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Let Dpr and G denote the presheaves of Schwartz distributions and, respectively, Colombeau
generalized functions, each extended on a smooth n-manifold M by a known construction—as
collections of ‘compatible’ ordinary distributions defined on the charts of some C*-atlas on
M. It has been shown that Da and G satisfy the requirements to be sheaves with values
in the category of topological vector spaces and, respectively, of C-algebras. Here we study
some joint isomorphism properties of these sheaves of generalized functions considered on R™
or on different manifolds M, the isomorphism being specified so as to be in consistency with

the C*-structure on the bases.

The paper deals with some properties of (local) isomorphism of the pre-
sheaves of certain generalized functions on smooth manifolds, such as the distri-
butions of Schwartz and the multiplicative generalized functions of Colombeau.
The unifying approach to these generalized functions considered on a manifold
M (and a natural extension of the ordinary functions defined on M) is that
the sections are introduced by a known explicit construction — as collections of
‘compatible’ generalized functions, each given on the charts of some C*-atlas
on M. It has been shown in [1, 4] that each of the presheaves in question
satisfies the requirements to be a sheaf with values in a relevant category.

Further, one is naturally led to studying some joint properties of these
sheaves of generalized functions and, especially, their morphisms when defined
on different base spaces. To do this, one could consider general presheaves on
topological spaces taking values in arbitrary concrete category K (i.e. of sets
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with additional structures on them). When the base space is moreover a smooth
manifold M, the sheaf morphisms can be specified so as to be in consistency
with the C*°-structure on M.

Then, it turns out that each of the sheaves of generalized functions on
M is locally isomorphic in K (in the specified sense and particular choice of
K) with the corresponding sheaf of generalized functions on R™. Moreover, a
functorial property concerning the sheaves of each type on different manifold
bases can be proved that, whenever two manifolds are globally diffeomorphic,
then there is an isomorphism in K between the sheaves on them.

1. The sheaf of Schwartz distributions on a manifold

We start by recalling in brief the definition of distributions on a smooth n-
manifold, which is based on the next lemma by L. Hérmander [5:§6.3]. Hence-
forth Q will stand for a non-empty open set in R*. If M is n-manifold and A =
{M;,ki}icr agiven C*-atlas on it, we set: M; = x;(M;) C Q, M;; = M; N M,
and k;j := ki o K} ' : Kj(Mi;) — Ki(M;j). For any open set U C M, we denote
by U; = U N M; and 17.' =ki(U;) (C A?i.)

Lemma 1.1. Let Uy, U, be open subsets of Q and k: Uy — U; be a
C*-map with surjective derivative. Then there ezists a unique continuous linear
map of the distribution spaces k* : D(Uz) — D(Uy) : T — k*(T) (pull-back of
T) coinciding with the usual composition of functions when T € C°(Us), and
such that (k o K1) * = K] oK™ for any other map K, of the same type.

Definition 1.2 . Let for each coordinate chart x; € A on a manifold

M we be given an ordinary distribution T; € ‘D(Ef,-), so that for any other
chart &; its pull-back by k; satisfies: T; = &}; (Ti)on &; (M;;) C Q. Then we
call the collection {T;};c; a distribution T on M and denote the set of
distributions on M by D(M).

Remark 1.3. This extends the alternative definition of a C"-function f
on M as a ‘compatible’ collection of functions f; € C"(M;) (i € I). Moreover,
one easily checks that 1.2 gives rise to an equivalence relation with respect to the
C°°-compatible atlases on M, and thus a distribution T is uniquely determined
when defined on a given atlas.

Definition 1.4 . For any open U C M, let Dp(U) denote the set of
distributions on the submanifold U of M (hence the index ‘M"). Define on
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each Dps(U) component-wise linear operations as well as a topology generated
by the family of projection maps { i, : Dapr(U) — D(U;) : T = T }Yier-

Now it is straightforward to check that, for each open U C M, the
set Dps(U) of distributions on U is a Hausdorff topological C-vector space.
Then a canonical definition of the presheaf of distributions on M and its sheaf
properties are given by the following.

