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1. Introduction

In the present paper we give natural sufficient conditions for the existence
of a global classical solution of the Caushy problem when the of the spatial
variables is n = 3. More precisely, consider the following problem

(1) u(t,z) = F(t,z,u,Du) in Ry X R3,
(2¢) u(0,z) = €g1(z), Oou(0,z) = egz(z) for z € R3,

where 9, = 3%, p=0,1,2,3; zo=1t;
0= 02— (0?+02+02); D =(8,b,0,03); ¢is a positive parameter and
for j = 1,2 the functions g; € C°(R®) with  supp g; C {z : |z| < B}.

It is well known that if F(t,z,(,€) = O(|¢|3+€]3) for (¢,€) € Rx R® and
the parameter ¢ is small enough, then problem (1), (2.) has a global solution
(see for instance 7], [10], [18]). The situation changes radically when nonlinear-
ity is quadratic, i.e. F(t,z,(,€) = O(¢%+€|?). In this case the smallness of ¢ is
not sufficient to guarantee the global solvability of problem (1), (2.). F.John
in [4] considered the case when F = |u|P. He proved that if p > 1+ V2, problem
(1), (2¢) admits global solvability for small €, and if 1 < p < 1 + v/2, then for
appropriately initial conditions g;(z) and g2(z) the solution blows up for a finite
_ time for any € > 0. In his next paper F.John proved a general result about
"blow-up” of the solutions of quasilinear hiperbolic equations. Applying this
result to problem (1), (2.) with a nonlinearity F = g(8pu)? or F = 8o(qu?),
we check that if ¢ = const. > 0 and € > 0 is small enough, then the solution
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blows up in a finite time. On the other hand, investigating the global solvability
of the Cauchy problem for nonlinear hyperbolic systems, S.Klainerman [9]
introduced a simple algebraic condition on the quadratic form of the nonlinear-
ity, the so called ”"null-condition”. He proved that this condition leads to global
solvability for small initial data. For problem (1), (2.) the ”null-condition” of
S.Klainerman means that the quadratic form of F(¢,z,(,£) is proportional
to &8 — (63 + €3 + £3).

The study of wave processes in nonhomogeneous media leads naturally
to problems in which the nonlinearity F depends on z or on (t,z). Recently
Mitsuhiro Nakao [15] investigated the existence of a global classical solution
of the boundary value problem for equation (1) with a nonlinearity F' containing
a dissipative term. In the present paper the Cauchy problem with nonlineari-
ties depending on z or (¢,z) is considered, without assuming the presence of a
dissipative term.

The conditions (H1), (H2) and (H3) given below guarantee the glob-
al solvability of problem (1), (2.) for small ¢ without the "null-condition” of
Klainerman being fulfilled. For the precise formulation of the conditions
(H1), (H2) and (H3) it is convinient to introduce some notation.

For arbitrary real numbers a and b define the norms

|ulape = sup sup {(1+s+|z])~*(1+|s = |zl])*lu(s, 2)l},
0<s<t zeR?

lullape = D 10%ulapes
loj<2

where 8 = (84, 02,03). Moreover, in the paper the following vector fields are
used:
D= (30,61;82763); L= {LJ . zjao + ta] :j = 17273}1
Q={Q; =2:0—2;8:1<i<j<k}; §=33 o2udu;
I'={Iy,...Tyw}={D,Q,L}and Z = {Z,,...,2s} = {D,Q,S}.

If A= {A,...,A,} is any of the above vector fields, then for any non-
negative integer k define

|A¥u(t,z)| = D |A%u(t,z)| and
lol<k

ke, i = ([ |A'=u(t,z)|2dz)1/2,

where a = (ay,...,a,) is a multiindex with |a| = a; + ...+ a, and
A%u(t,z) = A* ... A% u(t,z). For two of the cases the most frequently met it
is convinient to introduce a special notation:
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(a) When A coincides with the generators I' of Poincare’s group,
IT*u(t,2)| = |u(t,z)lx and |IT*u(t,-)|| = [lu(t, )|k

(b) When A coincides with the generators Z of the conformal group,
|Z%u(t,2)| = |u(t, @)k and [|Z%u(t, || = [lut, )k

We should underline that in both cases we use the same notation since
the formulations and proofs given below are not influenced by the definition of
||k and || - ||x we use.

By means of the notation we introduced we can formulate the assump-
tions on the nonlinearity F:

3

(H1) F(t,z,u,Du) = Z qu(t, )0 u(t, z)0,u(t, )
pw=0

and there exist constants k > 2 and § > 0 such that

3

S sup sup {(1+ 1) lgu(t)lksa} < oo
p,v=0 tZO l.’l:iSB+t

3
(H2) F(t,z,u,Du) = Y 8u(qu(t, 2)u*(t,2))

pu=0

and there exist constants k > 2 and § > 0 such that

3
Sosup sup {(1+0Plau(t 2)less | < oo;
1=0 120 |z|<B+t

(H3) F(t,2,u, Du) = q{t,z)u’(t, 2)

and there exist constants @ > 0 and b > 0 such that 2a + b > 1 and
sup {||g[-a,-5,} < o0.
t>0

The main result of the present paper is the following.

Theorem 1. Let one of conditions (H1), (H2) or (H3) holds. Then
there exist constant g > 0 such that problem (1), (2.) has unique smooth solu-
tion for any € € [0,¢o).
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The precision of conditions (H1) and (H2) is illustrated by the following
examples.

