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It is proved in [4] that the disjointness preservation of an operator T €
L(C(X,C™)) is equivalent to existence of a continuous function Q: X —
M,(C) and a map ¢: X — X continuous on X \ {z € X: Q(z) = 0} such
that

*) Tf=Q fop

for every f € C(X,C").

Using (*) we showed in [3] that if (T'()):>0 is a strongly continuous semi-
group on C(X,C") and 1® ex € D(A) for each canonical basis vector e, € C™,
then the disjointness preservation of (T'(t));>o is equivalent to the existence of

a continuous flow {¢¢}:>0 on X and a matrix multiplication operator M on
C(X,C"™), such that

T(1)f(z) = lim [exp ( I M(«:.(z))ds)] Hed2)

for all f e C(X,C"),z€ X and t > 0.

Recall that C(X,C") is the Banach space of all continuous functions on
some compact space X endowed with the norm || f|| = sup,¢. ||| f(z)||| for f €
C(X,C") and some lattice norm ||| - |||. We denote by [] - [] the matrix norm

* The support of DAAD is aknowledged.



22 Hasmet Giirgay

generated by |||-]||. It is easy to prove that for a disjointness preserving operator
T € L(C(X,€™)), which is in the form (*), we have

IT|| = sup(lQ(=)[]-
z€X

In this paper the spectrum of disjointness preserving, strongly continuous
semigroups on C'(X,C™) is investigated. Let us start by giving some well-known
definitions and results from spectral theory.

Let E be an arbitrary complex Banach space. We let 0(A) denote the
spectrum of an operator A on E and p(A): = € \ 0(A) the resolvent set of A.
If (T'(t))t>o0 is a strongly continuous semigroup on E, then there exist constants
C > 1 and w € IR such that ||T'(¢)|| < Ce' for all t > 0.

Let wo be the growth bound of (T'(t)):>0, that is the infimum of all w as
above. Then B

1 .
wo = lim 7 log [T(2)] = inf log 71|

Let 7(T(t)) denote the spectral radius of T'(t), that is
r(T(1): = sup{IAl: A € a(T(1)},
and we employ s(A) to denote the spectral bound of (T'(t)):>0, that is
s(A): =sup{ReX: A € o(A)}.

It is easily seen that for all strongly continuous semigroups (7'(t)):>0 we
have

(1) et < |7l

for all t > 0.
Let A be a closed, densely defined operator on E with domain D(A). Now
we are making the following definitions.
(i) Po(A): ={A € @: (X — A) is not injective } is the point spectrum,
(i) Ao(A): = {X € @: there exists a normed sequence (z,) C D(A) with
(A= A)z, — 0} is the approzimate point spectrum and
(iii)) Ro(A): = {A € €: (A— A)D(A) is not dense } is the residual spectrum of
A.
From the above definitions we have Po(A) C Ao(A) and 0(A) = Ao(A)U
Ro(A).
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Let Eo be a closed, (7'(t))-invariant subspace of E. Let E: = E/E,
be the quotient space with respect to Eo and let g: E — F be the quotient
mapping. Next we consider the induced operators 7' in £(E). This operator
family yields a strongly continuous semigroup with generator (A, D(A)) where
D(A) = ¢(D(A)) and Ag(z) = ¢(Az) for z € D(A). Now let T(t)|s, € L(Eo)
be the restricted operator on Eo. (T'(t)),, )e>0 is strongly continuous semigroup
with generator A and with domain D(A4)): {z € D(A): Az € Eo}. Then we

have
(2) a(A) Cc o(A)U a(A)).

Let E’ be dual space of E and (T'(t)');>0 the adjoint semigroup of (T'(t)):>0
on E. Consider E*: = {¢ € E': || -|| — lim;—oT(t)'¢ = ¢}. Then (T(t)*: =
T(t)|g-)t>o0 is strongly continuous semigroup on E* with generator (A%, D(AY)),
where D(A*): = {z € D(A'): A'’z’ € E*}. Then o(A) = o(A’) = 0(A*) and
Ro(A) = Po(A’) = Po(A™).

For the details we refer to [5] and [6].

For the following we need a matrix theoretical result. It is known that for
a given matrix A with the spectral bound s(A) and for given € > 0, there exists
a M, such that

[]etA[] < M‘et(a(A)-i-z)

forallt>0
Now we make this result stronger and claim the following lemma.

