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Some Colombeau Products of Distributions '

Blagovest P. Damyanov

Presented by Bl Sendov

By “Colombeau product of distributions” we mean the product of some distributions
as they are embedded in Colombeau algebra G(I™), whenever the result can be evaluated
in terms of distributions again. IHere we propose some results on Colombean product of the

distributions 4 and J(P)(z), z in R™, that have coinciding point singularities.

The class G(R™) of generalized functions introduced by J.-I'. Colombeau
[1] is a most relevant multiplicative system of such functions: G/(B™) is dif-
ferential C-algebra that contains (a copy of) the distribution space D'(R™) as
a C-vector subspace. A connection with the distribution theory is established
Via the concept of ‘association’, generalizing the equality of distributions in
D'(1™). This notion is particularly useful for the evaluation of certain prod-
ucts of distributions—as they are embedded in G(B™)-—in terms of distributions
again. In this note we propose some results of that kind concerning the widely
used distributions 2, and 8P () ( € k™). They are also casily transformed
into the setting of so-called model product in the classical distribution theory,
in dimension one.

We first recall the basic definitions of Colombeaun algebra ¢/(1") lollowing
their recent presentation in [6], Ch. 3. '

Notation. If Ny stands for the nonnegative integers and p = (py, P2,y oony
Pu) is a multiindex in N, we let |p| = S0, pi and p! = plipa!s Then,
M2 = (21,0 &p) is in B™, we shall denote by a? = (&', 2%, ....atm) and
R = (7""/8::’1"...0.1:?,;". Now for any ¢ in Iy, denote by A, () = {¢(z) €
D(R) :fmxj p(x)dz = 8pj for 0 < j < q, where 8g0 = 1,é9; = 0 for j > 0}.

! Acknowledgements are due to the Ministry of Science and Education of Bulgaria for a
financial help under NFSR Grant MM 610.
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This also extends to R™ as an m-fold tensor product: A, (P™) = {p(2) €
D(E™) : (21, ..y ) = [Tizy x(2;) for some x in A (IR). Finally, we denote
by @ = e ™p(e"1z) for any ¢ in Ag(R™) and £ > 0. '

Let now I [R™] stand for the set of functions f(p, ) : Ap(E™) X R™ — C
that are C'*°-differentiable with respect.to @ by a fixed ‘parameter’ ¢. Note
that F[B™] is a C-algebra with the point-wise [unction operations.  Then
cach generalized function of Colombeau is an element ol the quotient algebra
Gemy = EpyR™] [ T[R™]. Ilere the subalgebra Fy '] and the ideal T[R™]
of y[™] are the sets of functions f(p, ) in 22 [I2"'] such that the derivatives
O” f(pe, ) satisfy certain asymptotic evaluations, as ¢ — 0 [G], Ch. 3.

The Colombeau algebra (/(I2") contains all distributions (and C("*-differ-
entiable functions) on R™, canonically embedded as a C-veetor subspace (respec-
tively, a subalgebra) by the map #: D'(i2") — G(I") : w — o = [a(p,x)]. The
representatives here are given by (@, ) = (ux@)(a), where 3(ar) = p(—2) and
» is running the set A, (™). Equivalently, one writes a(p, @) = (u,, p(y —x)).

Further, a generalized function f in G/(BE™) is said to admit some u
in D'(E™) as associated distribulion, which is denoted by [ = wu. il [ has
a representative f(@e, @) in Ey[™] such that for any () in D(i") there
exists ¢ in No so that, for all ¢() in A, (I2"),

(1) tim [ f(pei(@ts = (u,9).

This definition is independent of the representative chosen and the distri-
bution associated is unique if it exists; the image in G/(IP™) of every distribution
is associated with that distribution [6], Ch. 3. The &-association is thus a
faithful generalization of the equality of distributions in D'(J").

Then by “Colombeau product of distributions” we denote the product of
some distributions, as they arc embedded in Colombeau algebra ¢/(i"*), when-
ever the result admits an associated distribution [4]. We now proceed with some
results on Colombeau product of distributions. In what follows. we shall use
the following.

Lemma 1. Let u,v be distributions in D'(F"™)  such that uw(z) =

oot (xg), v(z) = [TM, vi(e;) with cach uf and o' in D'(R). and supposc that
their embeddings in G(R™)(R) satisfy a'.v* = w', for i = |....,m. Then
. = w, where w = [[iL, w*(x;).
Proof. Suppose we have conlined ourselves to the subspace of test-
functions ¥P(a) = [T ¥i(x;), with each v in D). In view ol the tensor-
i=1

product structure of the distributions wu. o in D'(I)" and that of the elements ¢
of Ag(IR™), on applying a I'ubini-type theorem for tensor-product distributions
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(sce (3], §4.3), we get:

(e, 2)0(per @), Y(@)) =TI (xer i) (Xes iy il i) =
=1
= ]I ((wi(-'vi),?/’i(-'vi)) + f‘(s)) :

nes]

Here, by assumption, one has the asymptotic evaluation [(<) = o(1)(¢ —
0) foreach i=1,...,m. Thus

e

lim (e, 2)3(pe, @), P(2)) = [T (w', 97) = (w.45),

=1

where w = [[™, w'(z;) is uniquely determined distribution in D/(I2™). More-
over, since ¥(a) = [[iZ; ¥i(x;) is running a dense subset of D(IE") [3], §4.3, it
follows by (1) that the product @.p in G(IE™) admits w as associated distribu-
tion. ]

Proposition 1. For any p in 11}, let §®) () and i, be the embeddings
in GG(R™) of the distributions 6" () and o ={a? Jor 2 0. =0 for v
0} onR™. Then

(=1)klp!

