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Quantum Stochastic Integral Equations in Fock Space
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We provide an existence and uniqueness theorem for strong solutions of a general class
of integral equations involving operators acting on the Finite - Difference Fock space. We
also examine the dependence of solutions on initial conditions and coefficients, and provide a

necessary and sufficient condition in order for the solutions to be unitary.

1.Introduction

The subject of integral equations in Fock space has been treated most
notably by R. L. Hudsonand K. R.Parthasaratyin [8] while more
general theories, in the context of quantum probability, were constructed by L.
Accardi,F.FagnolaandJ.Quaegebeurin [1].

The Fock space considered in [8] is related to the Heisenberg - Weyl Lie
algebra and it is possible to obtain realizations of the classical Brownian motion
and Poisson processes, with the use of the stochastic calculus constructed in (8],
as operators acting on that space.

In this paper we consider integral equations involving operators defined
on the Finite - Difference (FD) Fock space of [3] which is related to the FD Lie
algebraof P.J. Feinsilverdefined in [7], and which constitutes a continuous,
function analogue of his discrete FD Fock space. In [4] it was shown that the
classical exponential process can be realized, in the quantum probability sense,
as an essentially self - adjoint operator acting on a dense subspace of the FD
Fock space. It should be noted that there is an intrinsic connection between the
exponential process and the FD Fock space, so the latter appears as the natural
context for its study.
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The integral equations considered in [8] had constant coefficients. Here
we allow the coefficients to depend on time and provide some estimates for the
dependence of solutions on the coefficients as well as on the initial conditions.
More precisely, we consider equations of the form

X(t)=Xo+ Y, /ot Aij k(8 X(8))dM; ; k(s)

(1,5,k)EA

where A is a finite subset of Ng, t > 0,Xp is a bounded linear operator acting on
the FD Fock space F, for each (1, j, k) € A the quantum exponential noise process
(cf : [3],[4],[5]) Mi,;x is a family of linear operators, mapping a dense subspace
E of F into F, indexed by time ¢ > 0, the integrands A; j : [0,00) X L(E, F) —
L(E,F), where L(E, F) is the space of linear operators :E — F, are M; ;x
integrable in the sense of [5], and the equals sign denotes pointwise equality of
the two sides as operators acting on E.

The basic machinery used in our study is the FD stochastic calculus
constructed in [5] which was used there to study weak solutions of stochastic
differential equations, and which was also used in [6] to prove the existence and
uniqueness of quantum diffusions acting on a *-subalgebra of B(F), the Banach
algebra of bounded linear operators:F' — F'.

We remark finally that K. R.Parthasarathyand K.Sinha
have recently shown that all known stochastic calculi can be realized in terms
of the basic processes of [8](cf : [10]). However the connecting relationships are
theoretical rather than practical, therefore a quantum system in the presence
of, for example, ”exponential noise” is more naturally studied with the use of
the FD stochastic calculus which was especially constructed for the study of
quantum exponential processes.

2.The FD stochastic calculus : a review

The FD Fock space F is defined as the (separable) Hilbert space comple-
tion of the span E of the set of "exponential vectors” {y(f)/f € S}, where S is
the set of step functions [0, 00] — (—1,1), with

< y(f), y(g) >= exp(~ / log(1 — £(t)g(t))dt).

For each f € S the (closable) linear operators Q(f), P(f),T(f): E — F defined
by
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(y(g+€f)+ y(e’g)) (weak derivative)
e=0

QUe) = &

P(f)u(g) = ( / ® f9()dt + Q(fa))u(a)