Let nonlinearity F' = ¢(t,z)(dou(t,z))? or F = do(q(t,z)u?(t,z)). Let
q(t,z) be one of the following functions

C(1+t3)~% CcA+|z/)% or CA+1t+|z?)¢,

where C' = const. > 0 and § > 0. For such nonlinearities F' condition (H1) (or
(H2)) is met. Then from Theorem 1 there follows the existence of a global solu-
tion of problem (1), (2.) for € small enough. On the other hand, the corollaries
from the results of F.John given above show that for § = 0 the solution of
problem (1), (2.) blows up for a finite time .

In the same sense condition (H3) is optimal too. The following theorem
is valid.

Theorem 2. Let |g1(z)|? + |g2(2)|? # 0, F = q(t,z)u?*(t,z) and
nonnegative constants C1, a and b ezist such that

(3) 0< C1 <qt,z)(1+t+ |z))°(1 + |t — |=|])°.
Then, if 2a+ b< 1, then for any € >0 the solution of problem (1), (2.) blows up.

Definition. The soluttion of problem (1), (2.) is said to blow up if
there exists o < oo and a function u(t,z) such that u(t,z) is a solution of
problem (1), (2.) in the strip S(¢o) = [0,%0) X R and

tll.ntlo (Z sup {|D°’u(t,z)|}) = oo0.

3
|°‘|Sl T€ER

In the proof of Theorem 1, when condition (H1) (or (H2)) is valid, we
use the idea of S. Klainerman. For this purpose the validity of appropriate
L>® — L? and L? — L2 estimates of the solution of the linear nonhomogeneous
wave equation is necessary. In the case considered the principal difficulty is in
the proof of the L>® — L? estimates. To overcome this difficulty we use the
approach of [1], representing the solution of the linear problem as an oscillating
integral (see Lemma 2.1). After an integration by parts along suitable vector
fields in the domains 2|z t and 2|z| < t, by means of the properties of the
generators I' and Z in the dual space and respective Sobolev inequalities on
the unit sphere we prove the L™ — L? estimates. These estimates are given in
Theorems 2.1 and 2.2 and are of independent interest. In them the participation
of the generators L; (j = 1,2,3) and S is fixed, which turns out to be useful in
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the investigation of the nonlinear problem. We shall note that the presence of
the aggregate ¢(¢,z)u? in the nonlinearity F leads to a change of the decay of
the solution of problem (1), (2.) (see [11] and also [4] and [9]). This requires the
case F = ¢(t,z)u? to be analysed separately. In this case we use the approach
of H.Pecher [16] for obtaining suitable L — L estimates. Afterwards, by
means of the ”continuation principle” (see [12] and [14]) we prove Theorem 1 if
(H3) is valid. For nonlinearities F' of the form g(t,z)u?(t,z) Theorems 1 and
2 prove that the critical value of the parameters a and b which determines the
behaviour of the coefficient g(t,z) at infinity is 2a + b = 1.

The plan of the paper is as follows. In Section 2 we prove L*® — L2
estimates for the solution of the linear Cauchy problem. In Section 3 we prove
Theorem 1 and in Section 4 — Theorem 2.

A short communication of the above results is contained in [13].

2. A priori estimates for wave equation

The main goal of the present section is the proof of L® — L? for the
solution of the Cauchy problem

(4) u(t, z) = G(t,z) in Ri,
(5) w(0,2) = fi(z), 8ou(0,z) = fa(z)on R?,

where G, f; and f; are smooth functions,

supp G C K(B) = {(t,z) : |z| < t + B},
supp f; C {z : |z| < B} and B = const. < oo.

First we shall prove the following theorem.

Theorem 2.1 Let u(t,z) be a smooth solution of problem (4), (5). Then
the following estimate is valid

©®) Y 1D%u(t, Dk < 1 {ID*+2u(0, )+ AGs D),
lerl=1 ‘

where C' = const. > 0, a = (ap, @1, a2,a3), A(G;t) is any of the functions

ST sup (210996, M) + Y. sup {27107LPG(s, Ik}

r=0 <1 [Io1<2 *€ () lg1<1 €1 (r0)
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or

SNy [Z sup {27]|07Q°G(s, - )”k}+z sup {27]|9757G(s, )|k}

r=0 y|<1 | |8]<2 sel(r,t j=0 s€l(r,t)

I(r,t) = [27"1,27*n[0,t], r=1,2,... and I(0,t)=[0,2]N]0,1].

Before we begin the proof, we shall note that without loss of generality
in Theorem 2.1 we can assume that

(7) { k=0, fi(z)=fo(z)=0 and
supp u U supp G C {(t,z): |z| <t — 1}.

The verification of this fact relies on the a priori estimate of W.von Wahl [19]
and the circumstance that the norms considered are equivalent under bounded
in t transformations. Moreover, the commutation proprties of the generators I’
and Z with the d’Alembertian make possible the assumption k£ = 0. The fact
supp u C K(—1) is an obvious consequence of the uniqueness theorem (see [5]).

In the proof of Theorem 2.1 it is convinient to represent the solution
u(t,z) by an osculating integral. The following lemma is valid.

Lemma 2.1 Let u(t,z) be a smooth solution of problem (4), (5) and let
assumption (7) holds. Then

(8) u(t,z) = (2n)"3ImJ(t,2),

where

Je,2) = [ Gl &0 =0l e,

(9) G(r &) = / =7 G(s, £)ds
and .
(10) G(s,6) = [ Gla,pedy.

Proof. See for instance [1].
The proof of the L>® — L? estimates of u(t,z) is based on the following
three technical lemmas.

