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1.Introduction

The quaternion algebra H (over the field of real numbers R) is defined
as 4-dimensional vector space

H=R+R;+R; + Ry,

where the elements 1, 4, j, k¥ multiplied with +1 form the quaternion group Q,
known as a two — generated group - Q = < i,j >, with defining relations (see

2])

_1=i2=j29 i‘=1a J = iji,

or equivalently see ([5] and [6])

&= jif, J=1iji.
We have k = ij.
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By generalization from the latter presentation of the quaternion group
we get groups Q,,, containing the quaternion group Q = Q, as a subgroup and
having some of its basic properties (see [7]). In particular, the group Q, has an
application in the theory of Hadamard matrices (see [8]).

In the present research (over the field R of real numbers) the 8-dimensional
algebra H(Q;) = Hi (associated with the 3 — generated quaternion group Q) is
constructed. It contains the quaternion algebra H, the center of which is a two-
dimensional subalgebra. The subset of its invertible elements form the uniquely
non-trivial proper ideals I~ and It such that Hz = I~ + I'*. All 4-dimensional
subalgebras are given as well as all 2-dimensional subalgebras of the algebra Hs.
All idempotents of the algebra Hj are determined. By the formulation of the
propositions and their proofs two bases are used - one is formed by elements of
the group Qs, and the other — by the elements of the ideals I~ and I*. The
results depending on the bases are formulated for both of these bases, but the
proofs are given only in one of the two cases.

The present investigation follows mostly the ideas due to A. Hurwitz
(3], [4] and are known in mathematics as classical.
Non-defined terminology and notation may be found in [7] and in [8].

2. Definitions and Basic Properties of the Algebra of the
3-generated Quaternion Group

Denote by Qs the tree — generated quaternion group -

Qs =< 01,92,939;i = 9;9:9;, i # j, ’»J =1,2,3>=

{ei = gi, €4 = 9192, €5 = 9103, €6 = 9203, €1 = 19393},

where g? = —1 = —¢g and the multiplication of the elements e; is given by the
following
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Table 1
€o( €1 | €2 | €3 | €4 | €5 |€Eg | €7
€1 |-€o | €4 |€5 |-€2 |-€3 | €7 |-€g
€2 |[-€4 | -€0 | € | €1 |-€7 |-€3 | €5
€3 |-€5 |-€g |-€p €7 €1 €2 -€4
€4 | €2 |-€1 | €7 |-€0 | € |-€5 |-€3
€5 ez |(-eé7 |-€1 |-€s |-€0 | €4 €2
€ | €7 €3 |-€2 | €5 |-€4 |-€o |-€
€7 |-€g | €5 |-€4 |-€3 | €2 |-€1 | €
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Here for brevity, the rows and the columns corresponding to —e; (i =

0,1,...,7) are not presented.

From Table 1 it is easy to see by direct calculation that the group Q3

contains three subgroups isomorphic to the quaternion group Q, namely:

(1) {xeo, ey, tez, teq} & {Leg, ey, te3, tes} X
{ﬂ:eo, :f:c;, ie3, :i:es}.

Moreover, its center is the subgroup

C = C(Qs) = {1, ter},
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such that
Q;/C2V,

where V = {&, &;, &, &3} is the Kleinean group.
Consider a subspace J of the group algebra RQ, spa.nned by all the
elements [e; + (—e;)], i = 0,1,...,7. The following holds:

Lemma 1. [ is an ideal of RQ5, and H; & RQ3/J. Thus Hj is an
8-dimensional associative) algebra over R; clearly Hj3, contains the quaternion
algebra (denoted here and on by) H.

Every element a = :_‘_; a;e; € Hj3 is a divisor of zero iff
2 ar = €ag, ag = —e€ay, a5 = €ay, a4 = —eag,
where € = £1. If

a = ao(1 + €e7) + ay(e1 — €eg) + az(ez + €es) + azes — €eq)

and
a* = bo(1 — €e7) + by(e1 + €eg) + ba(ez — €es) + ba(es + €eq).

then
aa* =a*a=0.

