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In this paper we give two simple explicit forms of the coefficients of the bounded Koebe
function.

Let k(z) denote the Koebe function

(1) w=k(z) = an , |2l <1,

n=1

which maps analytically and univalently the disc |z| < 1 onto the domain D
that consists of the entire complex plane except for a slit along the negative real
axis from w = —oo0 to w = —1/4 (see, for example , in [1, pp.15-16]). Let

| -VT+4u
2) z=K(w)=1+2w2wl+ 2, Vi=1,weD,

be the inverse function for the Koebe function (1). The function (2) has the
Taylor expansion

3) 2= K(w) = 2( ) 2w, el < 5

v=1

From (1) and (2) it follows that, for 0 < t < 1, the function

(4) w = f(2) = TK(th(2)) =
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_a- 2)2 42tz — (1= 2)\/(1 = 2)? +4tz’ Vi=1,
2t2z
maps analytically and univalently the disc |z| < 1 onto the disc |w| < 1/t with
a slit from —1/¢ to

1 t 12
?K(—Z)——?+t—2(\/i-—t—l+t)<0

where the last radical is positive. From (1) and (4) it is clear that the function
w = f(z) can also be determined by the equation

z

) =22

1_";1”)2, 2] <1, 0<t< 1.

The function (4) is known as the bounded Koebe function (see, for example, in
[1, pp.37-40]). This function can also be found in [2])-[7]. The authors [4] gave a
cumbersome explicit form of the Taylor expansion of the function (4). Now we
shall give two simple explicit forms of this expansion.

Theorem 1. The bounded Koebe function f(z), determined by (4) (or
(5)), has the following Taylor expansion

[e o]
(6) f(z) =Y nF(1—n,1+n,3,t)2", |z] <1, 0<t <1,

n=1

where F(1 —n,1+ n,3,t) is the hypergeometric polynomial

n-1
_ S -men),
(7) F(1-n,14n,3,t)= ;:o Or Y, n>1,

where (a), for an arbitrary number a denotes

(8) (a)y = a(a+1)...(a+v-1), »v=1,2,..;(a)o = 1.

Proof. From (3) and (4) we find the formula

oo n—-1
(9) f2)=Y"2"> m(n)t, |2l <1, 0<t <1,
n=1 v=0

where

(-1 2v+2 v+n

(10) ”’V(")=V+1 v 2u+1,0$"5n—1,n21-
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From (10) it follows that

pmin) _ (w—n)w+n)

(11) PR e B ) y1<v<<n-1,n2>2,
with

(12) po(n) =n, n>1.

From (11) and (12) we deduce that
1-n),(1+mn),

(13) p(n)=n ,0<v<n-1,n21,

(3)0!
having in mind the notation (8). Thus from (9) and (13) we obtain the formulas
(6) and (7) which completes the proof of Theorem 1. it

For n > 2, the hypergeometric polynomial (7) can be written as

(14) F(1-n,1+n,3,t)=1+

n-1 _12\(n2 _ 92 2_ 2
+2§_:1(—1)"("2 L )(("V +22)!2/‘i'(" .

The formulas (6)-(7) and (14) appear to be basic formulas in the theory
of the bounded Koebe function (4). Using the Gauss hypergeometric function
theory (see, for example, in [8, Vol.Il]) for our formula (6)-(7), we can obtain
other formulas that suit our purposes better. For instance, we have the following

Theorem 2. Ifn > 2, the hypergeometric polynomial (7) vanish for
t=1, ie.

(15) F1l-n,141,3,1)=0, n=2,3,....

Proof. According to the well known Gauss formula for the limit of the
hypergeometric function as its argument tends to unit (see, for example, in [8,
Vol. 11, p.143, formula (381.7)]), applied to the hypergeometric polynomial (7)
for n > 2, we have the equation

r(1)r()
Te-mr+n) "2

where T is the gamma-function. Since I'(1) = 1, I'(3) = 2, I'(2 - n) = o0 and
I'(2+n) = (n+1)! for n = 2,3,... (see, for example, in [8, Vol. I, p.287]), the
equation (16) is reduced to (15), which completes the proof of Theorem 2. =

(16) F1-n,14n1,3,1)=
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From (14) and (15) we obtain the identities

S v 2 - 12)(n2 - 22)...(n% - 2
a7 1423 (-1) = )((nv+2)!)u!(n ¥~ o

v=1

forn=2,3,....
Further we have

Theorem 3. The bounded Koebe function f(z), determined by (4) (or
(5)), has the following Taylor ezpansion

(18) f(2) = z+(1—t)§:nF(2—n,2+n,3,t)z"

n=2

for |z] <1 and 0 < t < 1, where F(2 — n,2 + n,3,t) is the hypergeometric
polynomial

n-2
(19) F(2 - n,2+n,3, t) = Z (2 - ﬂ)v(2 + ")u tv

v=0

>
@) »n22

having in mind the notation (8).

Proof. (First) According to the basic linear transformations of the
Gauss hypergeometric function (see, for example, in [8, Vol. II, p.146, formulas
(382.9)]), applied to the hypergeometric polynomial (7) for n > 2, we have the
factorization

(20) F(1-n,1+n,3,t)=(1-t)F(2-n,2+ n,3,t), n > 2,

with the help of the hypergeometric polynomial (19). Therefore, the identities
(20) transform the expansion (6)-(7) into the form (18)-(19). (]

Proof. (Second) The factorization (20) can be directly proved as follows.
From (7) we obtain the Taylor expansion

1-t é
J=0
where
J
(22) ajn) =S A=kl n) 55 n5o,

(3),¢!

v=0
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Now (22), by induction on j, yields

(2=mn);(2+n);
(3);5!

From (23), having in mind (8), it follows that aj(n) = 0for j > n—-1,n > 2.
Hence the series (21) is reduced to the hypergeometric polynomial (19), i.e. the
representation (20) holds.

Let us note that the identities (22)-(23), valid for arbitrary integers j > 0
and n > 2, generalize the identities (17) which again follow from (22)-(23) for
j=n-—1and n > 2.

From (19) we obtain the table

(23) aj(n) = » 320, n2>2.

(24) 2F(0,4,3,t) = 2,

3F(-1,5,3,t) = 3 - 5t,
4F(-2,6,3,t) = 2(2 — 8t + Tt?),
5F(-3,7,3,t) = 5 — 35t + 70t — 4263,
6F(—4,8,3,t) = 2(3 — 32t + 108> — 1441 + 661*),
TF(-5,9,3,t) = 7 — 105t + 525t — 1155¢° + 1155¢* — 420¢°,

....The table (24) determines the coefficients of (18) (or the same ones of (6))
for n = 2,3,4,5,6,7,....
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