Lemma 2.2 There ezists a constant C > 0 such that for any rapidly
decreasing function g(z) the following inequalities are valid:

an [To [ tesxul Hi(pldodo < ¢ S5 ([ 107 |2dz)1/2,

<1 <k
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(12) /:o p |Swl|1£1 |g(pw)ldp < C Z Z (/123 |3"/Qﬁg|2dz) 1/2 )

~¥<1<2
where k = 0,1; §(£) is the Fourier transform of the function g(z); £ = pw,
w = (w1, ws,ws) is a vector of the unit sphere; e3 = (0,0,1); e3 X w is the vector
product of e3 and w.

Proof. A fundamental role in the proof of the above inequalities is
played by the respective analogue of Sobolev’s inequality on the uniit sphere
W = {w: |w| = 1}. More prcisely, taking into account the fact that the vector
fields on W can be represented by means of the generators Qik,1<j<k<L3,
we check that for 1 < p < o0

e 1/2
w)|Pdo B f(w)|*do
(13) ( /|w|=1|f( )led ) <c (2 /|w|=1 198 f(w)|%d ) ,

p<1

1/2
(14) [f(w) £ C (Z /| o |Qﬁf|2da) for weWw,

181<2
where C' = const. > 0 and f is a function for which the right-hand sides if the
inequalities have sense. Moreover, for an arbitrary p > 2, by means of Holder’s
inequality and (13) we prove that

/() e\ e
w 4
(15) |lw|=1 mda < (/|w|=1 |e3 X wl -pda) (/|w|=1 |f(“))| da)

1/2
(: E Qp} w zdﬂ
( /|w|_—1 1975l )

I8l1<1

By means of (15) or (14) we estimate above the left-hand sides of in-
equalities (11) and (12) by

1/2
/0 pF(p)dp, where F(p)= (Z /I - I(Q”g)~(w)lzd0) :

I81<s

and j is equal respectively to k or 2. Note that from the form of the function F’
it follows that

/0 h pF(p)dp < C (

IA

1/2
> [a+ |£|2>|(nf’g)~(e)|2de) .

181<s
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Then by Plancherel’s theorem we complete the proof of (11) and (12). ]

By means of analogous arguments the following lemma is proved.

Lemma 2.3 There ezists a constant C > 0 such that for any rapidly
decreasing function g € C$°(R3) the following estimates are valid:

(16) [ IR @les x wl*do
- 1/2
<cO+ B! @ (z)sz) ,
(lf?l_s:k /"“ ’

1/2
(17) IR(g)(r,w)IsC(HB)l”(Z / |(n"g(z)|2dx) ,
i<z 7

where B = sup{|z| : g(z) # 0}; k = 0,1 and |R(g)(T,w)| = [, ,_, 9(z)do, is
the Radon transform of the function g.

Proof. First we shall note that supp ¢ C {z : |z|] < B} it follows
immediately that the Radon transform R(g)(7,w) has a compact support in 7,
i.e.

supp R(g)(.,w) C {r:|r| < B}.

Consequently,

+o0 1/2
|R(g)(r,w)| < C(1 + B)!/? ( /- |a,R(g>(s,w)|2ds) .

Then by means of Plancherel’s equality for the Radon transform (see [2]) we
check that

o 1/2
/ R(g)(r,w)] < C(1+ B)'/? ( /+ / |8,R(g)(s,w)|2dads)
Jw|=1 —00 lw|=1

= C(1+ B)/? (/m Iy(z)lzdx)llz’

which completes the proof of (16) for k£ = 0.
In the proof of (16) for £ = 1 and (17), first by means respectively of
(15) and (14) we estimate above their left—-hand sides by

1/2
C(1+ B)\/? (Z /:o/l - |8,R(Qﬁg)(s,w)|2dads) ,

1BI<i ™~
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where j is equal respectively to 1 or 2. Then Plancherel’s equality completes
the proof of the lemma. L

In the strict proof of L>—L? estimates Lemmas 2.2 and 2.3 are repeatedly
used. For the sake of brevity of the exposition, in a separate lemma, we shall
analyse the cases met the most frequently.

Lemma 2.4 For any real-valued smooth function F(t,z) such that
supp F(t,.) C {z : |z| <t — 1} the following inequalities are valid:

2m
(18) / / / (w)F(s pw)e'?” d0dpdp
<cM D S 199® F(s, ),
BIS1—k lyI<1
(19) ] | pFG ) f@)ermdp| < oM Y S 10 B, I
181<2 hi<1
(20)  |Re T (w)F (s, pw)e'*" d8dpdp

<cM S @+ F(s, )l
181<1-k

(21) lRe /0 - f(w)F(s, pw)e dp

<CM 3 (1+9) IO F (s, )l

IBl<2 '
where w = (sin 6 sin p, sin 8 cos p, cos@); k = 0,1; C = const. > 0; f(w) is a real-
valued function such that sup |f(w)] < M and F(s,pw) is the partial Fourier
transform defined in (10).

Proof. a) The left-hand side of inequalities (18) and (19) are estimated
by an integral of the module of function under the sign of the integral. Then,
using the obvious inequality |e**” f(w)| < M aad Lemma 2.2 we prove (18) and
(19).

b) In the proof of (20) and (21) we transform the integrand by means of
the equality

1 [t~ ;
= / F(s,pw)e'*"dp
2 J)-o

/ F(s,z)do, = R(F(s,.))(T,w).

oo .
Re/ F(s,pw)e*"dp
0
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This equality is a consequence of the definitions of the Fourier and Radon trans-
forms and of the assumption that F is a real-valued (see [2]). Then the left—hand
side of (20) is estimated above by

k—
CM l |R(F(s,.))(r,w)|do.

lw=1

X w

z
||
Estimating the above integral by means of Lemma 2.3 [ inequality (16)] we prove

(20). Inequality (21) is proved quite analoguously by means of (17). Lemma 2.4
is proved. ]

Proof of Theorem 2.1. Suppose that assumption (7) is valid. Then
for t < 1 inequality (6) is obvious since u(t,z) = 0.