Proof. The direct calculation shows that
J = R(eo + (—€0)) + R(e1 + (—€1)) + ... + R(ez + (—e7))

is really an ideal of RQj5. It is enough to prove that, for all j, 7, (e;+(—¢;))e; € J.
For example:

(e1+ (—e€1))ea = erea +(—e1)es = g+ (—e4) € J.

The next part of the lemma follows immediately from the list of the
properties of the 3-generated quaternion group Q3 and from the general theory
of the (group) algebras over a field [9]. Especially, from the properties of the
elements of the group Q3 and from the fact that the conjugacy class K, of every
element a € Q3 \ C is two-element as K, = {+a}, it follows that as a basis of
the algebra Hs the set of the representatives of all conjugacy classes plus the
representative of the sets {+1}, {*ajaza3} can be considered. Again from ([9],
Theorem 2.1) it is known that any element of an algebra over a field is either
invertible or a divisor of zero.
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Further, let a = 2::; a;e; and z = ::z z;e; be two non-zero elements
of the algebra Hj3 such that az = 0. Then the coordinates R; of the product
=7

az = Y ;=) Rie; form yield a homogeneous system of equations in the unknowns
Zoy ..., 7 With matrix D: -

(ao —-a; —a; —a3 —G4 —as —ag Gy \
a ao a4 —as a2 a3 —ay —ag
az; a4 G —ag -—a az as as
I az as ag Gg . —0r. =61 63 —6y

D60y c1p0r) =13 e ay —a; a —ay a —ag as —ag
as —as a7 a Gg GG —a4 Gz
—ar —az az —as a4 QG -a

ag
\07 g —as a4 a -—az a ﬂo)

Its j-th column (co,...,c7), containing the coefficients of the unknown z;, is
determined according to the identity

=7 k=7

(Z ae;)e; = Z Ckek.
=0 k=0

The matrix D for a; =1 (1 = 0,...,7) is a Hadamard matrix [8].

The computation of its determinant [[D| could be carried out, for instance,
by calculating at first [D|2 = [DID’] and then by expanding the received determi-
nant on the minors of 2, 3, 4 and 5 columns. The basic role in this calculations
play the terms:

=7
(3) 8= Z a? and t = 2(—aoar + aa¢ — azas + asay).
=0

Finally, we find that

Dl= (- =
(4) = [(a0 - a7)? + (a1 + ae)? + (a2 — a5)? + (as + a4)’]’x
[(a0 + a7)? + (a1 — a6)? + (a2 + as)? + (a3 — ag)?]2.

Consequently, the system az = 0 has a nonzero solution iff the determi-
nant [D| = 0. This condition is true iff the conditions (2) are true.

We state: An element a = 3°!=7 a;e; € Hj is invertible iff [DJ| # 0, and
it is a divisor of zero iff [D| = 0.

A direct calculation shows that in this case every non zero element a € Hj
of the form (e = 1)

a = ap+ aye; + aze; + azes + €(—aszeq + azes — aje5 + aper)
= ag(1 + €e7) + aj(ey — €eg) + az(ez + €es) + asz(es — €ey)
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is a divisor of zero and that

where

a* = ao+ aje; + aze; + azez — €(—azeq + azes — a1es5 + ager)
= ao(1 — €e7) + a;(e1 + €eg) + az(ez — €es) + as(es + €eq).

This completes the proof. ’ ©

By Frobenius’s theorem ([9], Theorem 6.1; [1]), the only finite-dimensional
algebras over the field of all real numbers R are the following: the field of all
real numbers, the field of all complex numbers, and the algebra of real quater-
nions. Here, in connection with this theorem, the structure of the algebra H is
investigated. The next propositions hold.

Let us put

I™ = {¢~ = ao(eo — e7) + a1(e1 + €6) + az(e2 — e5) + az(es + €4)}, < qno(5)

I = {g* = bo(eo + €7) + b1(e1 — e6) + ba(e2 + e5) + bs(es — €4)}, < gno(6)
where a;, b; € R. 1,7 =0,1,2,3.

Theorem 1. The following holds:

1) I” and I* are ideals of the algebra H3, and H3 is a direct sum of I”
and I,

2) I” and I are the only proper ideals of the algebra Hs.

I =2H==TI.