Lemma 1. Let K be a relative by compact subset of M,(C) ande > 0 a
fized number. Then there exists M, > 1 such that for all A€ K andt > 0

3) [e4]) < M.et (4149

Proof. In view of a Theorem of Schur every matrix A € M,(Q) is unitary
similar to a matrix in upper triangular form. Thus we can assume that every
A € K is an upper triangular form. Thus we can assume that every A € K is
an upper triangular matrix. Now we show the above inequality (3) by induction
on n.

The proof is clear for n = 1. Suppose that the inequality is true for n — 1
and consider the n X n-matrix

6 D)
0 D 14(n—1),14(n-1)
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Then
tA et4 R(t)
€ =\ o eP )

where R(t) = [; e"®Belt-7)Pdr.
By the our induction hypothesis D is in a relative by compact subset of
M,,_,(C). Hence there exists c. such that

[etP[] < c.et P+ for all t > 0,
where s(D) is the spectral bound of D. Then
t
JRM®0 < / e™Ree[] B[]c et~ (D) +e) gr
0

et-Rea _ et.(s(D)+¢)
= (1Bl Rea — s(D)—¢ ~

If Rea — s(D) = €, then
IR < t.etCP*I[B[e..

In general we have for ¢ > 0

™) t

IA
™ | =
o
(]
o~

Thus we obtain
QR0 < (Blcczet et P4,
Let M,: = [|Bllcc}, then
IR()] < Meet((P)+29),

If Rea < S(D) + ¢, then

.Rea (s(D)+e
et — et(s(D)+e) < tet-(s(D)+e)
Rea—-s(D)—¢ ~

If s(D) + ¢ < Rea we find the same result. Then

IR < [ Blleste" )+,
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By (*) for € > 0 we have
DR < DBcegerte O,
Let M, : = [|B[Jc.L. Finally we obtain
DR(t)]) < M.et(*(P)te),

Proposition 2. Let (T'(t))i>0 be a disjointness preserving, strongly con-
tinuous semigroup on C(X,C") with generator (A, D(A)). Let 1 ® ex € D(A)
for all k € {1,...,n}. Let (¢) and M be the corresponding continuous flow and
the matriz multiplicator respectively. For the growth bound w, of (T'(t)):>0 we
have

t—o00 ze€X n—00

s (% / " M(%(z))dr)

is the spectral bound of the matriz

L
wo = lim sup lim s (%/" M(cp,(z))dr) ,
0

where

7 |7 M@
Proof. The conditions of [3, Th4] hold, hence
_": n
T()f(z) = lim (exp ( / M(sof(z»dr)) Sed(=))

for all f € E, where () is a continuous flow and M is a matrix multiplicator.
The compactness of X and continuity of M(-) imply, that M(X) is a compact
subset of M,(C). On the other hand :

i /0 " M(pr(2))dr € (M(X))

for all z € X,t > 0, where co(M (X)) is the closed, convex hull of M(X). Then

IT@ll = sup() Jim, (exp (n A M(wr(z))df)) 0.
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Let € > 0 be fixed Then by Lemma 1 there exists M, > 1 such that

|IT(t)|| = sup (M,. lim expt.s (I;-/” M(cp.,(z))d-r) + t.e])
zeX =00 0
for all t > 0. Therefore

(*)  TIoglIT(1)] < § log M. + sup lim s (% I’ M(«»(m))dr) +e.
0

IEX n—oo

Furthermore, by using the fact that

. n [«
1T ()|l = sup(] lim exp (t-—/ M(<Pr($))d1') (]
zeX "0 t Jo
and by (1) we have the following inequality

(*)  sup lim s (% /0 " M(pr())dr)
ot %log sup(] lim exp (n. /: M(cp,(z))dr) 0-
zeX N 0

By (*) and (**) we get

log || T(2)I|

o~ | =

:GX n—00

sup lim s (%/0” M(cp.,(:z:))dr) <

[a—y

< —~log M.