Consider the case t > 1. Since the respective norms are equivalent under
rotations around the zero, then it suffices to prove (6) for z = (0,0, |z|). Using
the representation of Lemma 2.1, we obtain that

(22) D°%u(t,z) = (27) " 3ReJ,(G; t,2),

where a = (ap, a1, @z, a3), v = (a1, a2,a3), |a| = 1 and

(Gt x):/ G(lel 1) (i)vef(ﬂflﬂz)d@
el 1Y R3 ) b |£|

In fact, we obtain
D%u(t,z) = (27) 3 [ReJ,(G;t,z) + aolmly(G;t, z)],

where

W(Gitya) = [ Gle,E)el et

Since G(t,z) is real-valued, then
WGt = [ G -elel e = 1(Gi )
R3

and, consequently, ImIy(G;t,z) = 0.
In the integrals J,, |y| < 1, we perform a polar change of the coordinates

(23) £ = pw, w = (sinfsin ¢,sin b cosy,cosh),
0<fb<m, 0<p<2r, 0<p<o
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and obtain
oo 2r o .

(24) J,(G;t,z) = / / / G(p, pw; t)weP(ttlzlcos6) )2 6in 9dodpdp.
0 0 0

In the estimate of |ReJ,| consider separately the cases 2|z| > t and
2lz| < t.

a) Let 2|z| > t. After an inntegration by parts in (24) with respect to
the variable § we obtain

(25) 1. (Git,z) = ill—xl(—Il(t,z) + L(t,2) + L(t, o)),

where I3(¢,z) is equal to

oo 2 L . -
/ / / peir(t+aw) [Gao(w"’) + w"n.(AG)*] d0dpdp,
0 0 o

g\ [® A, &pT | g
Ii(t,z) =2n (|JT) ,/o pG(p, |J:| ;t)e"’(‘+‘:| Dap,

-1
n= (]f[ X w) R w| = (w? + wd)(~wo,w1;0); j=1,2 & =-1; €3 =
I, and A = (23, =043, Q12). We shall stress that in I3(t,z) we have used the
identity

- (I:_I X w) (AG)Y(p, pw;t)

0 ~ T
535G pit) = | £ x
which is verified immediately.

By means of Lemma 2.4 we estimate |I(¢,z)| and obtain that

3 t
D) WGtal< L3 Gl < o 5 X [ 107006, d.
k=1

lvI<1181<2
By means of (22) and (27) we prove that if 2|z| > ¢, then

(28) > |D%u(t,z)| < -(t’: S /o t 107QPG(s,.)||ds

lerl=1 vI<118I<2

<CY 3% s (100G,

r=1 pis11gi<2 &)
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where I(r,t) = [2771,2"t1]N[0,t] and C = const. > 0. In the last inequality we
use the obvious relation '

t e o
IG(s,.)llds < / IG(s, llds <2 )  sup 27||G(s,.)|.
/0 ; I(rt) ;I(r.t)

(b) Let 2|z| < t. In the expression for J, integrate by parts with respect
to the variable p and obtain

2r pm oo g v eip(tt|z|cosb) gip g - -
2 ; = 2 .
(29) (Gita)= [ |7 [7 B 0 + 90, Gldpdb

Note that pa,,@ can be represented in the following two ways:
(i) by the boosts L = (L, Lo, L3),

w; L;G(p, pw;t)

M-

(30)  pd,G(p,pwit) =

<
Il
-

w; [e7"(z;GY(t, pw) — (LiGY(p, pw;t)] ;

M

<.
Il
-

(ii) by the scaling S,
(31) pd,G(p,pwit) = SG(p,pw;t)
te"*G(t, pw) — (4G + SGY(p, pw;t).

We continue (29) by means of (30) or (31). The modules of the integrals

obtained can be estimated by means of Lemma 2.4 since
v
|_“’__ <2/t
t + |z|ws

As a result we obtain

(32) |J4(G;t,z)| < C {

> G+ [ f(s)ds} ,

<1

where f(s) is any of the functions

(33) 3 Y 07 LAG(s, Ol or D D N197SIG(s, -

vI<18I<1 [vI<1 <1
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The estimate obtained enables us, analogously to point (a), to prove that
for 2|z| < t

(o}

(34) > I0mue ) € T su 275},

a1 =

where f(s) is any of the functions (33).

Inequalities (28) and (34) prove (6) in the case t > 1 as well, thus Theo-
rem 2.1 is proved. ]

The technique elaborated above enables us to make precise Theorem 2.1.
The following theorem is valid.

Theorem 2.2 Let u(t,z) be a smooth solution of problem (4), (5). Then
the following estimates hold

(35) 1+t + |z]lu(t, )k < C(IID***u(0,.)]| + Ao(G; 1)),

(36)  (A+t+leD@+lt—lzl) D |D*u(t, )k

la|=1

<C [||D3+"u(o,.)|| + A1(G;t)] ,

where C = const. >0, a = (ag,@1,az,a3), Ao(G,t) is any of the functions
o0

Y Y swp {26,k + 197G M}

r=0 |B|<1, <2 *€1(mY)

> S sup {2A(ISGGs, Dl + 197G, 0}

r=0 ;<1,|y|<2 s€l(r,t)

and A,(G,1) is any of the functions

DR SN S ColC (L oA OP

=0 s€ I(rlt)
’ IvI+181+161<3

Ivl<2,|81<2,151<1

+(1+ %2 ) |I1210°G (¢, Ik
18l=1
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y 3 sup {23f/2(||a59ﬂsfa(s,.)||,,}
r=0 i 3EI(r,t)
J+IBI+186]<3
J<2,|8]<2,6|<1
+H(1+ 02 | Y II210°G(t, Ik + /2 D 18°G(@, k|
81=1 IB1<1

> > sup  {293(10°08S 176 s, )}
—0 s€l(r,t)

J+IB1+|v[+161<3
7<1,|81L£2,/6|<1,|v|<1

+(1+1)%2 Y 110G (2, )|k,
I61=1

I(r,t)=[27"1,2"*N[0,¢], r=1,2,... and I(0,t)=[0,2]N]0,1).