Proof. 1) As it is known (Lemma 1.), the quaternions ¢~ and ¢,
forming the sets I and I, exhaust all divisors of zero of the algebra Hj. Also,
we have I” # 0, I* # 0 and

(7 e qt=qt¢ =0.

Evidently, the sets I~ and I* are closed under scalar multiplication and
they are abelian groups under addition in H3. We shall prove, that these two
subsets are ideals of Hj.

For this aim, let us put

e —er—, if i=0,2,
(8 2fi=4{ ei+er—i, if i=1,3,5,7
e-7—e; if 1=4,5.
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So, in matrix notation we get

fo 1000 0 0 0 -1 &
(1\ /01000 0 1 o\ {el-\
fa 0010 0 -1 0 0 o
sl _.al0o001 1 0 0 o o
(9) =@ oo o i=10 o o= e
2 00100 -1 0 0 &
fs 01000 0 -1 0 iy
\ 7 / \1 000 0 0 0 1/ ol

In other words, for the vectors

f= (va"a f'l) and e = (eo,...,e-,)

holds
(10) f = e(27T"),
A direct calculation shows that
(11) TT' =T'T =2E, ie. |T|#0is.

Since the vectors e;,1=0,1,...,7 are linearly independent, linearly inde-
pendent are the vectors f, ..., f7 too. Also, the vectors fy, ..., fr form a basis of
the space Hj3. Moreover, there holds the following multiplication

Table 2
\ \
folh |f2 | fs fr|fe | fs | fa
\ \

H|-fo|fa |-fa Je |-fr |-fa | f5

fa |-fs |-fo | 1 fs | Ja |-fr |-Je

fa|fa |-Hh |-fo fa |-fs | fo |-Jr




154 K. Todorov

and
fifi=fifi=0forie€{0,..3}and j € {4,...,7}.
Further, from the identities (5) and (6), according to the identities (8),
we get

(12) I" = {¢” = aofo+ a1f1 + az2f2 + a3 fs},

(13) I* = {g* = bofr + b1 fe + bafs + b3 fa}.

The last identities, according to the Table 2, show that the vectors fy, ...
+J3 (f4 -+, f7) form a basis of the space I"(I).

Table 2 shows that the products f;¢~, ¢~ fi, ¢ = 0,...,7 are quaternions
of the type (12), too. Therefore, for every quaternion q € Hj the products ggq~
and ¢~ ¢ will be again of the type (12). Also

HyI" CI"and IF'Hs; C I,

i.e. the set I” is an ideal of Ha.
By analogy, the following two inclusions hold as well

H,I* C It and I*H; C I,

showing that the set I* is an ideal of Hj too.
It remains to prove that I” + I* = Hs. For every quaternion ¢ contained
in the intersection of the ideals I” and I* we have

g =q¢ =afotarfi+arfa+asfs
= g%t = bofr + b1 fe + bafs + bafs.

The last equalities imply
aofo + arfi +azf2 + asfs — (bofr + brfe + bafs + bafs) = 0.

Since the vectors f;, i = 0,...,7, are linearly independent it follows that
aG=..=a3=byp=..=b3=0.

Hence, the zero is the unique element of the intersection I" N I* of the

ideals I™ and I'*.
Obviously, I™ +'I+ C Hj3. At the same time the vectors fy, ..., fr form a

basis of the space H3 and consequently for every g € H3 we have

=7 J=3 j=7

Soaifi=) aifi+) aifiel +T,

=0 =0 i=4
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since the vectors fo, ..., f3 (f4,..., f7) form a basis of the space I~ (I'*) too.

2) Let us assume that I is a non-trivial ideal of the algebra Hjs such that
I C I". Since every element a C I'\ {0} is invertible in I” it follows that for
every element b € I” the equation az = b has a solution in I”. Hence, I C L.
Also, I =1".

By analogy can be shown that the non-trivial ideal I' is a minimal ideal
of the algebra H.

Further, let J be an arbitrary minimal non-trivial ideal of the algebra
Hs and let put J- = JN 1 and J* = JnI*. Since the sets I” and I are
minimal ideals, then (according to the proof of condition 1) of the theorem)
either+J+ =+{0} and consequently J = J~ =I" or J© = {0} and consequently
J=J"=I".

