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In this paper a block generalization of some theorems for scalar diagonally dominant
matrices are given.

1.Block (composite) vector and matrix norms

Let z € R"(C™) be a n-dimensional real (complex) vector partitioned
in p blocks X, i.e.

X1
X,
Xp
where X; € R*(C*),a1 +az + ...+ a, = n.

If w(z) is an arbitrary scalar norm of the vector z = (z1,22,...,2,)7,
z; € R(C"), then it is easy to show that

(1) (@) = maxw(X0),
(2) ; vua(e) = Y w(X),
i=1
P
(3) vua(@) = (3 wi(X),

=1
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are vector norms too. We call them block (composite) norms. For each of the
norms (1) — (3) w(z) can denote one of the commat used norms :

(4) lelloe = max |2,

(5) llelh = lzil,

=1

(6) lzllz = (3 l=:f*)%.

In a similar way we can introduce block matrix norms too. Let the matrix
A = (a;j) € C™*" be partitioned in pq blocks A;; € C**Fi (i=1,2,...,p;j =
1,2,...¢gar +az+ ...+ a, = m;B1+ B2+ ...+ By = n), and let v be an
arbitrary scalar matrix norm of A = (a;;). Then the following functional defined
for A = (A;;) are block (composite) norms :

(M) Hu,0(A) = maxx: v(4;j),
(8) Hoa(A) = m;-x:zl v(4ij),
9) po(A) = (2 v¥(Ai))3,
(10) tu.g(4) = 6(p, ¢) maxv(4i),

where the function ¢ of two variables is supposed that it is satisfies the functional
inequality

ré(p,q) < d(p,r)P(r,9),

(11) poo(A) =D v(Aij).
4
Let us mention explicitly that v(A) where A = (a;;) € C™*" can
be also one of the following often used matrix norms

(12) llAlls, § = 00, 1,2,
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(13) My(4) = ¢(m, n) max|ay;,
(14) N(A) = (D lay)*

2.Theorems for block diagonally dominant matrices

Let I = (6;;) € R™" be the unit nzn-matrix and I = (A;;) = (Ey, B, . .., Epj
be a block representation of it, and E, be the s-th block (quasi-column) of I.
Then the matrix

(15) (E,'I,E.'z,...,E.‘p)

where (41,13, ...,1p) is a rearrangement of the first p integers of N, = (1,2,...,p)
is said to be a block permutation matrix.
Now, let

(16) A= (Ai)ecCc™™
be a block matrix with A4;; € C**%;4,5=1,2,...,p;a1 + az + ...+ a, = n.

Definition 1. A block matriz of the form (16) is said to be reducible
iff there is a block permutation matriz of the form (15) such that

T _ [ M My,
(17) PAP _( o M

where M;; are square matrices.

When a matriz of the form (16) is not reducible it is said to be irreducible
matriz.

It is easy to show that the following definition 2 for reducibility is equiv-
alent to definition 1.

Definition 2.  The matriz (16) is reducible iff there is a non-empty
subset J of N,, such that A;j =0 for every i € J and every j & J.

Definition 3. It is said that for a fized pair i,j € N, there ezists a
connecting chain for the blocks of (16) if there ezist a sequence iy, 1y, . . ., im € N,
such that each block of the sequence Aj;,, Aiyi, ... Ai,; of the matriz (16) is
nonzero.
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Theorem 1. A matriz A = (Aij) of (16) is irreducible iff for each pair
1,J € N, there exists a connecting chain . N

We will not give a proof, since it is not essentially different from the
corresponding proof for scalar matrices.

For the sake of completeness we give two definitions also.

Definition 4. A matriz A = (Aij) of (16) is said to be diagonally
(strongly diagonally) dominant by rows with respect to a matriz norm p if the
numbers

(18) R; =#_1(Ai_il)—z:ﬂ'(AiJ')7i= L,2,...,p
i#
are a nonnegative (positive).

Definition 5. A matriz (16) is said to be irreducibly diagonally domi-
nant, if it is irreducible, all R; > 0 and Ry + Ry + ...+ R, > 0.

Theorem 2. (A block generalization of the theorem of O.Taussky-
[3,8]). If a matriz A = (Aij) of (16) is irreducibly diagonally dominant matriz
with respect to a matriz norm pu subjected to a vector norm v, then a matriz A
is nonsingular.

Theorem 3. Let the matriz A = (A;j;) of (16) is irreducibly diagonally
dominant matriz with respect to a ordinated norm v and such that

P

(19) EU(A.'J')S].,‘I:=1,2,.--,IJ

i=1
where for at least one i we have a strong inequality. Then the spectral radius
p(A) of a matriz A is less then 1.
Proof. Since »
u(A) = max Zl v(Aij)
=

is a matrix norm, then p(A) < 1. Let us assume that A has an eigen- value A
with | A |= 1. From the irreducibility of A, it follows that the matrix A — AI =
(Aij — AA;j) is irreducible too, and v(A;;) < 1 for every i.