Proof. First we shall note that without loss of generality we can assume
that assumption (7) is valid. The verification of this fact is based on the
equivalence of the respective norms under bounded wuth respect to ¢ translations
and the L — L! estimate of S.Klainerman [8]. Moreover, the respective
norms are equivalent under rotations around the zero. All this shows that it
suffices to consider the case z = (0,0, |z|) and ¢ > 1.

(a) First we shall prove (35) (see [1], Theorem 2). Passing to polar
coordinates (23) in the representation (8) of the solution u(¢,z), we have,

u(t,z) = (2r)3ImJ(t, z),

where J(t,z) is equal to

oo  p2m pmw ;
/ / / G(p, puw; t)e'(t1e10s0) p sin §dfdipdp.
0 0 0

Analogously to Theorem 2.1, integrating by parts witrh respect to the
variable p and the variable 6, we check that
(al) for 2|z| < t

wl etp(t+z.w)

] oo 2r T I]—;—I- X ~ ~
(37 J(tz) =i /0 /0 /0 ————(G + p0,Cld8dodp.
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(a2) for 2|z| > ¢

1
ilz|

J(t,z) =

[_Jl(tv 1:) + J2(t73) + JS(t’z)]’

where

t oo . .
Ji(t,z) = 21 / / G(s, ZL2eirlt—o+eslel gy,
o Jo |z|

t roo f2m pw - .
sta)= [ [T [ [ aGts, more et apapdpas,

n=(w?+w?) V2(—wy,w1,0); j=1,2; e1=-1; e2=1 and
A = (23, =3, Q2).

Estimating by means of Lemma 2.4 the integrals ReJ; we prove that for
2lz| >t

3
(38)  |ImJ(t,z)| < iZmer(t,z)l
lx' J=1
C t
< oY / (1+ 5)/2||Q8G(s, .)||ds
Ig1<2 7°
C & /
£ = sup ¢ 2%/2 )" ||Q°G(s, .)|ds ¢ -
|| ; s€l(rt) |z§5:2

When 2|z| < t, we transform (37) by means of relations (30) or (31) and then
by means of Lemma 2.4 we prove

(39) IImJ(t,2)] < C{(1+)'|G(t, )l +
2 t
+ 302 [a+orzeee
0
181<1
< ¢ E sup ¢ 2%7/2 Z |LAG(s,.)||ds
t F=1 361(1‘.!) |ﬁ|$1

and, analogously,

(40) |ImJ(t,z)|§-€—Z sup {23'/22”51'(;(3,.)“43}.

r=1%€I(rt) i<1
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Then inequalities (38), (39) and (40) complete the proof of (35).
(b) We shall prove (36) using the results and notations of Theorem 2.1.
First note that if |t —|z|| < 1, then (36) is an immediate consequence of Theorem
2.1. In the study of the case |t — |z|| > 1 we consuder separately the cases (bl)
2|z| < t and (b2) 2|z| > t. In view of equality (22), we estimate |ReJ,(G;t,z)|.
(b1) Let 2|z| < t. In equality (29) we integrate by parts with respect to
p. The integral obtained has an integrand

W
(t+ z.w)?
By means of (30) and (31) we represent the function
= 2G + 3pd,G + (pd,)?G:

(i) by the boosts Lj; (ii) by the scaling S; (iii) by boosts L and the scaling
S of degree not greater than 1.

Analogously to Theorem 2.1, we estimate the integrals obtained by means
of Lemma 2.4 and get
(41) |ReJ,(G;t,2)| < Clt — |z||72 An(2),

where A;;(t) is any of the following three functions

etP(t+z.w) [2@ + 3p6,,é’ + (Pap)ga]-

||

/ (1 + s)Y?||LPG(s,.)|ds +
|81<2

2
+(1+1)'/? [Z el PG, I+ D M=ot )|l + IIG(t,-)H} ,

181<1 J=1|p|=1

JZ::O /0¢(1 +8)!2||S7G (s, )llds + 22 Y [18°G (2, )| +

I8l<1

+(141)%/? (E llle1P1o°G (2, )| + IISG(t,-)H) ;

I8l<1

/ (1 + 8)V2||STLAG(s, .| ds
J+lBI<1

1
+ 3 ePoPG@, )l + 1+ 0¥ Y ILPG(, )| +
7=08|<1 181<1

+(1+ )2 (|20 G (8, ).
181<1
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Taking into account the assumptions 2|z| < ¢ and
supp G C= {(¢,z);|z| < t — 1}, by means of (41) we conclude the verification
of (36).

(b2) Let 2|z| > 1. In equality (25) we integrate by parts with respect to
the variable p and obtain

J4(G;t,z) = ( Ji(t,z) + J2(t, z) + Ja(t, z)),

27 etr(t+z.w)
where J3(t,z) = / / / T — H,(t,z, p,w)dOdedp,

Hy(t,z,p,w) = (Bow'y)(G + p0, G) + Wn.((AG) + pd,(AGY),
n = (w}+wd) V3 (-wy,w1,0), A= (23, -3, Q2)
and for j = 1,2 the function J;(¢,z) is equal to

€52 7_1_/°° in(treslely (oG, E3PE.
o () treal Jo & 0o \PCe D) ) dp

where e; = —1; €9 = 1.

