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This paper is devoted to the problem of characterizing the periodic function of minimum L,
-norm of its rth derivative, taking consequently given values (y:)3".

1. Introduction

Let y1,..,y2n be given real fixed data, satisfying the requirement

(1) (% — ¥i-1)(¥i+1 — %) <0, : = 1,..,2N, (y2an41 = %)
and
Ton = {tt=(t1,.,tan), 0< ) < .. < tany < 1}.

For p € (1,00], Wp[0,1] (r > 2) denotes the usual Sobolev space of periodic
real-valued functions on [0, 1] with » — 1 absolutely continuous derivatives and
r-th derivative existing almost everywhere as a function in L,[0,1]. We assume
here that the period is equal to 1 and that 2N > r. With any t € ¥ and {yx}3V,
we associate the set of functions

Wi(ty) = {f £ € W;10,1), S(t) =i, i =1,.,2N .
In this work, we are interested in the solution of the extremal problem
. . (T) T (4.
(2) ot i {1fOl, £ € Wi ()}

In Section 2 and 3 we give a complete characterization of the solution to (2) for
p € (1,00]. The pair (t*, f*), t* € Xon, f* € W;[0,1], for which both infima
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in (2) are attained is called a solution of the extremal problem (2). We prove
that in the case p = oo the solution (t*, f*) is unique. In Section 4 we consider
the case 7 = 2, p € (1,00]. First we prove uniqueness of the solution (5, f;)
and find explicitly the extremal function when p € (1,00). Letting p tend to
oo we show that t%, = lim, . tp, f& = limp_c fy form the unique solution of
(2) in W2 [0,1]. An interesting feature of the case r = 2, p € (1,00] is that the
extremal nodes ¢t do not depend on parameter p.

The problem (2) in the nonperiodic case is discussed by A. Pinkus [2]
and in more general case by B. Bojanov [8]. The results connected with the
uniqueness of the extremal function in the nonperiodic case are known only for
p=2,7r=2(S.Marin [6]),p€ (1l,00),r=2and p=2,7=3 (R. Uluchev
[5]),p =00 (A. Pinkus [2], B. Bojan ov [8],).

2. Characterization of the solution to (2) for p € (1,00)

Let t € ¥,n be fixed. f[t;,..,ti+r] denotes the rth divided difference
of f at the points t;,..,tiys, ¢ = 1,.,2N (tan4; = tj+ 1,5 = 1,.,7). For
f e Wi(t;y), set

D; = fltiy.ytigs], i =1,..,2N, (f(taN+;) = ¥i» 3 =1,..,7).
We have .
D; =/ E,-',(x)f(')(z)d:z:, i1=1,..,2N,
0

where E,-_,(z) is the periodic B-spline of degree r — 1 with knots ¢;,..,ti4r,
1=1,..,,2N. Let us consider the problem

3) inf {[|fOll £ € Wy (9)} -

We set g(z) = f(")(z). Problem (3) is equivalent to

1
(4) inf {ng”, /0 Bi(c)g(z)dz = D, i = 1,..,2N}.

It is known (see B. Bojanov [7]) that problem (4) has a unique solution. It
has the form

2N _ 2N _
(5) 9(z) = |3 aiBi (2)| 'sign(d  aiBin(x)),
=1 i=1
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where 1/p+1/¢ =1, and

1 -~
(6) D; =/0 B;,(z)g(z)dz, i =1,..,,2N.

Equation (6) determines uniquely the coefficients (a;)?" in expression (5).
The existence and characterization of the solution to (2) in the case
p € (1,00) is given by the following

Theorem 2.1. Given N, r and {y;}?V, satisfying (1) there ezists a
solution (t*, f*) to the problem (2). Furthmore,

2N ‘2N _
O =13 aBi (2)|" 'sign()_ aBir(x)),
=1 I=1

where 1/p+ 1/q = 1, B; ,(z) is the periodic B-spline of degree r — 1 with knots
tf,..,t,, and the {i}3N satisfy the equations

1

) / Bir(2)f*0)(z)dz = f[t7, ., t0,]y § = 1,.,2N,
0

and

(8) f@)=0, i=1,.,2N.

‘ Proof. Let f* solve (2). Existence implies that there is a ¢t € XN for
which f* € W; (t*;y). Since f* must also solve (3) for t*, it follows that f
necessarily satisfies (7). It remains to prove that (8) holds.

It follows by the character of the data that, f* has at least 2N distinct
zeros. From Rolle’s theorem applied to f*', we obtain that f*(") has at least
2N distinct zeros. On the other hand, by Theorem 8.4 of L. Shumaker [9]
(about the estimation of the number of zeros of periodic splines) f*() has at
most 2N zeros. Hence, f*(") has exactly 2N distinct zeros. This entails that il
has exactly 2N distinct zeros too.