Definition - Proposition 1.5 [4]. Associate to any open U C M the

space Dp(U), and to each pair of open sets V C U in M the restriction
hism: R : D (U Dpy(V) = ~~ (T; . H

morphism Uv : mMWU) - Dy(V) : T — T |v {RUJ’.'( )}iel ere

Ry : D(U) — D(V) : T — T |; is the restriction morphism of the sheaf D on

Q, defined by <T |5, f>:=<T,f;> with f € CP(V) and f; ‘estended by

0’ on [7\‘7 Then, Dps proves to be a sheaf of Hausdorff topological C-vector
spaces.

2. The generalized functions of Colombeau on a manifold

The class G(f2) of generalized functions on £ has been introduced in the
‘non-linear theory’ of J.-F. Colombeau (cf. [3]). In many respects they seem
to be a most relevant multiplicative system of generalized functions: G(2) is
a C-algebra, containing (a copy of) the distribution space D(2) as a C-vector
subspace. A recent introduction to these ‘new generalized functions’, including
also their extension to a smooth manifold, is [1] from which we shortly recall
some basic facts.

Notation 2.1. If ¢ is a nonnegative integer, denote by A,(R) :=
{p € CP(R) : ¢ is even, constant in a 0-neighbourhood and such that
[’ iIm o(t)dt = boq for 1<j < q, 1<m<q}. This also extends to the
n-dimensional case, denoted briefly by A,(n). Let ¢, := e "p(¢~'z) for any
@ € Ag(n). Then we denote by £(2; C) the set of all functions f = f(p,z):
Ap(n) x Q — C that are indefinitely differentiable with respect to z, for each ¢
from the ‘index set’ Ag(n). Note that £(Q2; C) is a C-algebra with the point-wise
function operations.

Definition 2.2 . Each generalized function of Colombeau is element
of the quotient algebra G(2;C) := Epm(Q; C)/N(R;C). Here the subalgebra
Em(Q; C) of 'moderate’ functions and the ideal N'(Q; C) are, respectively, the
sets of all functions f € £(2; C) such that for each compact K CC Q and each
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m,p € N there is ¢ € N so that for each ¢ € Ay(n) there are ¢ > 0, n > 0
satisfying

supzek || f™ (pe, 2)|| < 77

and, respectively,
supzek ||f(pe, z)|| < ce?, if € € (0, ).

The algebra G(Q; C), or briefly G(2) includes canonically in itself both
all infinitely-differentiable functions on §2, and the distributions 7" € D(Q) (by
means of a convolution with ¢., ¢ € Ag(n)) so that D(Q2) is embedded as
a C-vector subspace. Furthermore, one can define for any G € G(2) both
a canonical restriction G |y to any open set V C 2, and a ‘pull-back’ map
k*(G) when k is a diffeomorphism of open subsets of 2, so that the map k*
induces homomorphism of C-algebras. Moreover, it was proved in [1:§9.1] the
following.

Lemma 2.3. Let U, 2 be open subsets of Q and the map k : Uy — Uz
be a C*-diffeomorphism. Then k* : G € G(Uz) — k*(G) € G(Uy) 1is an
isomorphism of C-algebras. Moreover, it holds: (a) k*(C*°(U;)) = C*(Uy),
(b) (ko k1) * = K} o k*, where ky : Uy — Us is another diffeomorphic map.

Note that, in spite of the good algebraic properties of G(2), there are
difficulties with introducing a vector topology for this space (Cf. [2:§1.7]).
Thus, considering the generalized function in G(§2), we shall restrict ourselves
to the category cAlg of C-algebras.

2.4. Now a generalized function G on a C*°-manifold M can be defined,
exactly as in 1.2 concerning distributions, as a collection {G; € G(M;}ier such
that G; = n’;j(G,-) for any two indices 7,5 € I. The set of generalized functions
on M is denoted by G(M). Then given an atlas on M, any collection of
generalized functions satisfying the above requirements defines a unique G' €
G(M), and this is independent of the atlas chosen. This latter claim was shown
in [1:§9.2], together with following.