As above, we express the integrands in J; (7 = 1,2,3) by: (i) the boosts;.
(ii) the scaling. We estimate the integrals obtained by means of Lemma 2.4 and
prove

C
(42) |ReJ, (G5t 2)| < Tl ==l

where A;3(t) is any of the following fuctions

0 Sl Y [ ecrets, s

181<2 Icl<2.181<1[¢|+181<3 7 ©

t L
{1+ 072 3 199G )+ Y /0(1+s)1/2||9"S’G(s,.)“ds.
I51<2 hl+i<3
I‘Y|52-j51

Using the obvious inequality
11+ 02| f(1)] + / (14 )2 f(s)lds < € 3 sup 227/ f(s)),
r—O rit)

we complete the proof of (36).
Theorem 2.2 is proved. 5]
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Corollary 2.5 Let the assumptions of Theorem 2.2 be valid.
IfG(t,z) = 30 _ 0,G¥(t,z) and supp G*(t,z) C {(t,z);|z| < t + B}, then

3
(43) Ju(t, )|k < C(1 + 1) {ND"*“u(O, M+ 3 A t)} :

n=0

3
(44) Ju(t, 2)lk < C[(1+t+(2])(1+t—|2])] ™! [EAl(G“;tH' IID"+3u(0,-)II} )

p=0

where C' = const. > 0 and A(G*;t) are defined respectively in Theorem 2.1 and
Theorem 2.2.

Proof. Without loss of generality we can assume that assumptionn (7)
is valid. Represent the solution of (4), (5) by the equality

3
u(t,z) = Z duvu(t, ),

u=0
where v,(t,z) is a solution of the Caushy problem
(45) ow(t,z) = G*(t,z), v(0,z)= dov(0,z) = 0.

We estimate |8,v,(t,z)| by means of (6) and (36) respectively and compiete the
proof. [

In the proof of Theorem 1 we shall use the following well known conformal
estimate.

Lemma 2.6 Let the assumptions of Theorem 2.1 hold. Then the follow-
ing estimates are valid:
(1) If supp G C {(t,z);|z| <t + R} = K(R), then

3 3 t
(46) > lID%u(t, )k < C (Z 119;u(0, )l + /o ||G(s,-)||kds);

lal=1 i=0

(2) If G(t,z) = ?=0 9;Gi(t,z) and U3_gsupp G’ C K(R), then

3 t -
(47) llu(t, Jlle < C (Ilu(o, e+ Z/o ||G’(8,-)||kds) :

=0
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Proof. (See [9]). .

3. Global solvability of Caushy problem for the nonlinear wave
equation

First we shall note that the local solvability and uniqueness of problem
(1), (2.) is proved (see e.g. [17]). This enables us to construct a family of
functions :
U = {uc(t,z);0<e <1}

such that u.(t,z) is a solution of the Caushy problem (1), (2.) in a strip
S(s) = [0,s) x R3. For any ¢ € (0, 1] we define

te = max{s; u.(t,z) satisfies (1) in [0, s) x R®}.

From the continuation principle proved by A. Majda in [12] (see also [14]) it
follows that just one of the following cases is possible:
(i) te<oo and lim Z sup {|D%u.(t,z)|} = o0
t—t, R3
lal<1 7€

(i) t. = oo.

Consequently, the proof of Theorem 1 is reduced to the proof of the

following assertion:

(P) There exists €9 > 0 such that for ¢ € (0,&0) from ¢, < oo it follows that

sup {|D%u.(t,z)|} < oo.
|a|51 (tvz)es(tl)

We shall cary out the proof of Theorem 1 in two steps. In step 1 we
shall prove assertion (P) if at least one of assumptions (H1) or (H2) are satisfied,
and in step 2 we shall consider the case when assumption (H3) is satisfied.

Step 1. The proof of assertion (P) when at least one of the asumptions
(H1) or (H2) is fulfilled, is carried out in one and the same way. It is based on
the apriory estimates of Section 2 and the following auxiliary lemma.

Lemma 3.1 For any € € (0,1] let a couple of nonnegative functions
fe(t), ec(t) be defined and continuous on the interval [0,t.). Suppose that there
ezist independent of € connstants é, C; (j = 1,2,3) such that:

(48) €c(0) + fe(0) < Che;
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(49) If for any s € [0,t] the inequalities
a(l+s)* > f.(s) and e.(s)<a hold, then
e.(s) < Cqye for s€]0,1),
where a € (0,6) and t € (0,t.);
(50) If for any s € [0,1] the inequality
e.(s) < a holds, then

fe(8) < Cs(e + ec(1 +8)*) for s€[0,0),

where a € (0,6) and t € (0,t.);
Then for any a € (0,6) and any ¢ € (0, (2—"(7)2) we have

(51) ee(t) + (1 + )7 fe(t) < 2CV,
where C = C1 4+ Cy+C3+CyC3 and t € [O,ts) .

Proof. Fix arbitrary a € (0,6) and arbitrary ¢ € (0, (%)2) Define t2
equal to

sup {t : e.(s) + (1 + 8)™*f.(s) < 2e/E for s € [0,1)}.