T(f)u(e) = (Q(F) + P(f) + /0 ~ f(t)dtyu(e)

satisfy the commutation relations

[(P(f),Q(9)] = [P(f),T(9)] = [T(f),Q(9)] =T(f9)

and hence constitute a function space realization of the FD Lie algebra of
Feinsilver ([4]). The definition of Q(f), P(f) and T(f) can be extended to
fe Ll ([0,00),R) ([3],[4]). The operators P(f),Q(f) are duals of each other

loc

while T'(f) is symmetric. In particular, the operator T'(t) = T(X[o,)) is essen-
tially self - adjoint and has ”quantum moment generating function”
< e T y(0), y(0) >= (1 - s)7t, where s € (-1,1),
thus {T'(t)/t > 0} is a Fock space realization of the classical exponential process.
The basic integrators in the FD stochastic calculus are, for all (¢,j,k) €
N the processes {M; ; x(t)/t > 0} where
def (i), ;
M; i k(1) = QW (xpo,)T? (x10, 1]) PP (x10,)

and superscripts in parentheses denote factorial powers.
The differentials of the basic integrators can be multiplied using Ito’s
formula:

dM; ; x(t).dt = dt.dM; ;i (t) =0
and for (3,7,k),(I,J, K) € N}

dM.-,,-,,,(t).sz,J.x(t) =

u min(i,v) min(K,7)

Yy YY Yy e (D) ()

A=0u=0v=07=0 o=0 p=0
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(D)) E)E)G)

(k= u)ti AT A My ueg 4 d 412K 47—p(1)

(2.1) —M,"j'k(t)dMI'J,K(t) - M]yJ'K(t)dM,',j'k(t).

If X = {X(s) : E— F/s>0}ia aprocess which is adapted in the sense
of R.L.Hudsonand K. R.Parthasarathy([9],[8]), the "stochastic
integral of X over [0, t] with respect to M; ;x» ” is the operator

/ " X(s)dM; ;4(5) € L(E, F)
0

defined by

< [ X(@aMisa 1), 0(6) >=
1]

16a,0 j&p,o ké~ 0 . . t
o 6 6 k6 ’ 1,
E q,i'fk.'v ( 1 ;,0 ) ( J }3,0 ) ( I}O ) /o a{'J,K(s) < X(s)

o,B,7€{0,1} I=1 J=1 K=1

(2.2) M i 5 yk(s) Mis 01,650 T k8,0~ K (8)Y(f), y(g) > ds

provided that the integral on the right exists.
Here and in what follows we use the following notation:
. 3 3
f = Z;:l aAXIx’ 9= 23:1 b/\Xh € S’ (1‘?]1k) € NO!
6 is Kronecker’s delta,

, r 6,08k ,0(650 + (1 = 60)(7 = 1)), if s¢ui_,h
a.'.g (s) _—S L .
'ank i ]
(1= Bipgpno)(i+5 + b - )CEOHON GO 5 e up_
|ﬂ' —
ok =

(1=8a44,0)(1=0p45,0) (1 = b,4x,0)[(1—816a,0,0)(1—836p,0,0)(1—bkb,, 0,0)+
(1 = 8i5,0,0)(1 = 65550,0)0k8,0,0) + (1 = 835, 0,0)0565,0,0)(1 = bks, 0,0
0i60,0,0)(1 = 8385,5,0)(1 = bks, 0,00 + (1 = 35, 0,0)(1 = 8i550,0)+k6, 0,0+

(1= 8355,0,0)8i60,0,0)+k67,0,0 + (1 = 8k, ,0)8i64,0,0) + 765,0,0
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Moreover, if (i, j, k), (I,J, K) € Nj and X,Y are respectively M;,;x, M1,4,k
integrable adapted processes then for all f,g € S and t > 0:

t t
< / X(s)dM ;4(5)y(f), / Y (s)dM11.x(s)y(g) >=
0 0
> Y erferik

G»ﬁy’YG{O,l}a.b,CG{O.I}
64,0 76p,0 kb~,0 I6a,0 J6b0 Kéc,0

)IDIDIDIDIP'D

i'=1 3'=1 k'=1I'=1J'=1 K'=1

1040 J6p0 ké~ o Té,0 Jbp0 Ké.o
‘l:' jl kl Il J' KI
A p min(K',v) min(k’,7)

$202) 3 oS S S

=0u=0v=07=0 o=0 p=0
A i r A m K’ v k' T
A I v T o o p p
t
(L' = )13 =g 11 /o o masrsi—rprar—p(8) < X(8)