+ sup lim s (%/on M(cpf(:c))dr) +e.

zex n—0o0

o~

Since lim;_ oo %log M, = 0, we get the following equality for the growth
bound of (T(t))gzo,

i
n 1
lim sup lim s (% / M(cp.,(:r:))d'r) = lim 7 log | T()]| = wo.
o —00

t—oo z€X MO

This completes the proof.
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Corollary 3. Let (T(t)):>o0 be a disjointless preserving, strongly continu-
ous semigroup on C(X < C™) with generator (A, D(A)). Assume that 1Q e; €
D(A) for each canonical basis vector e, € C". If the matrices M(z), z € X,
commute, then the growth bound wo of (T(t))i>0 is given by

wo = lim sup s (% /0 ' M(cp.,(z))dr)

t—o0 zeX

Let us take our disjointness preserving, strongly continuous semigroup
(T(t))e>0 on C(X,€") and

Y: = n(Pt(X),

t>0

where ¢, is the continuous flow of (T'(t)):>0 for all t > 0. Since ¢(X) C @(X)

for s > t we obtain Y # 0 and Y is {¢;}-invariant. For this reason J: = {f €

C(X,€"): f(z) =0 Vz €Y} is invariant under the semigroup (7'(t)):>0-
Next we define

¢(M,p): = sup lim s (%/0" M(cp,-(z))dr) .

By Proposition 2 we have
¢(M,p): = lim ¢(M,¢) = ;rzlgé:(M, ¢) = wo.
From the above
i . n [« .
—t(=M,¢) = inf lim s (7/0 M(‘Pr(z))d") =: ¢(M, ).
Then the following limit and supremum exists
a(M,p): = lim ¢(M,¢) = sup c,(M, ).
- t>0
Now we can give the following propositions.

Proposition 4. Let H: = {A € €C: ReA < ¢(M,)}. If ps(X) = pu(X)
for positive numbers s, t, with s # t, then H C Ro(A) or HNo(A) = 0.

Proof. It is obvious that

C(X,€™)/J = C(Y,Cm),



28 Hagmet Giirgay

where Y: = (\,509(X) and J: = {f € E: f(z) = 0, Vz € Y}. We let
(T(t)),zo denote the semigroup induced from (T(t))t>0 on C(Y,€™) with the
generator (A, D(A)). For given £ > 0 there exists po > 0 such that ¢,(M, p) >
c(M,p)—¢cforallt > py. Let A\=a+18,a,B € R and a < ¢(M, ¢) — 4¢ for
t > po. Then ¢,(M,p) > a + 3¢ for t > po. By Lemma 1 there exists M, >
such that

1Q:() < M. lim exp (t- ( (5} I M(%(Z))) ¥ 5)>

< M; exp (t(Et(M, (P) + 5)) ’

where Q¢(z) = lim,_, exp(n foﬁ M (p;(z))dr). Therefore, we have the follow-
ing inequality:

(R0 > [ lim exp (—n I M(cpf(z))dr) 0!

> Mizexp(tg,(M, @) —t.e) > T}:exp(t.(ame))

for all t > pp and a < ¢(M, ) — 4e.
But for this € there exists a p; > 0 such that %log M, < € for all t > p,.
Let p = max(po,p1). Since ¢, is surjective on Y for all 7 > 0, there exists

z; € X with [|f| = |1 F(pa(2}))Ill for all F € C(Y,E") and we have:

I(e*® = T() Il 2 11Qp(25)F (w0(z7)) — e#* F(zp)I
> (1Q; (=)0 F (ealz Il = e* A A

> (e - ) 17

&€

> (Mieep(a+e+flosM.) _ ep-oz) ||}||
= (e#te*9) — ) 111
Hence we obtain

(3) (A= A)F| > eI fll-

Now we have to deal with two cases:
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Let o(A) N H # (. Since the topological boundary of o(A) is contained in
Ac(A), by (3), it follows that HNAco(A) = 0. Then H C 0(A) = Ro(A)UAc(A)
or HNo(A)=0. Thus H C Ro(A) C Ro(A).

Let 0(A) N H = 0 By the assumption there exists ¢ > 0 such that Y =
Ns>0 Ps(X) = @(X). If we consider the induced operator (7'(t)) we see that
forall feJ

T(t)f(z) = T(t)f(z) = Qu(z)f((2)) = 0,
that is (7°(t)|) is nilpotent. Thus

lim |T@]I= = r(T(2)) = 0.

Since et?(41) C o(T(t);) we have o(A|) = @. On the other hand by (2) we
have o(A) C o(A) U o(A). Thus o(A) C o(A). Consequently o(A)N H = § or
H C Ro(A).

This completes the proof.

Suppose that ¢(IR4,z0) = ¢([0,7],z0) for a 7 < 0o and some zo € X.
Denote 7: = inf{t > 0: ¢;4¢(Z0) = @r4+t(z0)} > 0. Then @ 4:(z0) = @r(z0)
iff r+t=7+nr foran € IN. Hence 7 € inf{t > 0: ¢,4:(z0) = ¢-(z0)} and
Pr+r(Z0) = @r(z0).

