > 1} and {Bn, n > 1} be two sequences of real numbers such that a, <
r(F1), Bn < r(F2), an — r(F1), and B, — 7(F2) as n — oo. Then for any
A€EF,
tim {P (MY < an, MP) < | 4) = P (MY < an, ME <)} = 0.

n—oo

Proof. The claim follows trivially if P(A) = 0. Let P(A) > 0. Choose
{6,, n > 1} such that 8, < ky, lim 0, = oo, and lim F?(an,B,) = 1. Note
that 6, may be chosen as kj /\ Mny > where N = [ log(l — F(an,f.))]. Let

M,Sl) = max M(l) M,Sz) max M( ). From Lemma 2. 4, it follows that
" On<k<kn " 0 <k<ma

for any event A,
(2.1)
n_m{P(M(‘) < an, M® < B, | ) - P(M,E"_) < an, MY sﬂn)} =0,

and

(2.2) Jim {P (31 < e, M:('?-) <Bn) =P (MY < an, M) < 5.) }
= tim P (8 < an, MP < B,) - (1= Fo(an,n)) = 0.
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Finally,
oo { P (MY < an, #D < o | A)
(2.3) ~P (M) < an, MP < B, | A)}
_ F0a
< fim, ¢ FP(S:)Mﬂ")) =0

The lemma now follows from (2.1), (2.2) and (2.3).

3. Proofs of theorems

Proof of Theorem 1.1. We essentially follow Barndorff-Nielsen
(1964) in a similar context. We prove the theorem when z € B; only, as the

other cases are simple.
For (y1,¥2) € R?, arbitrarily fixed integer £ > 1 and any integer n > 1, we

have

P (M(l()l) < Y, M(z()z) < y2) = An + Bn + Cn

+ Z Dy(n) + E E Eij(n),

=2 j=2

(3.1)

(1)
Na® _yo|s 1

A, =P (M“) <, Ml(:():) < 2,

N®) =
>1).

(1)

N§Y ol 1 |N® 1
B, = P(M((,)_yl’M((2)<y2) n _N() SE- poy >Z
(2) 1
<P(N" —N(2)>—),
- n k
N§V 1 | N2 1
C"=P MI(:").)Syl, M(()2)<y2» n .<_;1 n Sk:
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(1) (2)
2 N 1 Nn 1
Dy(n) =P (MI(V()‘) <y, MI(V()’) < y9, - N E — - N@) < e
1 I+1
1) (2)
® <N < —— < , N¥) < Ic)
(1) (2)
1 2 Nn 1 N, 1
E[j(ﬂ) =P (M)(v()l) S Y1, Ml(v()ﬁ) S Y2, Py ! l S ) e N(z) S 'E)
%(N(I)S!—-:——l, E<N(2)<J:1), 2<1,j <oo.
Observe that
o 2
(3.2) Y Di(n)< P (N@) < E) .
=3

For 2 < I, j < oo, denote by

! I+1 j i+1
S (k<N < k),RJ (k<N S

Quj = 510 Ry, (k) = P(Q1), nop = |20

o= [ = [222] o

Let Gg‘)(a:l) and Gs,l,_)(:cl) respectively denote the maximum and minimum
of {Ggl)(zl) g <t< nzz}; and G((,?‘)(xg) and G.(,E)(Ig) denote respectively

the maximum and minimum of {ng)(zz) tmg; <t < ng,'}.Substituing Yi =
Gx)'(.,)(z.-) in (3.1),

fj fj Ey(n) < }of fj P (M) < GW(z1), ME) < GO(z2) | Qu;) Wi(k)

=3 =2

<
Il
N

a{D(n).1;(k) +

NgE

P (MQ) < GWV(a1), MP) < GP(x2)) Wy (k)

Not

e

M 1M
W

M I
i

oD (n)IL; (k)

M8

af})(n).;(k) +

M

..
Il
)