From (48) it follows that t2 > 0. Suppose that there exists ¢ € (0, (%)2)
such that ¢ < t,. Then from the continuity of e.(t) and f.(t) it follows that

(52) ec(t9) + (1 +1)7* fe(t2) = 2C Ve,
Since 2C'\/€ < a, then from the definition of 2 and (52) it follows that
(1+s8)fds)<a and e s)<a

for s € [0,t%). Then from conditions (49) and (50) it follows respectively that

(53) e.(s) < Cae
and
(54) fe(s) < Ca(e + ec(s)(1 +8)™%).
We continue (52) by means of (53) and (54) and get a contradiction.
Hence t? = t. and lemma is proved. L

First we shall prove assertion (P) if condition (H1) holds. By means
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of the constants k of (H1), for any ¢ € (0,1] define the continuous in [0,¢,)
functions

3
ec(t) =) sup sup(l+ $)19;ue(s, y)l[gs),
£ 0<s<t yeR? 3

3
(1) = 0;u, o .
fo(2) ?;,02‘:2, 110;ue(s, - )le+3

Note that assertion (P) will follow from Lemma 3.1 if we can prove that
for the so defined functions {e., f.} conditions (48), (49) and (50) are met.

Obviously, condition (48) is met with a constant C; depending just on
g1(z) and g(z). Moreover, from condition (H1) it follows that

3
(55)|| F (s, 2, ue, Due)||k43 < Co(1 + 8)~° Z |0;ue(s, z‘)l[i;a]llam(s, lk+3,

7,4=0

where the constant ¢ is defined in (H1) and Cy is an independent of ¢ positive
constant.

Then from Theorem 2.1 it follows that for t € [0, t.)

(141) > [D*uc(t, )|k < Ca {e + i sup 2"(1 + s)'(l"'&)e,(s)fe(s)} :

|a|=1 f=0 I(T,t)
Connsequently, if a € (0,6/2), a(1+s)* > f.(s) and e.(s) < a for s € [0,1], then

(1+1) Y |D%uc(t, )|k < Cae + Csee(t)a,

|la|=1

where the constants C4 and Cj depend just on g,(z), g2(x), ¢;;(t,z) and k.
The last inequality proves condition (49) with C; = 2C4 and a € (0,6;) for
6, = min {6/2,1/(2Cs)}.

Let us check condition (50). From the conformal estimate (46) it follows
that

3 t
3 105ue(t, era < Ca e+ [ 1F(6,2,ue, Duclsads |
0

i=0

We conntinue the inequality obtained by means of (55) and prove that

rwserfes [ ‘+ I L (els)ds
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where C7 = const. > 0 does not depend on &. Then condition (50) follows
from the inequality obtained and Gronwall’s lemma. Thus the applicability of
Lemma 3.1 to the family of functions {e.(t), fe(t),0 < € < 1} is proved, and so
is assertion (P).

Suppose that condition (H2) is valid. By means of the constant k of
(H2), for any € € (0, 1] we define continuous in [0,.) functions

e.(t) = sup sup (1+ s)|uc(s, y)|[k_ﬂ],
0<s<t yeR? 3

fe(t) = sup |luc(s, . )lle+s-
0<s<t

The proof of assertion (P) is carried out again by means of Lemma 3.1.
For this purpose we prove that there exist constants §; and C; (j = 1,2,3)
such that for the functions e, and f. conditions (48), (49) and (50) are met.
The proof is carried out as above. We shall only note that in the estimation
of |uc(t,y)[[k_.2ﬂl and ||u.(t,.)||x+3 We use respectively Corollary 2.5 (inequality
(43)) and Lemma 2.6 (inequality (47)).

Step 2. Let condition (H3) hold. By means of the functions U define

ee(t) = ||uell-1,-ats 0<e<1,

where the constant a is given by condition (H3). From the definition of the norm
|-ll=1,~a,t and the smmothness of the local solutions u.(¢,z) it follows that the
function e.(t) is continuous in the interval [0,t.) and

(56) D ID%u(t,x)| < Co(te(t) + ),
lel<1

where the constant Cy does not depend on ¢. Taking into account inequality
(56), we note that assertion (P) can proved by means of the following lemma.

Lemma 3.2 Let the nonnegative functions e.(t) € C°([0,t.)),0< e <1
and satisfy the following conditions:
(57) ec(0) < Cig,
(58) ec(t) < Cae + €X(t),

where C; = const. > 0 and C; do not depend on €. Then for any ¢ € (0,€0) and
€0 = min{1, C}(2C? + 2C,)~?} the following estimate is valid

(59) sup e.(t) < C1vEe.
te[oyt¢)
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Proof. Suppose that (59) is not valid. Hence there exist £, € (0,€0)
and t!, € (0,t.) such that e, (tl,) = C1,/€1. But then by means of (58) we get
a contradiction with the choise of &g. -

The verification of conditions (57) and (58) for the functions e.(t) con-

structed at the beginning of Step 2 will be carried out using the approach of
H.Pecher [16] (see also [3]).

Taking into account Kirchhoft’s formula. and by the unigeness of solutions
theorm we prove that

ue(t,z) = ve(t,z) + L(ue)(t,z) in  S(t.),
where v.(t,z) is a solution of the Cauchy problem

ve(t,z) = 0 in RY,
(60) { 0:(0,2) = egr(z) and  Bove(0,) = ega(z)

and  L(ue)(t,) = 4%/

0 t—71

/ o(r, y)u2(r, y)doydr.
| —.1:|=t-—-r

In [16] (see Lemma 2 and Remark 1) H. Pecher proved that there exists
C = const. > 0 depending juct on g;(z) and g2(z) such that

Ce
(61) > 197ve(t,2)| < (L+t+ ]z + [t = |z]])*

v<2

Moreover, straightforward calculations yield that for |y| < 2 the following e-
quality is valid

