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Presented by Z. Mijajlovié

A characterization is given of those measures of x on B, the open unit ball in C", such
that differentiation of order m maps the M -harmonic Hardy space HV boundedly into L?(u),
2<p<oo.

1. Introduction

Let B be the open unit ball in C™ with (normalized) volume measure v
and let S denote its boundary. For the most part we will follow the notation
and terminology of Rudin [5].

Let A be the invariant Laplacian on B. That is (Af)(z) = A(f o ¢.)(0),
f € C*(B), where A is the ordinary Laplacian and ¢, the standard automor-
phism of B taking 0 to 2z (see [5]). An M-harmonic function on B, f € M,
is a function in C?(B) which is annihilated by A on B. We shall denote by
HV = HV(B) the space of all M-harmonic functions on B that satisfy the
growth condition

171y = sup [ 1f(rePdote) < 00, 0 < p< oo
0<r<1JS

Here o denotes the rotation invariant probability measure on §.

For f € M let df(2) = (%,...,%,%,...,%) and for any positive
integer m we write 9™ f(z) = (Bagﬁf(z))la”lm:m and |0™ f(2)|? =

5ol si=m [0%0P f(2)[2, where 80P f(2) = oar—rPram 5242) a and 8

o gt p—
2 1...,828m 877P1,...,802,Pn

are multiindices.
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Let p be a positive measure on B and consider the problem of determin-
ing what conditions on p imply |0™ f| € LP(u) whenever f € HV. A standard
application of the closed graph theorem leads to the following equivalent prob-
lem.

Characterize the yu for which there exists a constant C satisfying

1/p
( /B Ia’"fl”du) < Cllflhev-

The purpose of this paper is to present a solution of this problem in the
case 2 < p < 0o. To state it we need some more notations.

Forz€ Bandr,0< r < 1, E.(2) = {w € B |p.(w)| < r}. We'll let
|E-(z)| = v(Er(2)). Throughout the paper r will be fixed and we will occasion-
ally write F(z2) instead of E,(z). Constants will be denoted by C' which may
indicate a different constant from one occurrence to the next.

Theorem Let2 < p < oco. For a positive measure p. on B and a positive
integer m, necessary and sufficient condition for

() (/B lamﬂpdu)l/p < C|lfllpgy» for all f € HY

is that there exists a constant K for which
(2) n(E(2)) < K(1-|z[)"*™, z€ B.

For harmonic functions Theorem was proved by Shirokovand Lueck-
ing (see [2], (3], [6] and [7]).

2. Proof of Theorem.

The following three preliminary lemmas will beneeded in the proof of the
Theorem.

Lemma 2.1 ([4]) If f € C*(B) and 0 < r < 1, then

£(0) = /S f(re)do(e) - [B Af(2)G(I2],7)(1 - |2~ 1dw(2),

where 1 .
G(t,r)= 2_n/ Pl - p)"ldp, O0<t<r<1.
t
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Lemma 2.2 If g is a function in LP(o) for 2 < p < co and if
1—|z?)"
< z,€ >

1) = Plale) = [ 7t Fa(0do(0),

then :
[ 05GP - ey -tane) < © [ la(pdoto)
where C is a constant independent of g.

Proof. Let A be the measure dA(z) = (1 — |2|?)"'dv(2) on B and let T
be the operator T'g(z) = (1 — |2|?)|0P[g](2)| on g € L?(c). We show that T, as
a mapping from the measure space (5,do) to the measure space (B,d)), is of
types (2.2) and (o0, 00).

Let f = P[g], g € L*(o). As a simple consequence of Lemma 2.1 we have

/Ig(f)—f(0)|2d0(6)=/G(IZI,l)Alflz(z)(l—Izlz)_""ldV(Z)
S B

In terms of ordinary differential operators the invariant Laplacian A is
as follows:
- g n i o2
A =4(1- 12" 3 Bk = %%) ;5
Jk=1
where 6;; denotes the Kronecker delta (see [5], section 4.1, for details). Using
t:is from A and the fact that Af = Af =0 and g—% = g{_J-_, 1< j < n, we find
that .
| Alf1> = 4(1 - |21 (|05 (2)1* = |Rf(2)]* = |Rf(2)),
where, as usual, R denotes _the radial derivative R = E;-;l zjgf—j.
Since |Rf(2)|? + |Rf(2)* < |2|*|2.f(2)|?, we have

AlfI(=2) 2 41— |21 5(=)1
Thus ' )
/ 9(Pdo(9) 2 € [ S - e)du(z) = € / (Tf(2))*dA(2).
S B B

To show that T is of type (00, 00) it is suffices to show that

of  \ _ 1 of , .\ _ 1 b
575(2)_0(1_—?—0 and 5%(2)—0(1_|2|), §=1,2,...4m.
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Since la%é(z)’ and |§%(z)‘ are at most C||g]|w Jg ]%E}F‘q—, the desired con-
clusion follows by Proposition 1.4.10 ([5], p.17). [
By the Marcinkiewitz interpolation theorem Lemma 2.2. follows

Lemma 2.3 ([1]) Let k > m be non-negative integers, 0 < p < oo and
0 < 7 < 1. There ezists a constant C = C(k, m,p,n,r) such that if f € M then

6% f(w)P < C(1— |w;)<m~k)P/ |0™ £(2)IP(1 = |2))""" di(=), for all w € B.

r(w)

Proof. The necessity of the condition (1.2) follows from theShirokov-
Luecking theorem mentioned above. The sufficiency can be gotten by the fol-
lowing argument.

Let f € HV, 2 < p < 0o. There exists g € LP(a) such that f = P[g] (see
(5]). Using Lemma 2.3, Fubini’s theorem and Lemma 2.2. we conclude that

J5 |07 f(2)Pdpu(z) < C [510(=)[P(1 = |2y~ =" p( E(z))du(2)

<C [ 105 (2)P(1 — |2}~ 1du(z) < C [ |g(e)lPdoe)

= ClIfI,.,
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