Let 0 < 87 < ... < 83N < 1 denote the all extrema of f*. It remains to
prove that s; = t¥, i = 1,..,2N, (san41 = s1). Note that t]_; < s; < t},,,
j =2,.,2N + 1. Assume that s; # t} for some i € {1,..,2N}. Consider the
problem (3) at points {s;}?"V with values y! = f*(s;), i = 1,..,2N. There is a
unique solution to this new problem which we denote by g*. Since, g* #. f* we
have

(9) llg™llo < 11" 1lp-
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Moreover, using that {s;}?"V are the extrema of f* we obtain that there exist
points 0 < 7 < .. < N < 1 such that

(10) 9"(n) =9, i=1,.,2N.
Then (9) and (10) lead to contradiction with the minimality property of f*.
The proof is completed. L

3. Characterization of the solution to (2) for p = oo

Denote by D,(z) the periodic extension of the Bernoulli polynomial of
degree 7 i.e.,

D.(z)=1/(2""!x") E(I/V') cos(2rvz — 7r[2).

A periodic perfect spline P(z) of degree r with knots {£;}?V is any ex-
pression of the form

2N
(11) c+2) (-1)'Dra(z - &),
=1
where c is a real number and the knots £; are supposed to satisfy the restrictions
2N )
0<b<.<bon<bonpr =148, D (-1)(&in1—&)=0.
1=1

We suppose that 2N > 7 and t; = 0. Denote by Py, the set of all
periodic perfect splines of degree r with 2N knots and by P(N,r) the class of
those P € Py, which have 2N distinct zeros in [0,1).

We will use the following auxiliary lemmas.

Lemma 3.1. Given the numbers {t;}3V satisfying
(12) 0<thh <.<tyn<1,
there ezists a unique P € PN,, such that
(13) P()=0, ¢t=1,.,2N

(14) (-1)P(z) > 0 in (t1,12).
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This fact is proved in [1].

Lemma 3.2. Let 0 < & < .. < & < €xg1 = 1 + & be given points and

’U,l(.’li) = 1’ ’U,j((t) = ‘DT(x e Ej—l) - Dr(z - Ek)1 ] = 2, -'ak’

Then

(1) The sequence (uj(z))¥ is a basis in the space of periodic spline functions of
degree T — 1 with &, .., k.

(2) For fized k = 2v + 1 there exists a number b = 1 or b = —1 such that the
inequality

Uy, .. Uk

ﬂD ( 1, «y Ik ) 22 ,Bdet(u.(t,)) >0
holds for every choice of (t;)?"”"1 and (f,-)f""’l satisfying
0St1<...<t2,,+1<1+t1, ti < tigr, 1:=1,..,2V+1,

0<&H <<€ <Eup2=1+6

Furthmore, the strict inequality holds if and only if
<& <tigr,i=1,.,20+1,

where €7, ...,€5,,, is some cyclic arrangement of €15, €2041-

The proof can be found in (3].

Theorem 3.1. Given N, r and the positive numbers ey,. .., €2, there
ezists a unique perfect spline P € P(N,r — 1) and a number R > 0 such that

t*
(15) R/ ¥ Pla)ds = (=1)e;, F= 1,..2N,
o

where {t:}2N are the zeros of P(z) and 0 =t} < ... < t3y < tan41 = L.
Moreover R is a continuous strictly increasing function of ey, ..,eanN, in
the domain e; > 0,..,ean > 0.
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Proof. Let Py be an arbitrary element of P(N,r — 1). Suppose that
2N )
Po(z) = co+2) (-1)'D,(z - &),
=1
where
2N )
(16) 0<& <. <Oy <Oy =1+8, D (-1 (€4 - &) =0.
=1

Let (t¢)2V be the zeros of Py, 0 = 9 < ... < t9y < 1.
Denote further

t?+l
e = |/ Po(z)dz|, i =1,..,2N,
t

ei(s) = ef + s(e; —e€f), 1=1,..,2N, s € [0,1], e;i(s) > 0.

We construct a function P(s,z) € P(N,r —1) with parameters ¢;(s), &(s), ¢(s),
and another function R(s) such that

tit1(s) .
(17) R(s) P(s,z)dz = (—1)'ei(s), i =1,..,2N.

ti(s
The parameters of P(s,.) satisfy the system of equations
([ P(s,t1(s))=0

R(s) = t‘i‘(’;;(’) P(s,z)dz = (—1)'e;(s), i = 1,..,2N

?-ivl(_l)i(&+l(3) —&(s)=0

| P(s,t:(s)) =0, i=2,..,2N

(18) <

Evidently (Ro = 1, Pp) is a solution of (18).