Proposition 2.5 . Associating to each open set U in a given manifold
M  the C-algebra Gp(U), and to each pair of open sets V. C U in M  the
restriction morphism RY, : Gu(U) = Gu(V) : G — G |v := {Rﬁ.-‘”/.-'(G") =
Gi |f,—‘_}.~€1, we thus obtain a sheaf Gy with a base space M and values in

CcAlg.
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3. Local isomorphism of the sheaves of generalized functions

We would like now to clear the connection between the above sheaves
of generalized functions on R™ and on different manifold bases M. Note that
they (as well as the infinitely-differentiable functions on M representing a sheaf
Em of topological C-algebras) are sheaves with values in a particular concrete
category K. We will therefore consider the sheaf morphisms in that general
setting, recalling first how the morphisms of presheaves over different base spaces
are defined, given a map between the bases (cf. [6:Ch.3]).

Definition 3.1 . Let Fx,Hy be K-valued presheaves and x : X = Y
be a continuous map. A k-morphism 9 : Hy — Fx is a family of morphisms
in K 9y : Hy(U) — Fx(U) for all open U C Y, so that R7.y, 0%y = YvoRYy
for any open V C U. If k is a homeomorphism and each %y is isomorphism in
K, then we refer to ¢ as a k-isomorphism and write: F ~ H. When &
is a local homeomorphism, Fx,Hy are said to be locally k-isomorphic if
for each z € X there are open U 3 z and open V in Y, so that the restrictions
satisfy : Fx |u = Hy |v.

When X is a smooth n-manifold M and Y is an open set  C R", we

can specify further the latter definition so as to put it in consistency with the
C>-structure on M.

Definition 3.2 . Let M be a manifold with an atlas A, and Fapr, H (=
Hq ) be presheaves on M, respectively. We shall say that Fps is locally
A-isomorphicto (or, modelled on) H if, for any chart (M, k;) € A, it
holds: Far|m; & H |-

Now, we can show that the sheaves of two types above—Schwartz dis-

tributions and Colombeau generalized functions—canonically obey this latter
definition.

Notation 3.3 . Below F will denote any presheaf of generalized func-
tions (Dor G) on Q, considered as a presheaf with values in some concrete
category K. Accordingly, Fjs will denote a presheaf of generalized functions
with a base space M whose sections are defined from those of 7 as in 1.2
and 2.4. More exactly, given a sheaf F of generalized functions and an atlas
A = {M;,k;}ie1 on M, we associate to any open U the set Fp(U) € ObK with
elements F', each given by
) F={F € FU):F =xj;(F;) foranyi,jel};
and, for any open V C U C M, define a restriction morphism

@) Ry :FuU)— Fu(V): F = Flv = {Rgg(F) = E g} -
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Premise 3.4. On the strength of the corresponding claims for the
Schwartz distributions and Colombeau generalized functions we shall take for
granted that Fjs is a sheaf with values in K, exactly as is F (cf. 1.5, 2.5), so
that:

(a) Whenever & : U — V is a diffeomorphism of open sets in (2, then the
pull-back map «* : F(V) —» F(U) : F — k*(F) is an isomorphism in K (cf.
1.1, 2.3).

(b) For any open V C M, the diagonal of maps v : FN(V) — [[;e; F(V5):
F — { Fj}jer is a monomorphism in K (cf. 1.3, 2.4), i.e. injective map which
is moreover a C-linear continuous map (when F = D) or respectively, a C-
algebra homomorphism (F =G).

Then it holds the following.

Proposition 3.5. If M is a given manifold with a C*-atlas A, then
the sheaves Fps and F are locally A-isomorphic in K.

Proof. We are to show that, for each chart (M;, ;) € A, there exists
an invertible k;-morphism * : F | i = Fum |m; , or equivalently, for each open
U C M; and l7,- = ki(U) C XI;, there is a family of k;-isomorphisms in K
v F(U) — Fu(U).

Actually, define the canonical map 11:;'7 : F(U) » Fm(U) : Fi— F =
kI(F;). This is an isomorphism in K by 3.4(a) since the abbreviated map

ab k; : U; — 17,' is diffeomorphic. Further, one can check that, for any open
VCUCM,; andi€e I,

(3) Rify © v =¥y ° Ry,

. Indeed, in view of (1), (2), one readily obtains for the r.h.s. of (3):
Yeo Ry (F) =95 (Fily)=F |K'_.1'(g;.,)= F |ve Fm(V), which obviously
coincides with the l.h.s. there. Hence 1[)27 is shown to be a k;-morphism, which
completes the proof.