But from the last inequality and from | A |= 1 it follows that (A — A;;)™?!
exists and

1

o[(AI - Ai)7Y) < T=o(An)
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v = AT AT 2 1 - v(Aa) 2 ) v(Ay)
J#
V[(M = Ai)7Y EU(A;,-) <1.
J#
The last inequality must be strong for at least one i. Hence det(A — AI) # 0
which is a contradiction.
Further by A > B we denote the nonnegativity of all elements

of A-B. "
Let us remind the definition of M-matrix.

Definition 6. A real matriz A = (a;;) € R"*" is said to be M-matriz
ifa;; <0 fori# jand A7 > 0. -

We will need the following lemma, due to J. Von Neumann.

Lemma. Let for a nzn-matriz B we have B > 0. Then (I — B)™' >0
if and only if p(B) < 1.

Well known is the following result.

Theorem 4. Let the matriz A = (a;;) = B—C,aij < 0 fori # j, Bl >
0 and B~'C > 0. The matriz A is M -matriz iff spectral radius p(I— B~'A) < 1.

Theorem 5. If A, = B, —C, is M-matriz, A; = (aj) = Bz—Cz,Bl_l >
B;' >0,Cy > Cy >0 and a;; <0 for i # j, then Ay is M-matriz too.

Proof. It is easy to verify, that

0<1I-B;'A; <I- B['A.

Hence

p(I — By A3) < p(I - B Ay) < 1.

From p(I — B;'A3) < 1 and theorem 4 we receive immediately, that Az
is M-matrix too. -

Theorem 6. A matriz A = (A;j) of (16) is M-matriz if A;; < 0
for i # j , if all diagonal blocks A;; are M-matriz and if p(I — D™'A) <
1, where D = diag(Au,Agg, . ,App) :

Proof. From the hypothesis it follows easily that all non-diagonal scalar

elements a,g of A satisfy the inequality ans < 0. It remains to show that
A~! > 0. Indeed, from B = I-D"'A > 0,p(B) < 1 and from J. Von Neumann'’s
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lemma it follows that (I — B)™! > 0, i.e. A™!D > 0.Then, by right-hand
multiplication by D~! > 0, we get A~! > 0. w

Theorem 7. A matriz A = (A;j) of (16) is aM-matriz if it has a
strongly, or irreducibly diagonally dominant, if A;j < 0 for i # j and if all A;
are M -matrices.

Proof. Let us we have the matrix of the form B = I — D~ ! A, where
D=diag(Ay1, A2z, - . ., App). First, let suppose that A has a strongly dia- gonally
dominant with respect to a norm v. Then the composite norm of py (B) is
less than 1. Hence, according to theorem 6 the matrix A is M-matrix. If A has
an irreducibly diagonally dominant then the matrix B is irreducible and

P
> u(Bij)<1,i=1,2,...,p

i=1

with a strong inequality for at least one i. Therefore, p(B) < 1 and we conclude
again that A is a M-matrix.

Estimates for ||[A7!||c and ||A7! B||oo where A is a matrix with a strongly
diagonally dominant are obtained in [1,4,5].

At last, we will obtain an estimate for y, 4(A™!), where A = (A;;)
is a matrix of (16) supposing that has a strongly diagonally domin-
ant with respect to v,

poe(A) = $(p, p) max v(A;;)
and that the function ¢(p, q) of two variables has the property

ré(p,q) < (p,7)(7,q)
In this case, we have

Theorem 8. If the matriz (16) has a strongly dominant diagonal, then

o g (A7) < (5, P)o(I) max o

where

Ri= v (A7) = ) v(Ai),i=1,2,...,p.
J#

Proof. Let A~! = (L;;), and
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max v(Li;) = v(Lag),
17]

Then we have )
Z AasLsﬂ = Aaﬁ
s=1

where A, is the generalized Kronecker’s symbol. Further, we get

AaaLaﬁ + Z AasLsﬂ = Aaﬁ
s#a

Lag + D AzdAasLep = AzaBap
s#a

v(Lap) — Z V(AZa)v(Aas)v(Lep) < v(AZa)v(Aap)
s#a

U(Lorﬁ)Ror < (1)

_ #(p,p)v(I)
Hog(A7T) < TR,

- 1
Hos(A71) < é(p, p)v(I) max -

1
The last inequality as other inequalities of similar sort can used for the study
of the convergence of iterative methods for solving linear systems and for the
study of condition numbers of matrices. i
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