Mo 35 vk (8)Misg g—it 6 0t kb .0k (8)Y(S),

Y (8)Mar bk (s)MIsap—1"i6p0-J" Kbco-K'(8)Y(g) > ds+

t t
+/0 /o a;’;:?,’k'(s)a{{'?'.].l'll(w) < X(8)Myigjk(8)

Mis, o—it,j6p0—i kbyo—k (8)Y(f)

(23) Y (0)Ma g (w)MISao—1 355 03" K6 0K (W)Y(g) > dsdw]
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3. The existence and uniqueness theorem

Let A be a subset of N§ of finite cardinality |A| and let

A= {A,‘_J“k = {Ai,j'k(s,w(s)) € L(F, F)/w : [0,00) — L(E,F),s > 0}/(1',]',]‘?) € A}

be a family of adapted procesess satisfying:
(a) Boundedness condition: For each 7 > 0 and f € § there exists
cr,7(A) > 0 such that

SUPo<s<r ||Aijk(8, W()N1uk(8)Y(f)Il < er,s(A). sUPo<i< [[w(s)y(f)]| for
all (4,7,k) € A,w:[0,00) = L(E, F) which are strongly continuous, (I,J, K) €
N and

N1,1.k (8) € Mai 7k(8) Mis it 6505t sy =k (5)
where a, 3,7 € {0,1} and 0 < ¢/ < 1iba0, 0<j' < jbgo, 0< K <kéyp.
R e m ar k: By ”strongly continuous” we mean that for each f € § the
map t — w(t)y(f) is continuous.

(b) Lipschitz condition: Foreach 7 >0and f€ S
there exists p, ;(A) > 0 such that

[Ask(s, w(s)) = Asjk(s, @(8)IN1,sk ()Y()Il < pr.s(A).
I[w(s) = @(s)ly(f)|| for all (i,5,k) € A, w,®:[0,00) » L(E,F),s €
[0,7] and all N jk defined as in condition (a) above.

Remark: If A;;k(s,0) = 0, for all s > 0 and (3,5,k) € A, then

(b) = (a).
For each 7 > 0 and f € S, we define

def
E,EIN Y Y
(‘v.’rk)eA a,ﬁ.‘YG{O l)

l6¢.0]6po k57o t&a 0 ]6ﬁ0 k6.yo
( 1600 )

LFDIDIDIPIPIPD

t'=1 j'=1 k'=1 I'=1 J'=1 K'=1

( jig,o ) ( kg ) ( oo ) ( g ) ( kéyo ) [ZZﬁ:im:VE ,u)mle: P

A=0 u=0v=07=0 o=0 p=0
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e (D () ENEN ) (s

f.f
(31) 02331 lal\’+u —a,J' 47+t =\ k' T~ p( )l + TO<SsquJ)<T |Ut’]’ k’( )UK’,J’,I’(w)l]

Then, we can prove the following:

Theorem3.1 Let Xo € B(F). There ezists a unique, strongly continu-
ous, adapted process X = {X(t) € L(E,F)/t > 0} such that X(0) = Xo and for
t>0

(32) X()=Xot Y / A5, X ()M 1(s)

(4,7,k)€EA

Proof. Let 7 > 0. For t € [0, 7] define a sequence of adapted processes
{X7 = {X7(t) € L(E, F)/t > 0}}3%, by
Xj(t) = Xo and for n > 1,

(33) X0)=Xo+ ¥ / A, Xa(8))dMi

(1,5,k)EA

( for the adaptedness of this sequence see, e.g., [8]).
If0<t; <ty <rtthenforn>1and f €S,

X7 (t2) = X7 ()N < &rplta = t)e? 4(A) SIp 1 X5 -2 (8)y(HII”

and so, by induction, {X]}%%, is a sequence of strongly continuous adapted
processes. -
Now, for each f € S,

X7 (2) = X @l HIP =
l E(i,j,k)e/\ f(:[Ai,j, k(t, X7y (t))—Ai, 3, k(ty, X;-Q(tl))]dMi,j.k(tl)y(f)"2 <
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Al E(.,J,k)ezx ||fo'[A k(b X7 (81)) = Aij k(t, X7 _o(81))]dM; k(1) y(F)II? <
&nip2 ((A) 5 IIX (tl) n—2(t)]y(f)lI*dt1 (by (2.3) and condition (b))
< [&rs02 f(A)? fo o X7 z(tz) X_3(t2)ly(f)|*dtadty