Denote by A(s) the Jacobian of (18) with respect to R, ¢, (&)?V, (t:)3N. A(s)
has the form
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R |c &....E0N T ssessssnssns toN
1 0
2N +1
2N + 2» 0 (0 [|2—..... -2 0
2N +3
D,
4N +1
where

D, = diag { P'(s,13(8), ..., P'(s,t2n(8) } .

Now we annihilate the (2N + 2)-st element of the columns, corresponding to
&1, ...,€2n—1, adding that one, corresponding to £2n, with an appropriate sign.
Then

2N
(19) det A(s) = [ P'(s, ti(s))- det J(s),

=3

where J(s) is the matrix with rows

0,1,(~1Y[D,1(t1(s) — £an(s)) = Droa(ta(s) —&;(8)], 5 = 1,.,2N — 1

tit1(s) tiy1(s)
/ P(s,7;)dri, R(s) dr;,
t

i(s) ti(s)
. [tiva(s)
RE)(-1Y [ Dros(r - €an(s)) = Dea(ri = &5(o)) d

ji=1,.,2N -1, ¢:=1,.,2N,

ordered in the described way. Now unfolding det J(s) according to the first
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column, we get

2N . ftita(s)
(20) det J(s) = z [(—1)‘/ P(s,T;)dT.] det J;(s),
=1 ti(s)

where J;(s) are matrices with rows

1L, (=1Y[D,-1(ti(s) = €an(8)) = Droa(ta(s) = €i(s)l, 7 =1,..,2N -1
1(s)

trt tx
R(s)

tk(s)

) +1(s)
dry, R(S)(—l)’/ [Dr-1(mk — €2n(8)) = Dr—1(mk — &(8))d Tk,

ti(s
j=1,.,2N—1,k=1,...2N,k # i.

The determinants J;(0), i = 1,..,2N have the same sign. To calculate J;(0), we
add all jth columns j = 3,..,2N to the second one. Then all elements of the
second column will vanish except the first, which equals P’(0,¢1(0)). Thus

(21) det J;(0) = —P’'(0,1(0)) det J'(0),
where J/(s) are the matrices with rows
tey1(s) th4

R(s) dry, R(s)(—1Y / ¥

tx(s) ti(s

(s)
[Dr-1(mk — €2n(8)) — Dr—1(7ic — &5(8)]dk,

j=2,.,2N-1,k=1,..,2N,k#14,i=1,..,2N.
Denote tau' = (T1y -y Ti=1, Ti41, --, T2N). Then

(22) det Ji(s) =

ta ti tigy2 t2N 41 .
(R(s))*N ! / . / / . det J!'(s, 7')dry..dTi1dTiy1..dT2nN,
t2 ti—1 Jt

i+1 t2N

where J!(s) are the matrices having rows

1 (=1Y[Dy—1(mk—Ean(8))=Dr—1(16=E;(8)], §=2,.,2N=1, k=1,.,2N, k#i.
It follows by Lemma 3.2 that

(23) B det J!(0, zt') > 0,

where 8 =1 or -1.
We will show, that there is a point (79, .., 75y ) at which

(24) det J7' (0,73, .., T9n) # 0.
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Indeed by Rolle’s theorem, the so-called interlacing conditions
t; < & < tigr—1, 2 =2,..,,2N

hold for some cyclic arrangement of the points {¢;} and {£;}. The latter together
with the inequalities t; < 7; < ti41, ¢ = 2,..,2N, shows the existence of points
(72,..,79x), such that '

(25) 79 < & < tige1 S Thpys i=2,.,2N,

Then (24) follows from (25) and Lemma 3.2. We conclude from (20)—(24), that
' 2N 0
41
(26) Bdets(0) =3 | / Po(z)dz|| det Ji(0)] > 0
=1 t

Therefore, by (19) and (26) we get
(27) det A(0) # 0.

Hence, by the implicit function theorem, there exists a unique system of contin-
uous functions

(R(8),¢c(8),&1(8), ., E2n(8),t2(8), -y tan(8)) = {fr(s),k=1,..,4N + 1}

defined on a neighbourhood of 0, which satisfies (18).

Next following the idea in the proof of Theorem 3 from [1] one may show
that the functions above are defined for each s € [0, 1] and hence they constitute
a solution for (18). The solution is unique for s = 1. We omit this part of the
proof here and refer to [1] for details.

