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Some Properties of a Linear Operdtor
Shigeyoshi Owa

Prescated by V. Kiryakova

A linear operator defined by a Hadamard product (or convolution) for analytic func-
tions in the open unit disk is introduced. T'he object of the present paper is to derive some

properties of this linear operator.

1. Introduction .

Let A denote the class of functions of the from

(1.1) f(z) = Z“nﬂZ"“ (a; =1)

n=0
that are analytic in the open unit disk U = {z: |z| < 1}.
For functions f;(z) (j = 1,2) defined by

(1.2) fj(.‘-:) = Z (L,,+|",'.‘5"+| (t,; = 1),

n=0

-We denote the Hadamard product (or convolution) of fi(z) and f5(z) by

(1.3) (Sr* fa)(2) = ) dupratngr 2z

n=0
r . g .
'he confluent hypergeometric function ¢(a, e; z)

o

(1.‘1) ¢>(a,c;z) = E (@) ] (C # 0,=1, =% u)

n=0 (c-)" x

can be defined also as:
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(1.5) ¢((Ic,(:;3’)=;_-214'1(1’(‘:6;3),
where
oo .
‘ ooy = 5= W@ =
(1.6) 2F1(1,a,c,/.)’_ > o

n=0

and (), is the Pochhammer symbol

z(z+1)(z+2).(z+n-1), ifneN=1{1,23,.}
(1.7) (@) =
1, ifn=0.

Corresponding td the function ¢(«,c; z), Carlson and Shalfer [1] defined
a linear operator L(a,c) on A by the convolution

(1.8) L(a,c)f(z) = Pla,c;z) * f(=)

for f(z) € A. Clearly, L(a,c) maps A onto itsell, and IL(c,a) is an inverse of
L(a,c), provided that @ # 0,—-1,-2,... .

Recently, Srivastava and Owa [1] have given some properties of L(a,c)
concerning with univalent functions in /. "To derive our result for linear operator
(1.8), we have to recall the following lemma due to Jack [2] (also due to Miller
and Mocanu [3]).

Lemma 1. Let w(z) be analytic in U with w(0) = 0. If |w(z)| attains
its mazimum value on the circle |z2| = r < 1 at a point zop € U , then we can
write

zow'(20) = kw(zp),

where k is real and k > 1.

2. Some properties of the operator L(a,c)
First, we show the following lemma.

Lemma 2. If f(z) € A, then

(2.1) 2(L(a,c)f(z)) = al(a+ 1,¢)f(z) = (a — 1) L(a,c)f(z),
where ¢ # 0,-1,-2, ... .
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Proof. Note that

(2.2) L(a,c)f(z) = Z t'))" S s

n=>0

and

(2.'3) L(a+ l,C)f(z)z Z ((l+1)n.a ,,,n+1'

n+1~
n=0 (C)n

This gives that

'(2‘4) al(a+ 1,¢)f(z)— (¢ — 1)L(a, c)f(z)
= E(“ 3 g ") )' “n+1~"+1 Z( o) Gntl At
n=0 n=0

=3 (n+ 1)("’"an+ = = 2(Lae)f(2))'

n=0 )

Applying Lemma 1 and Lemma 2, we prove

Theorem 1. If f(z) € A salisfics

(2.5) Re(L(a+ 1),¢)f(2)) > —a (zel)
Jor « > 0, then

(2.6) Re(L(a - j),c)f(2)) > —aB; (2 €U),

where a < 0 and

(2.7) B; =2 H (za i;I..— l)

Proof. We define the function p(z) by p(2) = L(a,¢)[f(z). Then, Lemtha
2 gives us that

(2.8) 2p'(z) = al(a+ 1,¢)f(2) = (a — 1)p(=),

80 that,
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(2.9) Lia+ 1,¢)f(2) = (] o p(z)+ ;3]}(:).
Further, define the function w(z) by
—yw(z) A
(2.10) p(z) = ruBgeT (w(z)#1),
—w(z)

where ¥ = —4aa/(2a — 1). Then we have

—~ w2
(2.11) 2l (7). N )

(1 —w(z2))?
It follows from (2.10) and (2.11) that

1 z i ~w'( =z
(2.12) Ll L O(2) = =% (1_%) w(z) 1 zu'(2)
Suppose that there exists a point zp € U such that

max |w(z)| = [w(z)| =1 (w(z0) # 1)
|z1< 20l

T'hen, using Lemma 1, we have

zow'(z0) = kw(z) (k2 1).

Therefore, letting w(zp) = e we obtain

(2.13) Re(L(a+ 1,¢)f(z0))
v 0 il w(z) 1 ow'(zy)
A Rc{ 7(1 a) 1—-w(z) « ‘)'(J —-w(zu))"}

1 el 1 ke
= - l1--)—— = -y
Re.{ 7( a) 1— ¢t a7(].—e'0)2}

RS £ PR e e
= 2(1 a)+a72(1-—cos())

102 e B Lfrodny 2
L1~ = ARSI & AR R R
2 (1 a)+-'la R ) a +4u %

IA

T—w(z) a (1—w(z)?

S. Owa

This contradicts our condition (2.5). Therefore, we conclude that [w(z)| < 1 for

all z € U, so that
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v 2aa
z _—= - z I):
Re(p(2)) > 3 = -2 (ze V)
Thus we have that
(2.14) Re(L(a,c)f(z))> —ape (z€U)

with gy = 2a/(2¢ — 1) .
IFurther, repeating this manuner, we prove that

(2.15) Re(L(a — j,¢)f(2)) > —apB; (ze U).

This completes the proof of Theorem 1. u
Similarly, we have
Theorem 2. If f(z) € A satisfies

(2.16) Re(L(a+ 1,¢)f(2)) < (z€U)
Jor a > 0, then

(2.17) Re(L(a — j,¢)f(2)) < ap; (zeU),

where a > 0 and

9 J a4 —
*18) I;I(Zu—ak—-l)

Proof. Let p(z) = L(a,c)f(z) and let p(z) = —yw(z)/(1 — w(z)) with
7 = 4ace/(2a — 1). If there exists a point zg € U such that

|I<I ||w( ) =lwlz)l =1  (w(z)# 1)

then we have

(2-19) Re(L((l+ l,C)f(ZO)) - % (1 ) .7 a 2(1 P ('080)

1 ky 7( 1) g
1w pgwn 2t P S QL Kug
_2( )+4_21 a+1a =

It follows from (2.19) that
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(2.20) Re(L(a,e)f(z)) < afp (z€U).

Repeating this step, we prove Theorem 2.
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