(2) i . 8W)(z) ~ =

().

Proof. In the one-variable case, the first multiplier in (2) is represented
by

#pan) = [Troly-afrdy= [T @raraoa,

—xfe.

. . . . . . . ’
where the substitution (y —«)/c = ¢ is made. Also, on differentiation in D'(R),
we have

B pe,2) = (=118, 0 (w = )/2)) = (=1 P —ae).

Now if supp ¢(2) C [a,b] for some a.b in 1P, then supp @(—a/c) C [—¢b, —¢al.
Thus, replacing @ — y = —a/e, we get for any ¢(x) in D(1)

(B (0er @) 8P pe, @), () = S [0 (S0, e + )Pt dt)
PP ZE)p(x) da = [} w(—cy) @PUy) [Xy — 1) ol1) di dy.
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By the Taylor theorem, we have ¢(—cy) = ¥(0)+ (—<y)'(yy) for some
1 € [0,1]. Now the integrand function in the latter equation, that reads

b 1
y¥' (1) *(y) /y (v = 0"y dt = g/ e ) (7 4 20) (),

is clearly a product of differentiable functions and is thus integrable on the finite
interval [a,b]. Therefore, on taking the limit as ¢ — 0 and applying the Dirichlet
formula for changing the order of integration (which is permissible here), we get

lime—o (&, (@e, 2) 6PN (@, ), () = f7 $(0)pP(y) [y (y — (1) didy =
=P(0) [Po(t) [Hy — )P (y) dydl = $(0) I,

To evaluate further the factor /, , we expand the term (y — 1)? in the
integrand function and then proceed with a multiple integrating by parts:

4 b . )
> (-1y ( i )/ b o) [ ey dyd =
j=o a a
P 4 .. ‘
= Z(—l)’ ( f )f ¥ ap(t)Z( —Jf)wl”"-'"’tp"’*"—"(t)dt =

§ k=0

' b
- ¥ e [ et =

7=0 k=0
= Z( iy B E(—U’( )

We have denoted here J,_p = fab Pk p(t)pP=k=1(t)dt, where, if k = p,
@(=1(t) stands for [ ¢(y)dy. For any ¢ = p— k > 0, however, it holds [5],

I,

q

§21.5-1(b): Y o(—1) (11

by our assumption, for the remaining term with p—k =75 =10

Jo =/ab<P(t) ([‘p(y)dy) dt = % (/ﬂtw(y)dy)2 b

“w

) = 0. Whence, I, = (=1)"p!Jy. We further get,

:2‘.

Thus, for any p in Ng, we obtain

(3) .60 » E P 4q).
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Finally, in the many-variable case, in view of the tensor-product structure
of the distributions 2% and 6")(x) in D'(I2"), we can employ Lemima 1, which
yields

m "
oy 2 e (=1)ip! (= ety
:1:’_;_,6(”)(:1;) = H :vz-)_"_.b(")(m,') = H ——24 o(a;) = —W—,— o(x).
i=1 =1 ¥
This completes the proof. ™

Proposition 2. For any p in 11}, let % be the embedding in G(R™)
of the distribution 2¥ = {0 for x > 0,= |z|P for x < 0)}. Then it holds

(4) & . 60)(2) =~ ];—!6(.7:).

Proof. One has 2 = (—2)f and 8P (—z) = (—1)?6)(2), for any p
in Iy, and z in R. The result therefore follows on replacing @ — —a in (3) and
then again—on employing Lemma 1.

Remark . Equations (2) and (4) are in consistency with the known
formula

(5) 2 8P () = (—1)Wplé(e) (pe ).

in the space D'(R™). Indeed, taking into account that .« = ol + (-—l)“’l.’z:’i,
the equations in consideration combine to give (5).

Consider now the “even” and “odd” sums of the distributions .'L"_;_‘.'L'l’_
(for any p in Ng',defined by: [«? = af + 2 | [|’sgn ¢ = oL — 2. The
Colombeau products below are then straightforward from (2) and (1),

Corollary 1. Let |#" and |&|"sgn « be the embeddings in G(R™)
the distributions |x|P and |z|Psgn x in D'(R™). Then il holds

#1P 5P ()  ((—1)7 Pl o 0. B T
Ill ) (34) (( 1) +1) 21116(1) z—mp!(s(;l-), 7’20’2"17"'

=27 plé(x), - p= s

P 5(p) a3 ({ <=1 = —p—!‘) B 5
I.LI Sgnx-6 (x) (( 1) 1)2111‘(‘\) ()_ /;:().2,'1,..-

Remark . The proof of the above results can be modilied —in dimen-
sion one only—so as to obtain the same formulas for model product of the corre-
Sponding distributions (denoted by [, ]; see [6], Ch. 2). This is due to the fact
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that, replacing p(2) — p(—w), where ¢ is in Ag(IR) (which requirement on ¢ we
have only used), we get for any ¢ in D) : limeo(@(@pe, 2)8(fe, ), P(2)) =
lime_o((u * pe)(v * pe), ¥) = ([u,v],4); where p will satisly the requirements
imposed on the mollifiers for model products.  We [inally note that the same
equations for the distributions in D/(12) were derived in [2] with the particular
choice of the mollifiers p() to be even functions.
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