It remains to show the monotone dependence of R on e;. There exists a
unique R = R(ey,..,ezn) satisfying (18) for s = 1.-Since det A(1) # 0, by the
implicit function theorem, R(ey,..,ezn) is a differentiable function of ey, ..,ean.

Moreover,
det A;

T detA(1)’
where A; differs from A(1) by its first column which has only one nonzero

element, namely (—1)’e;, on position i + 1. Using the same arguments as in the
evaluation of A(s) we obtain

el
2N 7.
=1 €51J5(1)]

Re;

Re; = 0,z2=1,...,2N.
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The theorem is proved.
Let us choose e; = |y;+1 —¥il|, ¢ = 1,..2N. Integrating the unique periodic
perfect spline P(z) from Theorem 3.1, we obtain the following consequence.

Corollary 3.1. Given N, r and {y;}3" satisfying (1) there ezists a
unique periodic perfect spline P* of degree r with 2N knots and a unique set of
points 0 = t] < ... < t5n < 1 for which

1) Pt =y, i=1,.,2N.

2) PY(t;)=0,i=1,..,2N.

Theorem 3.2. The periodic perfect spline of Corollary 3.1 is the unique
solution of (2) for p = oc.

We first prove the following auxiliary statement, which will be used in
the proof of Theorem 3.2.

Lemma 3.3. Given N, r and {y;}?N satisfying (1) there is a unique
P* € Py, and points 0 = t} < ... < t5y < 1 such that P*(t;) = y;, i =1,..,2N,
and
(28) 1P*leo < 1PT)loo

for all P € Py, P # P*, satisfying the conditions P(t;) = y;, i = 1,..,2N for
some points {t;}.
Moreover, the extremal periodic spline P* is characterized by the property

PY(t5)=0,i=1,.,2N.

Proof. It follows from Corollary 3.1 that there is a unique perfect spline
P* € Py, and a constant R > 0 such that

Pt =y, P (t})=0,i=1,.,2N.

|P*||lo = R(ex,..,ean), Where €; = |yiy1 — %il, i = 1,..,2N.

Now we suppose that P* does not satisfy (28). Then there exists P € Py ,, such
that P # P* and P(t;) = v, for some points t;, : = 1,..,2N, which satisfy

I1P*loo < ||P)]|o.
But there exist points ¢; < s; < tiy2, ¢ = 1,..,2N for which

P'(s;) =0.
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Let P(s;)=y!,i=1,.2N, € = |y}, — ¥, 1 =1,..,2N. We have
el >e, i =1,...2N

and there is a strict inequality at least for one 7. But R is strictly increasing.
Therefore R(ey,..,ean) < R(€},..,€55), which is a contradiction. The proof is
completed. [ ]

Proof of Theorem 3.2. Let P* be the extremal periodic perfect spline
of Lemma 3.3 with P*(t) = ¥ and P¥(t:) =0,i =1,..,2N. We will show,
that P* is a unique solution of the problem (2) for p = oco. Assume that
f € WZ(t;y), for some t € Xyn. There exists a periodic perfect spline P
of degree r with 2N knots for which P(¢;) = f(ti) = v, ¢ = 1,..,2N and
1P |loo < ||f™|lco- This fact is proved in [4]. By Lemma 3.3 it follows that if
t#t*, ]|P°‘ér)|| < ||P")||oo. Therefore any solution f of the problem (2) is from
Wit ) and [[FO] = [P0

Next we shall show that f'(tf) = 0, ¢« = 1,..,2N for any f as above.
Assume that f'(t7) # 0 for some j € {1,..,2N}. It follows by the character
of the data that there exists s; € (tJ_,,t},,) such that f(s;) = 0. Let P
be a periodic perfect spline of degree r with 2N knots for which P(t}) = v,
i=1,.,2N, 1 # j, and P(s;) = f(sj). Then P attains the value y; at least
twice in (t;_,,t;,,) and P # P*. Thus 1P*)|oo < ||f)||co and from Lemma
3.3 ||P‘(’)||°° < ||IP™)|co. This contradicts the minimality property of f. Thus
f(t)=0,i=1,.,2N.