9" (L(ue)(t,2)) =
t
e —17F / (t- 1')/ " [q(r,z + (t - T)w)ul(r,z + (t — T)w)] dodr.
0 |lw|=1
Estimating the integrand by means of assumption (H3) we prove that
(62) 07 (L(ue)(t, 2))| < Ca.I(t, 2)-lluellZy,—a,00
where the constant C3 does not depend on ¢ and

do,

I(t,z)= — | —— dr.
¢:2) 27r/o t—-7 ~/|—:l:|=t—-r A7+ D20+ |7 = D
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In the right-hand side of this equality we pass to polar coordinates and after
obvious transformations obtain

1 |lz|+t—7

t
(63) I(t,z) = / AL+ 7+ 2)~@(1 4 |r — A+ grdr
0

2| Jizl~ (=)l
In the estimate of the integral I(t,z) we shall use the following lemma:

Lemma 3.3 Letp > 2, ¢ > 1 and h(A\,7) = M1+ A+7)7?(1+|A—=7])77.
Then there exists C = const. > 0 such that for anyt > 0 and r > 0 the following
inequality is valid

(64) /ot (/lr+t—7 h()\,r)d)\) dr <Cr(l+r+t)" (1 +|r - t))2=*.

r—t+7|

The proof is analogous to the proof of Lemma 1 of [16].

We shall note that from condition (H3) we have a > 0 and 2a + b > 1.
Consequently the integral I(¢, z) (see equality (63)) can be estimated by Lemma
3.3. Then we obtain

(65) I(t,2) < C(1+ t+ |e)) 7 (1 + |t — |z])~°.

Inequalities (61), (62) and (65) complete the verification of conditions
(57) and (58) for the functions e.(¢). Then Lemma 3.2 and inequality (56)
complete the proof of assertion (P). L

At the end of this seqtion we shall note that the proof of Theorem 1
enables us to analise also the case

F(t,z,u, Du) = Q(t,z,u, Du) + C(u, Du),

where C(wp,w) = O(Jwo|® 4 |w|3). For instance if Q satisfies one of the con-
ditions (H1), (H2) or (H3) and C equals respectively C'(Du), C*(u,Du) =

Y 8;C%(u) or C3(u), then the proof of the global solvability of problem (1),
(2.) is a repetition of the proof of Theorem 1.

4. Blow-up of the solution of the Caushy problem for the equa-
tion Cu = q(t,z)u?(t,z)

Using a suitable conversation law for the linear wave equation and esti-
mating the nonlinearity, we reduce the proof to the investigation of a differential
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inequality. This differential inequality is investigated by means of the following
technical lemma proved by Kato [6].

Lemma 4.1 Let the function ¢(t) € C?%([a,d)) and satisfy the inequality
(66) @"(t) > Ct=P¥er(t), @(a)>0, ¢'(a)>0,

where p = const. > 1, C = const. > 0, and a > 0. Then d < +o00.

The proof of Theorem is carried out supposing that the assertion is not
true. Taking into account the continuation principle of A.Majda, we assume
that: ’

(H) There exists € > 0 such that problem (1), (2,)
has a smooth global solution u(t, ).
We define:

B = sup{|z|;z € supp g1 U supp g2},
Q(C)={=z;|z| <C} and
(67) p(t) = / u(t, z)dz.
R3

The function ¢(t) is correctly defined since from the unigeness theorem
it follows that supp u(t,.) C Q(B + t). Moreover, from the assumption (H)
it follows that ¢(t) € C?(0,4+00). We shall show that ¢(t) enjoys properties
contradicting Lemma 4.1. Integrating equation (1) with respect to z, we obtain
that for any ¢ € (0,+00) the following equality is valid

(68) &(t) = /Q IR CDICOS

Moreover, from (67) by means of Holder’s inequality and assumption (3) of
Theorem 2 we check that

¢*(t) < CTH(1)¢"(2),

where the constant C; is defined in condition (3) of Theorem 2 and
0= [ @+t fal)bds.
Q(B+t)

We estimate the integral I(t) from above and prove that there exists
C = const. > 0 such that

(69) $(t) = C(1 + t)~@+H+32()
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for t € (0,+00). In order to obtain a contradiction with Lemma 4.1 it is neces-
sary to obtain an estimate of () from below.
By Kirchhoff’s formula we check that

(70) v(t,z) < u(t,z) for (t,z)€ R,
where v(t,z) is the solution of the Caushy problem

{ ow(t,z) =0 in R%
v(0,2) = €g1(z), Oov(0,z) = eg2(z).

By means of the conservation law and the strong Huygens principle we
prove that for ¢t > 0

/ v(t,z)dz = Cqt + Cy,
t—B<|z|<t+B

where the constants C; and C, depend just on the initial conditions (2.). We
continue the equality obtained by (70). Then by means of Hélder’s inequality
and (68) we prove that

Cit+C2 < (Cl_lJ(t)‘P"(t))I/2 3

where J(t) = [,_p jpcirn(1+1+ |21+ [t = |2]])* da.

Moreover, the integrand in J(t) is estimated above by (1 + B + 2t)*(1 + B)?,
hence there exists C' = const. > 0 such that

@"(t) > C(1+1)°.

We integrate the inequality obtained and find a sufficiently large constant C3
for which
(71) (1) > Ca(1 +1)*°.

From inequalities (69) and (70) it follows that

(72) @(1) 2 C(L+ 1)~ [Co(1 4 1722 P2 oy,

where p = 2532=b and ¢t € (0, +0).

From condition (3) of Theorem 2 it follows that p > 1. Then (72)
contradicts Lemma 4.1. The contradiction obtained completes the proof of
Theorem 2.
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