Also, the algebra Hj3 has no other non-trivial minimal ideals besides the
indicated I” and I'.

Thereto, the algebra H3 has no other non-trivial maximal ideals besides
the indicated I and I*. Indeed, if we suppose that I C K and I # K for some
non-trivial ideal K of the algebra Hj, then according to the above condition 1)
of the theorem it follows that K* = KN I* # 0 and consequently K* = I*.
Hence K = Hs.

3) Each of the ideals I” and I'* is a 4-space and as such it is isomorphic
to the space H =< 1,4,,k >. It is easy to see that the mapping

=3
w(z cifi)=cotciitcaj+es
=0 ;
is an isomorphism of the algebra I™ onto the algebra H.

In particular, testing whether the mapping ¢ is an isomorphism of the
ring I onto the ring H, it is sufficient to compare the products in the multipli-
cation table of the basis vectors of the algebra H with Table 2.

This proves the Theorem. I

Corollary 1. The quaternions 0,1 = e, fo and fr are the uniquely
idempotent of the algebra Hj.

Proof. Let a = ::z ¢;f; be an idempotent of the algebra Hj3. Then,
for its coordinates Table 2 implies
=3
(14) 0(2) - Zc? = Co, 2coc; = ¢, i= 1$2,3;
i=1
=6
(15) G- cd=cr, 2crci=ci, i=4,56;

=4
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Further, the system (14) implies

1=3
colco—1)=Y ¢}, (2c0-1)e;=0, i=1,2,3.

=1
The first equation is possible only for ¢o < 0 or for ¢ > 1. The quadruples
go = (0,0,0,0) and ho = (1,0,0,0)

are evidently solutions of the system. Next, by ¢o < 0 the equations (2¢co —
1)e; = 0, ¢ = 1,2,3 imply ¢; = 0. But by ¢g < 0 and ¢; = 0 the identity
co(co — 1) = 3!=3 ¢ is incompatible.

In the same way we can say that the assumption ¢o > 1 is contradictory
too.

Hence, the quadruples (0,0,0,0) and (1,0,0,0) are the unique solutions
of the system (14).

Analogously it is proved that the quadruples

g1 = (0,0,0,0) and k = (0,0,0,1)

are the unique solutions of the system (15).
Also, the obtained results show that the generation ¢ is an idempotent
iff
either g =go + g1 =0, i.e. when ¢; =0for¢=0,...,7,
orq=ho+ g1 = fo,i.e. whencg=1and ¢;=0fori=0,..,7,
or ¢g=go+ hy = fr,i.e. whencz =1and ¢;=0fori:=0,...,6,
orq=nho+ h; =eg,i.e. whencg=cy=1and¢;=0fori=1,...,6. ]
Using Corollary 1 and the above quoted results of Theorem 1 we get the
following

Corollary 2. The quaternions fo and f; are the uniquely non-zero
idempotent of the algebra I* and I~ correspondingly. There hold I = Hsfy
and ™ = Ha f7.

Let f be any isomorphism of I” onto I* (remind that I” = I* = H) and
let g be any automorphism of I'*. Denote by H(g) the set of all elements of Hs
of the form

(16) C o z+9(f(x), zel.
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Theorem 2. The following holds:

1) H(g) is a subalgebra of H3 isomorphic of H, and for any g, H(g) is
different from I~, I*. If g, h are different isomorphisms of I*, then-H(g) #
H(h). In particular, there ezists infinitely many subalgebras of H3 isomorphic
to H.

2) If A is a subalgebra of Hj such that A = H, A # I~, A # I*, then
A = H(g) for some g.

Proof. Direct calculation shows that H(g) is a subalgebra of Hj3. Next
consider H(g), and define a map ¢ H(g) — I™ by the identity ¢(z+g(f(z))) =
z.

It is clear that ¢ is a homomorphism. If

v=z+9(f(z)), zel,

then ¢(y) = 0 implies z = 0. But then f(z) = 0, therefore g(f(z)) = 0, hence
y = 0. Thus kerp = 0. By definition ¢ is onto, hence ¢ is isomorphism. Since
I = H, we obtain H(g) = H.