S (ZN71VY) il N P M ||[X’(tn 1)= X (tn-1)]y(f)|*dtn-1 .. . dt2dts
< [€r.fP3,f(A)]"'lfr,f03,;(A)llXoll ly(HII?

t ty th—2
. / / .o / dtn—l .. dtgdt]
0o Jo 0

[67 (A)r]n—?
< bt e 2 ;(A)IIXoIIZIIy(f)Ilz

Thus 3572, [I[X7(8) — X7_1()lw(HIl < oo

and by the completeness of F we conclude as in the usual O.D.E case
that for each f € § and t € [0, 7] we may define

(3.4) X7(@)y(f) = lim X7()u(f)

where the convergence is uniform on [0, 7]

Being a strong limit of adapted procesess, the process X7 = {X7(¢)/0 <
t < 7} is also adapted. The uniformity of the convergence in the definition of
X7 implies that it is a strongly continuous process.

By the triangle inequality, (2.3) and condition (b) we have,

X)) - Xo— *Y / Ai k(5 X7(8))dMi k() y(F)]?

(¢,5,k)EA

<2Xx7(t) - X +l(t)]y(f)”2+2£T.fp'r,f(A)/ I1X7(s) = X7()ly(f)l*ds

< 20[X7(1) = X7 OY(NHI? + 2,507 f(A)T - Jsup [[Xa(s) - X7(s)ly(N)II?

which goes to zero as n — oo
Thus, for each t € [0, 7],

X'(t)=Xo+ ¥ / A (s, X7(8))dMi; x(s)

('vJvk)eA
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pointwise on E. ,
If Y" = {Y"(t)/0 < t < 7} is another adapted process with the same
property then, for each f € 5,

IX7(2) = Y™ (Oly(NI? € &,107,4(A) /07 I[X7(s) = Y7 (s)ly(S)l|*ds
and by Gronwall’s inequality,

NX7(@) - Y (@)ly(N)ll =0
i.e. X7 agrees with Y” on E for all ¢ € [0, 7].
Thus, the process X = {X(t)/t > 0} defined by

(3:5) X(t) = X7(1),

where 7 is any real number such that 0 < t < 7, is the process in the statement
of the theorem. -

Remarks:

(i) Since, by the definition of Q(t), P(t) and T'(t), dt = dMopo(t) —
dMop1,0(t) — dMj g o(t) ,the above theorem also covers "time integrals”.

(i) If A;jx(s,w(s)) = ai;jk(s)w(s)biji(s) then ¢ 7(A) is denoted by
¢r,(a; b). Moreover, if a; j or b; jx = 0 then ¢, ¢(a;b) = 0 (see section 5).

Corollary 3.1: The matriz elements of the solution of (8.2) are given
for each f,g € S andt > 0 by:

< X(O)y(f),9(9) >= lim < [Xot+ ) / t Aij (8, Xn(3))dMi jx(3)]y(f), y(9) >
(i.i.k)EA "0

where X, is defined as in (3.3).

Proof. The proof follows directly from (3.5), (3.4), (3.3). - (]

4. Dependence of solutions on initial conditions

Proposition 4.1 : Let Xo,Yy € B(F) and let X = {X(t)/t > 0} and
Y ={Y(t)/t > 0} be the unique solutions of
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(4.1) X(t)=Xo+ Y. / Ai k(s X (8))dM; ;k(s)
(iik)er 0

and

(4.2) Y(t) =Y, + Z /t A;,j,k(s,Y(s))dMi,j,k(s)
(i,ik)eA YO

respectively. Then, for each f € S and T > 0,

2 T
sup [IX(8) = Y (NI < 201 X0 = Yol ly(f|fe? (474
where p, ;(A) and &, ;(A) are defined in condition (b) of section 3 and (3.1)

respectively.
Proof. For each t € [0, 7],

X () = Y(Oly(NI* < 2(|[Xo = Yoly(NII? + 2.6r,5.07 4(A)

t
YAEOROMGIEE
and by Gronwall’s inequality,

sup [[X() = Y(OI(DI? < 2[Xo = Yoly(f)|%e*ér 75 7

Remark:
If A(s,0) =0 for all s then, Prop. 4.1 implies that

2 T
sup XY < 2AXollu(f)|Pe* <1 77D



Quantum Stochastic Integral... 339
5.Dependence of solutions on coefficients

Suppose that for each (7,7,k) € A the adapted processes

@i j ks bijks Cijiks dij ket [0,00) — B(F)

have the following properties (similar to those assumed in [1]):