Assume that f # P*. Then f # P* on (t},t},,) for some j € 1,..,2N.
Since (P* — f)(t;) = 0,4 = j,5 + 1, (P* — f)'(z) must change sign on (},%;,,).
Thus for € > 0, sufficiently small, (P* — (1 — €)f)'(z) has a sign change in
(t3,%541)- Moreover (P*—(1—¢)f)'(t;) = 0,2 = 1,..,2N and hence the function
(P" —(1-¢€)f)(z) has at least (2N + 1) distinct zeros in [0,1). Then, by Rolle’s
theorem (P* — (1 — €)f)(")(z) has at least (2N + 1) sign changes on [0,1). But
P*(")(z), and consequently (P* — (1 — €)f)(")(z), has exactly 2N sign changes,
a contradiction. The proof is completed. n

4. Characterization of the solution to (2) for p € (l,oo],‘r =2

: First we consider the case p € (1,00). By Theorem 2.1 there exists a
solution of (2), and each solution (t*, f*), t € Xan, f* € W’[O 1] satisfies

(29Y f* (z)—IZa. Bia(z)|"” 1sngn(2a, 1.2(x)),

i=]1
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where 1/p + 1/¢q = 1 and B; 3(z) is the periodic B-spline of first degree with
knots t¥,t¥,,,t¥, , and

(30) ff(tr)=0,i=1,.2N.
Denote Ay; = y;41 — y;. Fort € Lon, set by =tipq —ti,1=1,..,2N.

Theorem 4.1. Given N and yy,..,y2n satisfying (1) and p € (1, 00),
T = 2 there ezists a unique solution (t*, f;) of (2). Moreover, the extremal nodes
t* are defined by

(31) t}=0, tf,, =t +h], i=1,..,2N,
where V2
(32) pr = —Joul i=1,..2N,

IS AN
and the smoothest periodic interpolant is given by the expression
(33)  fy(2) = (27/9)(Ayi/h™ )| — hi/2 + = — t}|sign(=h{ /2 + x — t])

+(g + DAyi(z — 7)/hi + vi — Avi/(29),
forz € [t7,t7,], i=1,..,2N, (354, =t +1)-
Proof. Let (t*,f*) be a solution of (2). We set pi(z) = f*(z) for

z € [tf,t%,], i =1,..,2N. From the interpolation conditions and Theorem 2.1
we have

(34) pi(t) = 4, pi(ti + 17) = gia, Pi(E) = 0, Pi(tiy,) =0,
p!(z) = lvi + Bi(z — 7)|" 'sign(yi + Bi(x — ), x € [t],t{4], Bi # 0.
It is not difficult to obtain from (34) the following relations
(35) lvi + Bihi| = lvil, —hi/2 =i/Bi,
(36) — |7l h{%sign(v)/[2(a + 1)] = Ayi.
Using the continuity of f*" at the knots t¥, i = 1,..,2N, gives
P{(tiy1) = pin(tiy), 1= 1,.,2N (pan41(z) = p1(2))
By the latter we get
(37) 2(g+ 1)Ayi/hi? = =2(q + 1)Ayiy1/h}2,, i=1,..,2N.

Then
(38) h:2,/h? = —Ayip1/Ayi, i=1,..,2N — 1.
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In view of the equality 32 h* = 1 and (38) we obtain the relations (31), (32)
which define t* uniquely.
Using (34)—(37) it is easy to show that f*(z) has the form given in (33).
The proof is completed. ]
Now, letting p tend to co we obtain the solution of (2) for the case p = oo,
r=72.

Theorem 4.2. Given N and yi, .., y2N satisfying (1) andp = oo, r = 2
there ezists a unique solution (t*, f%) of (2). Moreover, the extremal nodes t*
are defined by the formulae (31), (32) and the smoothest periodic interpolant by

(39) - fao(2) = 28y:/h?| - hi/2 + = — t7|*sign(~h] /2 + x — &)

+2Ay(z — t7)/hi + yi — Ayi/2,

for z € [tf,t5,]), i =1,.,2N, (5, = 15 +1).
Proof. Let p € (1,00),1/p+1/q =1 and f; be the unique smoothest
periodic interpolant from W2[0,1]. From (33),

;@)= (a+ I)Ay-‘[(?/h?)"*‘/?]I = hi/2+ = — t]|sign(—hi /2 + x — t])

for z € [tf,t;,,], i = 1,..,2N, where the nodes t; are defined by the formulae
(31), (32) a.nd do not depend on the parameter p. Denote by f3 the functlon

fol@) = lim_f7(z), = € [0,1].
Then,
f2(z) = Ayi(2/h})?sign(—hj /2 + x — t]), x € [t],t{}]), i = 1,..,2N.

From the above form of f* and (31) it follows that f% is a perfect periodic
spline of degree 2 with knots (¢ +t},,)/2, i = 1,..,2N. Moreover, f5 (&) = vi
and f5(t¥) =0,i = 1,..,2N. Thus, t*, f% satisfy the characterization of the
solution of (2) given by Theorem 3.2 and since the solution in W2,[0, 1] is unique,-
the proof is completed. ]
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