<
Il
©
-
||
X
~
I
)

v
M3

P (MY < GQ(a1), MP) <GP (22)) Wy (k),

-~
Il
N
~
Il
)
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(3.3)

where

and

245

> Ei(n) < E 2 o (n).10;(k) + 3. oD (n).10(k)
1=2 j=2 =2 ;=2

+

MS IMs
~ 5

e (620 (G 0 GE)(21), G o (GD)™ 0GP (22))
i

Il
)

Jj=

(Gﬁ? (zl)))nm_"”ntj(k)

>~ 3 P (G o (G 0 GW(21), G 0 (GD)~ 0 6P (22))
=2 j=I41 '

x (R (6@ (22))™ " Wy(k),

i
M’E?

”IJ)(n) —p (M(l) < GW(zy), M,(:,) < GP(zy) | Qlj)

ot

—P (M) < GW(z1), M) < G (),

Not

aff () =P (M) < G2 (z1), ME) < GP(z))
-P (M) < GW(21), ME) < GP(22)) .

Note that lal(;)(n)l < 2 and by Lemma 2.5, we have "ILIEO a,(})(n) = 0. Hence

Also,

oo oo
nlggo ZZa,(;)(n).sz(k) = 0.

=2 j=2

af)(n) <P (GS.‘,)(zl) < M) < GM(z, ))

+P (Gg;(z,) <M < Ggi’(wz))
< (7 (@)™ - (Fr (6e0)) ™)
(o (o)™ - (7 (o)) )
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and hence
Mo Y D af) (n).1(K)
=2 j=2
(3.4) = Z; {213 - (Hi(@)F } (k)
+ E {(H2(“2))§;_; - (Hz(zz))ﬁ_:} 1(k)
=2
= Ja‘”(k),
say, where

I.(k) = Znu(k), IL;(k) = i I0;(k).
=2

1=2
Note that limk_, a®)(k) = 0. Now from Corollary 2.3, and (3.1) through (3.4)

mnooo P (M“’ < G\l (@), M, < GQl(22)

NO = N(’)
2
NGO < + (3)(k)
<3 (v0s)+e
3.5 oo wn .
(3.5) +ZZ( ( S)I‘-ﬂl(h) gl/m_z(-'tz))) (Hy(z1)) 0 (k)
1=0 j=
>3 s B
+ Z Z (H (95})‘0—'.&1(31)’g§3)_(;_-{_11(32))) ‘(H2(172))i+1 Hl](k),
=0 j=l+1

where the fact that the convergence in (1.1) is uniform is used. Again, we have

oo

n

3 Ei(m) > Z > P (MY < 6O, MD < 6D () | Q) Wy(k)
=2 j= =2 ;=2
) N(‘) J (2)

-y Mo yoly |2 - y@| s }ﬂQu)

(1

P (M) < G0 (1), MY) < GP(z3)) . TWy;(k)

Il
»

25

-

Ms
M

-~
Il
)
Il
)

J
(M) (n) - f) i b (n)Iy;(k)

=2 3=2
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P (M) < GO(21), MP < GP (22)) MWys(k) — M (n)

M
M3

...
Il

0
.
|l

©

b ()5 (k) = 37 37 b (n)15(k)

=2 j=2

™ (G0 (6)7 0 GO(=1), 6P 0 (GI)™ 0 GR) (22))

M
Ms

.,
Il
0
<.
~ |
)

Ms

2

-
Il

2 j=

(Fl (G(z) (22))) T L (k)

n Z z{: Fna (G(l) 0 (G)™ 0 GW (1), GP o (GD)~ 0 GO (zz))
=2 j=l+1

x(R(68)@)) "™ " mstk)
b0y — 303 62 (). Ty (k) - 35 6011k,

=2 j=2 =2 5=2
where
(1) (2)
bM(n) = P Nol oy M2 _ ye| 5 1
n n k)’

b7 (n) = P (M) < 6B (@1), M < GP(z2))

na
- P (M) < W), MP < GP(22) | Qi;)

and
b (n) = P (M) < GO)(21), M) < G (22))

= P (MY < GO (21), MP <GP (zy)).
Note that lim 6(!)(n) = 0. From Lemma 2.5, nlixxgobff)(n) = 0 and hence

o o] oo
Minmco Y 3 b5 (n)IL;(k) = 0.