(a) Invariance property: If Ny ;g is defined as in condition (a) of.
section 3 then, for each s > 0, the linear operators

aijk(8)N1,5k(8), bijk(s)N1sK(8), _

¢ijk(8)Nr1sk(s),and d;;k(8)N1,7K(s), map E into itself.

(b) Boundedness and Lipschitz property: The families of adapted
processes

A= {Aijk = {Aiji(s,0(s) X aijx(s)w(s)bijn(s)/s > 0,

w:[0,00) — L(E, F)}/(i,],k) € A}

and
B = {Bijk = {Bijx(s,w()) = ¢ijk(s)w(s)dijk(s)/s > 0,

w: [0,00) — L(E, F)}/(i, 5, k) € A}

satisfy conditions (a) and (b) of section 3.

Then, by the theorem of section 3, there exist strongly continuous adapt-
ed processes X = {X(t)/t > 0} and Y = {Y(t)/t > 0} uniquely solving the
integral equations

(5.1) X(t)=Xo+ 3 / @i ;1 (8) X (8)bi s x(8)d M j.1(3)

('vak)eA

and

(5.2) Y(t)=Xo+ 3 / ci i x(8)Y (8)d: j 1(8)dMi; (5)

(1,9,k)EA

where X(0) = Y(0) = X, € B(F) and we can prove the following:
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Proposition 5.1.: Let X = {X(t)/t > 0} andY = {Y(t)/t > 0} be the
(unique) solutions of (5.1) and (5.2) respectively, with X(0) = Y(0) = X, €
B(F). Then, for each f € S and T > 0,

sup [[X() = YOI < 6716 (00— &) + € fa = ;)

N Xl lly(HI*. exp(3.7.6r,.[03, 1(A) + o7 1(B)])
where &, ¢ is defined by (3.1) and ¢, ¢, p. s are defined in conditions (a) and
(b) of section 3 respectively.
Proof.
By (2.3) and (3.1) for each f € S and t € [0, 7],

X (&) = Y@Oly(HI? < &,y

max max max
arﬂn‘YE{ovl}(ivJvk)eA 0 S ’l:, S iéa'O
0<j" <jbpo
0<Kk <kéyp

/0 ' (@5, k()X (8)bi jk(8) = €i k()Y (8)di jk(8)IN1.ak(8)y(f)I|*ds

where Ny jk is as in condition (a) of section 3.
Since ||[a:,;,k(8)X (8)bij,k(8) = €ijx(8)Y (8)ds j k()N 10,k (3)y(f)II?
< 3|ai jk(8)X ()i k(8) = dijk(8)IN1,5k(8)y(f)II*+
3|I{a: i k(8) = €ijk(8)) X (8)dij k() Nr1a.k (8)y(f)II*+
3|cijk(s)[ X (8) — Y(8)ldij k() N1, gk (8)y(f)II? ,
< 6[c2 y(a;b— d) + 2 (@ - ¢; )][| Kol Ply(f)[2e* < #rs (A7
+3p2 ;(B)[|[X (s) = Y(s)ly(f)I|* we have
I[X(t) - Y(®)ly(f)II? ,
<6.76r (¢ f(a;b— d) + ¢ (a - c; d)]|| Xol 2lly(f)[|e> ¢ Pr AT

136,507 (B) /0 11X (s) = Y (s)](f)|%ds

and by Gronwall’s inequality
supocic I[X (1) =Y (W)]y(HI? < 67.6r,s.[c2 f(a;0~d)+c2 ;(a—c; d)). | Xoll*ly(f)I?
ensprs (A7 exp(3.7.6, 1.p2 (B)). ]
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6. Unitarity of solutions