Let M be invertible matrix. By [1], VIIL.8 there exists L € M,(C) such
that e = M. Note that this representation of M is not unique, but o(L) is
unique modulo 27s.

In the light of the above we are giving the following proposition.

Proposition 5. Let zo € X and (R4 ,z0) = ¢([0,7],20) for a T < oo.
Let 7: = inf{t > 0: @r4:(z0) = ¥-(z0)} > 0 and

i =1 log ( lim e" foq—r. M(ou(zo))ds o —n 1 M(W(“))d’)
T n—o0o :
if A€ o(H), then A + 2% C Ro(A).

Proof. To complete the proof we will need the equation

T (7 + 7)f(z0) = Qr+7f(Pr+r(20))

E+E
= lim "o T Melslde ) (20))

n—00

— lim " [T M(eu(zo))ds

n—00

e N M(¢.(z0))ds n fo" M(¢.(z.,))d..f(%(xo)
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Since L. )
eTﬁ = lim efo..'*.. M(e.(z0))ds —n fo" M(SO-(-‘Do))ds’
(*) T(r + 1) f(z0) = " AT(1) f(z0).

Let A € o(H) and 0 # w € €™ with H'wy = Apo. For p € € we consider

the linear form
T4T

V,.(f) =< / e“*T(t) f(zo)dt,wo > .
Let f € D(A). Then

T+

V(e + A)f) =< / T e T(t)(u+ A)f(zo)dt,wo >

=< e*UD(r + 1) f(z0) — € T(7) f(20), w0 >

=< e e AT (1) f(20) — €™ T(7) f(0), w0 >

=< e("+")“T(r)f(zo),eTﬁ'wo > — < e™T(1)f(zo),wo >
=< e(T"'T)“T(T)f(:z:o),e"’\wo > — < e™T(7)f(zo),wo >
=< el T (1) f(z0) — *TT(7) f(%0),wo >

=< (e™* — 1)e" (1) f(20), wo >

=< (e™+™ 1) < e*"T(7) f(z0),wo >= 0.

In the case ¥,((u+ A)f) = 0iff Tu+7A € 277%Z (, that is then p €
2mZ_ _ )\) Then - u € Pa(A’), that is A + 22 ¢ Ro(A).
For p = @,ke% we show that ¥, # 0

T+

v,(f) =< / " e#1Qu(z0) f(pe(z0))dt,wo >

< / ™ < e f((t(20))), @Uzo)wo > dt

Define
wi(t)

w(t): = Qi(z0) - wo = S I

wn(t)
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where Q;(zo) = lim,—o exp(n f5* M(¢-(z0))dr). Since Q4(zo) is invertible for
all t € [r,7 4 7] we have w(;) # 0. We consider the map

Fie: o([r, 7+ 7 —€l,20) = C

pi(20) —> wi(2)-

By Urysohn, there exists a continuous extension f;. € (C(X) of f;. with
lfie(@)l < [l fiell < sUPtefr,rir—e) wi(t)]. We define fo € C(X,C™) with

fl,z

—ekwi .t
r

fe:

fne
forallt € [r,7+ 7 —¢] and k € Z . Thus ||fe|| < supye(r r4r—g lllw(?)]|| and

lim W, (£.) =/ 3 lwi()Pdt > 0.

T i=1

It follows that ¥, # 0.

1. Definition 6:

A point 79 € X is called periodic point with period ty > 0, if zo = ¢;,(z0)
and zg # @¢(zo) for all t € (0,1p).

Lemma 7. Let M € M,(C). The following conditions are equivalent.
(a) There ezists a C > 1 with [|eM[] < C.et*M) for all t > 0.

(b) For all A € o(M) with Re A = s(M), the Jordanblock of A is diagonal.
(b) For all A € o(M) with Re A = (M), A is a simple pole of R(.,M).

Now it is time to give the following proposition.

Proposition 8. Let zo € X be a nonperiodical point and let the limit
M: = lim_o M(pi(20)) ezist. If one of the equivalent conditions of Lemma
(7) holds for M, then s(M) + iR C a(A).