Consider H(g), H(h) with g # h. Suppose H(g) = H(h). Take

y =z +9(f(2)) € H(g),
then there exists z; € I” such that
z=z1+h(f(z1)) = y.
Thus
(17) z + 9(f(2)) = @1 + h(f(21)),

where
z,21 € I7, g(f(2)), h(f(z1)) € I*.
Since H3 = I” +I*, any element of Hj is uniquely presented in the form
a+ b with a € I7, b € I*. Therefore (17) implies

=21, ¢(f(2))=h(f(2))

Since H(g) = H(h), same is true for arbitrary y = z + g(f(z)). That
means: g(f(z)) = h(f(z)) for all z € I™ (since, for all z € I”, there exists
y = z + g(f(z)) € H(g)). But {f(z)|z € I"} = I'*. Hence g(t) = h(t) for all
t €I, and g = h. Thus H(g) = H(h) implies g = h.

Since, for any 0 # y € H(g),

y=z+g(f(z)) withz #0, g(f(z))#0,
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we have

H(g)nI™ = {0}, H(g)nI* = {0}.

H(g) # I", H(g) # I* for any g.
2) Take A a subalgebra of Hj, such that

AxH, A#I°, A#I%.
Let
yEA, y#0, y=z+zwithzel", zelt.
Consider projection homomorphism of A:

py=z+z—>z,
Aiy=z+2z—2 zel, zel*.

Since ¢ maps A into I” 2 H then either ker¢ = 0 or ker¢p = A. If
ker¢ = A then, for any

y=z+z2€A, zel", zel*

we have z = 0 and y = z; therefore A = I', a contradiction. If ker¢ = 0 then
¢ is an isomorphism (remind that I~ = H).

Same is true for A : kerA =0, and A : A — I is an isomorphism.

Thus for any

y=2+2#0, yeA, zel", zel'
we have z # 0, 2 # 0. Let f be as in theorem. The map
Bz —z

for any y = z + z as above is an isomorphism of I” onto I*. Thus we have two
isomorphisms

I =SIY, w:lI” I

Clearly ¢ = uf~! is an automorphism of I*, and u = gf. Thus any
element of A is of the form

y=z+z=2z+p(z) =z +g(f(2)),
and A = H(h).
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This proves the theorem. ]
The analogous theorem may be proved about subfield of Hj isomorphic
to the field C of all complex numbers.

Theorem 3. Let be A an arbitrary algebra such that A = I, + I,
where:

1) I and I; are proper ideals of the algebra A;

2)LnI; = {0};

3) I, & H =1, where H is the quaternion algebra.

Then A is an algebra isomorphic to Hs.

Proof. Evidently, ;I; C I, nI; = {0}, i.e. [ I; = {0}. By analogy, as
well I,I; = {0}. So we have ab = ba = 0 for every two elements a € I” and
b € I*. Further, let us assume according to property 3) that for the ideals

I =< fo,...,fa > and Iz =< fay s f1>

holds the multiplication Table 2. Then we put (see (8)-(11))

fl'_fT—i" 'f 1=3,7,

& = { fi+ fr-iy if 1=0,1,2,3,
f'l-i—ft'o 'f 1=4,6

Since the vectors f;, ¢ = 0,...,7, are linearly independent, linearly inde-

pendent are also the vectors e, ...,e7. So, the vectors ey, ...,e7 form a basis of

the space A. The multiplication of the elements e;, ¢ = 0,1,...,7 is determined

according to Table 1. =

Let us denote that the group G(A) = {ze,y, ..., €7} is not two-generated.
Indeed, from the table 1 we have:

< eg,€; >= {*eg,xe;} # G(A) fori=1,...,7
and
< e;,ej >= {teq, te;, tej, teie;} # G(A) for i # j, i, € {1,...,7}.

Let T = {+egp,*e;,...,2e7} and let the multiplication of the elements
of the set T is given by Table 1. Then T is be a group isomorphic to Q3. In
this case A & RT'/J (See Lemma 1).

Corollary 8. The above defined group T is a three generated group
< ay,a3,a3 > subject only to the relations a; = aja;a; fori # j, i,j € {1,2,3}.
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The proof of the corollary follows immediately from the proof of Theorem

At last the author would like to express his thanks to J.S. Ponizovski for
the useful discussions of the so published results.
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