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A generalization of a theorem of Bhola and Sharma for two mappings on a complete
metric space is given.

The following theorem was proved by Bhola and Sharma [1].

Theorem 1. Let T be a self-mapping of a complete metric space (X, d)
satisfying '

(1) d(Tz,Ty) < ay/d(z, Tz)d(y, Ty) + by/d(z, Ty)d(y, Tz)

for all z,y in X, where 0 < a <1 and b > 0. Then T has a unique fized point,
and the iterate T™x converges to the fized point for every z in X.

Notice that Theorem 1 is incorrect as stated. If T is the identity mapping,
then T satisfies inequality (1) with & > 1 and every point is a fixed point of T'.
For the fixed point to be unique it is necessary that 0 < b < 1.

We now note that

Vd(z,Tz)d(y, Ty)

< ld(z,Tz)+d(y, Ty)]
< max{d(z,y),d(z,Tz),d(y,Ty), ;d(z,Ty) + d(y, Tz)]}.
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It follows that if inequality (1) holds, then the inequality

d(Tz,Ty) < amax{d(z,y),d(z,Tz),d(y,Ty),3[d(z,Ty)+ d(y,Tz)],
(2) cy/d(z,Ty)d(y, Tz)}

holds, where ac = b.
We now prove the following generalization of Theorem 1.

Theorem 2. Let S and T be self-mappings of a complete metric space
(X,d) satisfying the inequality

d(Sz,Ty) < amax{d(z,y),d(z,Sz),d(y,Ty),;[d(z,Ty)+ d(y, Sz)],
(3) by/d(z,Ty)d(y, Sz)}

for all z,y in X, where 0 < a <1 and b > 0. Then S and T have a common
fized point. Further, if ab < 1, then the fized point is unique.

Proof. Let zo be an arbitrary point in X. Define the sequence {z, : n =
1,2,...} by

T, = S:L‘o, Ty = T:IJI, ooy To2n41 = S$2n, Toan4+2 = T$2n+1, e
Using inequality (3), we have

d(z2n+1 ) xZn) — d(S.’L’zn, T$2n—1)
a max{d(mgn, xzn_l), d(l‘zn, -’E2n+1), %d(J:Zn—l s Tant1)}

<
< amax{d(z2n, T2n-1), %[d(IZn—la Tn) + d(Z2n, Tont1)]}

and it follows that
d(Tans1,T2n) < ad(Z2n, T2n-1),

since 0 < a/(2 — a) < a. Similarly, we have
d(Ton, Tan-1) < ad(T2n-1, Tan-2)

and so
d(z2n41,Z2n) < ad(T2n,T2n-1) < a*d(zy, zo).

Since a < 1, it follows that {z,} is a Cauchy sequence in the complete metric
space X and so has a limit z.
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Using inequality (3) we have

d(Sz,z2,) = d(Sz,Tzan-1)
S a ma.x{d(z, x2n—l)1 d(Z, SZ), d(12n—11 zZn)a %[d(zy z2n) + d(z2n—1 ) SZ)],
b\/d(z,z2,)d(z2n-1,52)}.

Letting n tend to infinity, we see that Sz = 2. Similarly, Tz = z and so z is a
common fixed point of S and T'. '

To prove the uniqueness of z when ab < 1, we suppose that w is a second
fixed point of T'. Then, using inequality (3) we have

d(z,w) = d(Sz,Tw) < amax{d(z,w), bd(z,w)},

and it follows that z is the unique fixed point of 7. Similarly, z is the unique
fixed point of S.

The corollary follows immediately.

Corollary. Let T be a self-mapping of a complete metric space (X, d)
satisfying

d(T:I:, Ty) < a max{d(x’ y)a d(:l:, Ty)’d(:‘h Ty)v %[d(.’l:, Ty) + d(y’ T:L')],
by/d(z,Ty)d(y, Tz)}

for all z,y in X, where 0 <a <1 and b>0. Then T has a fized point. Further,
if b < 1, then the fized point is unique.

Theorem 3. Let S and T be continuous self-mappings of a compact
metric space (X, d) satisfying
d(Sz,Ty) < max{d(z,y),d(z,Sz),d(y,Ty), %[d(z, Ty) + d(y, Sz)],
by/d(z, Ty)d(y, Sz)}
for all z,y in X for which the right hand side of the inequality is positive, where

b> 0. Then S and T have a common fized point. Further, if b < 1, then the
common fized point is unique.

Proof. Let a = inf a taken over all a for which

d(Sz,Ty) < a{d(z,y),d(z,Sz),d(y,Ty),;[d(z, Ty), +d(y, Sz)],
b\/d(x,Ty)d(y, Sz)}.
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If a < 1, then the result follows from Theorem 2.
If a = 1, then since S and T are continuous and X is compact, there exist

points z,w in X such that
d(Sz, Tw) = ma’x{d(‘zv w)a d(za SZ), d(wa Tw), %[d(z, T'w) + d(w, SZ)],
b\/d(z, Tw)d(w, Sz)}.

This implies the right hand side of the equation is zero and so z = w is a common
fixed point of S and T'.

It follows easily that the common fixed point is unique if b < 1.

Corollary.  Let T be a continuous self-mapping of a compact metric
space (X, d) satisfying

d(Tz,Ty) < max{d(z,y),d(z,Tx),d(y,Ty),%[d(x,Ty)+d(y,T:1:)],
by/d(z, Ty)d(y, Sz)}

for all z,y in X for which the right hand side of the inequality is positive, where
b>0. Then T has a fired point. Further, if b < 1, then the fized point is unique.
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