In (8] and [1] the subject of unitarity of solutions of equations of the type
considered in section 5 was examined with the use of the linear independence
(in the sense of [1]) of the basic integrators. Due to the complexity of the Ito’s
formula in the FD case, that method does not always work nicely and so we
derive a necessary and sufficient condition on the coefficients of

(6.1) X(t)= Xo+ Z /ot a; ;k(8) X (8)bi;k(s)dM; ;k(s)

(1,7,k)EA

in order for X = {X(t)/t > 0} to be unitary, by using Corollary 3.1 (here a; ;
and b; j are as in section 5). We have:

Proposition 6.1.: Let a = (,j,k) and let X = {X(t)/t > 0} be the
unique solution of

t
(6.2) X(t) = Xo+ Z / ao(8)X (8)ba(s)dMqy(s)
a€A 0
Then X is unitary iff forall ¢ > 0 and f,g€ S :
< [Xo+ E53%0 Earannansaer Jo' Joo - Jo aa (1) ...
Qongr (Er41) Xobasy, (Br41) - - -bay (81)d Moy, (Ta41) - - - d Mo, (t1]y(f),
[Xo + ZZO=0 Zﬁl B2, But+1€EA f(:o (;l cee (:“ ag, (tl) .. ¥ 'aﬁwﬂ(t“"'l)'

(6:3) Xobg,ys (tus1) - b, (t1)dMp, ,, (tutr) - - dMp, (11)]y(9) =< (), ¥(9) >

where tg = t.

Proof.
The process X = {X(t) € L(E,F)/t > 0} is unitary iff for each ¢ > 0
the operator X (t) is unitary i. e. iff for all f,g € S:

< X(Wy(f), X (t)y(9) =< y(f),y(g) > <= (by Corollary 3.1)

lim < X0+ 3= [ 00,(5)Xa(s)bon ()Mo ()00

GIEA
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(Xot ) / t ap, (8)Xm(s)bg, (s)dMp, (s)]y(g) >=< y(f),y(9) > <= (iteratively)
BreA 0

to (6.3). @

Example: Let A € R and 7 = +/—1. By thm. 3.1 and cor. 3.1, the
integral equation

(6.4) X(t) = I +iA /0 ' X (8)dT(s)

has a unique solution X = {X(t)/t > 0} whose matrix elements are given
for each f,g € S and ¢t > 0 by:

< X(t)y(f),y(g) >= lim, < Xa(t)y(f),y(g) >

=< [T+ 302, [o - fom (iIA)dT (tn) - - dT (t2)]y(f), y(g) >

(where to = t)

=<y(f),y(g) >+ 2o (A" < 0‘° .. .fot"" dT(t,)...dT(t1)y(f),y(g) >
=1+ o2, G fo0 - Jo 7 b(tn) - . - @(t1)dtn .. .dt1] < y(f),u(g) >
(by (2.2), with ¢(t) = (L£0+) (1)) '
= [1+ 325, (1) Na(t)] < y(f), y(g) >
= Yonso(BA)"Na(t) < y(f), y(g) >
~where No(t) =1, Ny(t) = fot ¢(s)ds and for n = 2,3, ...

0= [  Nooa(s)6(s)ds.

Thus N,(t) = [ﬂgﬂ:, n=0,1,2,... and so

< XOUDN,u(o) > exp(ix | "0 (s)ds) < ¥(f), 4(g) > -

One might be tempted to think that X is unitary for all A € R To see that is
not the case, it is easier to use the Hudson - Parthasarathy method for unitarity
(cf: [8]). So suppose that X is unitary.

Since,

dX =1iAXdT

and
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dX* = —iAX"dT

we have

XX*=1 < dXX*)=0

> XdX*+dXX*+dXdX*=0 (bylemma 3.3 of [5)])

= —iANXX*)T + iA(XX*)dT + \(X X*)(dT)? = 0

< A(dT)? =0

<~ A=0.
Thus X is unitary iff A = 0.
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