Moreover, concerning the sheaves of generalized functions, it holds the
following functorial property of the local isomorphism in consideration, sending
any global diffeomorphic map between the manifold bases to a sheaf isomor-
phism ‘in a whole’.

Proposition 3.6. Any global diffeomorphic map of smooth n-manifolds
f: M — N induces an f-isomorphism in K between the sheaves Frm, FN of
generalized functions on them.

Proof. Let A = {M;,ki}ier, E = {x;j, Nj}jer be given C*-atlases on
M, N respectively. The map f can be written in local coordinates as f;; = xj o
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fon{'l, acting on k;(M;N f~1(N;)). Construct now a morphism % : Fxy — Fu
by a family of maps for all open U in M and V = f(U) C N, each defined by
the corEposition of maps: %y := 7Ty owory. Here my = [[;¢; my c Fn(V) —
HJ- F(V;) is a diagonal (product) of the canonical projection maps :

(4) wl : FN(V) = F(V;): F— F, = Fox]"

Likewise, 7y := [I;e (7f) ™" : II; F(Ui) » Fm(U) (= mu~') is a codiagonal
of the injection maps (=}, )_1 : F; — F = k7(F;). The coordinate maps of w are
defined by the pull-backs, as in (1): if H € Fn(V), F € Fum(U) are given by
{H;};er, {F:}ier respectively, then w;; : F(V;) — F(U;) : H; — F; = f}(Hj).
Thus, we can write

(5) v =[1 (=)o S35 07 ).

ij€l
Now we prove that, for any open U’ C U, V' = f(U') C V,

(6) ’l/)V = (Rgul)_l o '(/)V: o] T\’,]‘\/JV/,

which is equivalent to the requirement for consistency of ¥ with the restriction
morphisms of the sheaves Fjs, Fn. Indeed, taking into account (2) and (4),
these latter morphisms can be written as

(7 T\’,I‘\,,V, =H((7rv,) IORV V,OW'{,) . Rg’ul =H((1rb, oRUU,oﬂ'b).

JEI i€l

Replacing now (5) and (7), we obtain for the r.h.s. of (6):

IT ((ri) ™ o (R omiy)o ((ris o 5,0t o () o Riygomt) =

i€l

- - J\ = i \—1 I\ — oy
= H ((“’U) °(RU U:) U’V’ RV,V;”’V) = H ((‘"’b) o féir,,”'v) = yy.
Jn€l J€l
Hence, the map 1 is consistent with the restriction morphisms of the
sheaves Fps, Fn, thus representing an f-morphism between them.

Finally, we prove that any map %y is an isomorphism in K. Indeed,
every map 7y is isomorphism onto the image 7wy (Fn(V)), according to 3.4 (b).
(Note that this is valid both in any balanced category, such as cAlg, as well
as in VTop whenever my is a closed embedding map, cf. [4]). The same
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holds for each Ty when restricted on 7' (Fpm(U)). Now, since w is defined on
v (Fn(V)), the claim follows on showing that w is invertible morphism in K.

Actually, the elements of any collection {H,};er € myv(Fn(V)) satisfy
Hy = x;k(HJ-), for all j,k € I. Then, in view of (1), the components {F;}; of
the image by w satisfy

fei(Fx) = wki (Fu(H) = sk (£ (xk;(Hr))) =
= (xkj © fik o kki)" (Hk) = fri(Hi) = F.

Therefore, as implication of 3.4 (b), the collection {F;}ier = w({H,};jer) repre-
sents a unique F € Fp(U), the two sets of elements (on U, V') being in 1-1
correspondence. Moreover, any component map w;; is isomorphism in K by
3.4(a), and so is therefore the map w. (This is again valid in the categories
we have in view, viz. whose morphisms are either C-linear maps or C-algebra
homomorphisms, and are continuous maps.)

The proof is complete.
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