=2 j=2
Similar to (3.4) it can be shown that

Fimece 30 S B (M) < 3 {( @) = (o) ) k)
1=2

=2 j=2

+ 3 {(Ha@n) — (Haan) 2} 1,00) = 508,
i=2 :
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say, and klim b(“)(k) = 0. Thus

lim, o P (M, < GG (21), M3, < G(zz,)(zz))

Ay oo N N S
oo | .
: 1=y
z 2 (H ( i/)"—ﬂ(m‘)’“’?/)iz‘-*r-u(“)))' -(Hy(z1)) ™ I05(k)
(3.6) =0 J=0 %
) " |
> * izt
+ E (H (gfi)'-(_‘ﬂl(xl), gfj)y_.u)_(ZZ))) . (112(1.2))“_l -H(](k)
1=0 j=l+1 * x

— b@(k) — bO)(k),

where (%)(k) is such that klim b®)(k) = 0. Taking limit as k¥ — oo in (3.5) and
(3.6), the claim is proved.

Proof of Theorem 1.2. Substituing y; = Gg)(a:,-), i =1,2,in (3.1)
and proceeding as in the proof of Theorem 1.1, it can be shown that

MN

(H(2))'F . (Hi(21) 7 (k)

(H(z))¥ . (Ha(2))'F (k) — b© (k)

1

+

IMe 1M
Ms@

Il

+

=l

nmsoo P (M < Gy (21), MGY, < GQor(22))

IA
=
a|

= |

P (N(‘) < E) + a(k)

é/a

-
Il
-

(H(2))'F . (Hy(21)) " Tis(k)

M8 LM
M T':M"

+

(H(2))F . (Ha(22))F T, (k),

1

-
Il
=}

I

l

¥

J

where a(*)(k) and b(®)(k) are such that klim a@W(k) = klim bO)(k) = 0. If H(z) =
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0 then the result follows from this. If H(z) > 0 then

(H(z))F . (Hi(21))'F T0;(k)

8 I[M)s
s L0~

+2 > (H(2)'F . (Ha(22))F (k) - bOk)

=0 j=l+1
<hm P (M(l) < G(l)x)(zl)y l(vz():) < G(zzz)(""'?))

—====n—00 N(l)

<ZZ(1{(2))  (Hi(21)) 7 (k)

=0 =0

+30 5 (HE)P () M)+ Y P (v < 2) +a000),
=0 j=i+1 =1
where a(®)(k) and b(")(k) are such that klim a®)(k) = klim bm(k) = 0. Taking
— 00 —00

limit as £ — oo, the result follows.

4. Some remarks.

(1) When G(')(a:,) = an(i).Zi+bn(i), an(?) > 0, then the marginals H; in (1.1)
belong to the class of extreme value df’s of Gnedenko. When

GO(z:) = an(i) ]z D.sgn(z:), an(i) > 0, Ba(i) > 0,

then the marginals H; in (1.1) belong to the class of extreme value df’s given
in Pancheva (1984). The hypotheses of Theorem 1.1 are automatically
satisfied in both cases.

(i) If NO) = N(2) as., then the limit in Theorem 1.1 reduces to H(z), z € R?

and the limit in Theorem 1.2 reduces to v°=°o(H(z))”.dp(N(l) < y). Note

that H (g{(a1), gﬁ”(zz)) = H*(z), 0< s < co.

(iii) If the limit random pair in (1.1) has independent components then the
limit in Theorem 1.1 is again H. If, in addition, N(!) and N(?) are inde-
pendent then the limit random pair in Theorem 1.2 will have independent

components.
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