Proof. Let A € o(M) with ReA = s(M) and v € IR. We show that
A+1i8 € Ao(A').
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Let vg € €™ with |||vo||| = 1 and Mvo = Avg. Let wy € @™ with <
Vo,wWo >= |||w0||| = 1.
For m,k € IN, let us denote the linear form

Uoi(f): = = < /0 " et BT (1) f (or(z0))dt, wo >

m

= l < ljm " e_t'(’\l'ﬁ)ef; M(‘Pn-“:(l‘o))d.!
m n—oo Jg -

for f € E. For f € D(A) we have

f(@s+x(20))dt,wo >

<A+B-A)f,¥pi > = _71; < nli_{& F(or(z0)) — e~™EIN+iB)

Bk v
et T (M(eu(wo)) - s(W))ds - f(Pmar(0)),wo > -

Clearly for all m,k € IN the map
D(A)3 fo<(A+iB-A)f, ¥k >€C

is continuous and hence ¥,,x € D(A’).
If we let k tends to infty and use Lemma (7)(a) we get

m gk - . N
[ lim e" IR (M(v’-(ro))—a(M))d'[] - []em(M—a(M))[] <cC

n—oo

and for this reason
- . 1 1
(*)  limpooo| < (A48 = A)f, Umk > | € —(14C) - [llwolll = —(1+C)

for all m € IN. Now we show that limk—eo||¥mk|| > 1. Since zo is a non
periodical point, the map

Gk ‘P([O’m + ’C],.’Bo) - C

is well-defined. By Urysohn there exists a continuous extension a,x € C(X)
of @mk With |amk(z)] < 1 for all z € X. We denote frx € E by fnk(z) =
amk(z).vo, where v is eigenvector of M corresponding to A. Hence || fmk|l = 1
and '

1 m ' n e Zo))—s V. s
Uk (fmk) =< — /0 =t ()48 1 [ (Mo (o)) =o(¥Ddsy, ) (0 VY uodt, wo

_ _1— < /m e f:+‘-'-'(M(‘,,(z,))-a(}fo{))davodt,wo > .
m 0
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Then
1 m Y Y
lim ¥, r(fo) = — < / e"(M"’(M))vodt,wo >
k—-voo m 0
1
= — < m-vy,wy >= 1.
m
Finally we obtain
(**) limk— ool Umk|l > 1.

By (*) and (**) we can find a sequence (k(m)) C IN, such that (¥, r(m))
is an approximate eigenvector of A’ corresponding to A\ + 3.

Proposition 9. Let 2o € X and ¢i(z9) = 29 for allt > 0. If A €
o(M(zo)), then A € Ro(A).

Proof. If A € o(M(zo)), then there exists a vector wg € C™ such that
M'(z9)wo = Awg. We consider the linear form

\I’(f) =< f(xo),wo > .
Then we have by ¢:(zo) = zg for all ¢t > 0
Af(x0) = lim 17 (T(1) f(z0) ~ f(0)
= lim 7! lim n - =M (20)f(z0) ~ f(z0))
= M(zo) f(z0)-
Thus for all f € D(A) we have
V(A= A)f) =< (A— A)f(z0),wo >
=< Af(zo) — M(z0)f(z0),wo >

=< Af(2o0),wo > — < f(z0), M'(z0)wo >
=< Af(zo),wo > — < f(z0),\wp >=0

Therefore A € Po(A’), that is A € Ro(A). Let fo(z): = @o,fo €
c(x,cn).
Then
¥(fo) =< @o,wo >= |[|woll|*> > 0,

thus ¥ # 0. This completes the proof.
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2. Example 10.

Take X: = [-1,1] and E: = C(X,C?). Consider the continuous flow
wi(z): = (ze~t),z € X,t > 0 and the matrix multiplication

M(z): = (—?z

z

0) € Mg(c), ze€X.

Clearly all elements of X is a non periodical point for t > 0 and

) ' _ 0 zet) _
M: = lim M(p(z)) = lim (—ze"‘ 0 ) =

By Corollary 5 in [3] the family of (T'(t)):>0 defined by

cos(ze~t —z) —sin(ze™t —z)
sin(ze~t —z) cos(ze! — z)

T(0f(z) = ( ) fze™

forall f € E,z € X and t > 0, is a strong continuous operator semigroup on
E. For this semigroup we obtain

o 1 0 —z(e7t—1)), _
o= imsupat; (L 0oy T =0

o(M) = {0} and i - R C o(A).
Acknowledgement: I wish to thank Rainer Nagel and Klaus J. Engel for
their guidances.
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