Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




New Series Vol.11., 1997, Fase. 1-2

On one Cubic Identity for KdV Tau-Functions '
Yordan P. Mishev

Presented by P. Kenderov

We obtain some specific relations for KdV r-functions. These identities are cubic in 7

relations in contrary to the famous Fay identity, which is a quadratic in 7 relation,

0. Introduction

Let 7(t), t = (t1,t2,t3,...) € C*, t; = 2 be an arbitrary tau-function,
related to the Kadomtzev-Petviashvili (shortly KI) hicrarchy [AvM]. The fol-
lowing IFay identity is well known:

(20 — 21)(z2 = 23)T(L+ [z0] + [5 )70+ [22]) + [3]) -+
(1) (20 = 22)(23 — 20)7(L+ [20) + [z2)7( + [=3] + [21]) +
(20 — z3)(z1 = 22)T(L+ [z0] + [zDT(L+ [21] + [=2]) = 0.

where 2y, 21, 22, 23 € C and for given = € C we have deflined:

o R RI
{z] = (:,%.ﬁ;;...)E{t,”,
tt[2] == (b +zb+ 5+ 5. ) €CT

The I'l was firstly obtained [Fay] for theta-functions and in this case was
important in the geometric tratement of the soliton equations [Mum). Later Il
was generelized for tau-functions [Shi]. Nowadays the Il is uselul in different
aspects of study of tau-(theta-) lunctions [AvM].

I'l is fulfilled for tau-functions, related to n-th (n = 2, 3, 4, ...) Gel’fand-
Dickey reductions of KP hierarchy. In the present paper we are interested only
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on tau-functions related to the n = 2 reduction, i.e. to the KdV hierarchy. Such
functions will be called KdV tau-functions. It is well known [AvM] that
they are characterized by the conditions:

7]

t) = 5ok =8, 208000
(=0 .

which imlpy for every z € C:
(2) r(t = [z]) = 7L+ [-=])

The main result of this paper is given in the following

Theorem 1. Let 7(t), t € C be an arbitrary KdV lau jumlwn Then
Jor every p, A € C the following identilics hold:

(i) (=) {r@+ "+ ") = W'D - [A7T])
—r(t = 1) = A1) (4 () 7+ A1)
=+ {rt+ 7 =) (= [T T+ AT
—r(t = [+ A1) T+ ) - A1),

(ii) T(t+2A7)) T3t = [N = w(t = 2[A7Y) TR+ (A7)
=200 [0 {r(t+ [~ '] = [A'D). r( = [p7']) T2+ (A7)
=7(t = [+ A7) e+ (D) (= AT} Luaa

Remark 1. We would like to mention the fact that these identities are
cubic in 7-relations (in contrary to the FI(1), which is a quadratic in r-relation)
and they are specific only for KdV tau-functions. The prool of Theorem 1 is

based only on the following three results:
(i)  The FI (1) (which is common for all the tau-functions);

(ii) The property (2) (which is specilic only for KdV tau-functions);
(iii) The obvious identity for Wronskians (W (/[.¢g):= J¢ - ['g,
where "denotes d,) .

(3) W(fif2y0192) = figs W(J2,92) + f292 W( i n)
. = figa W(fasn) + fan W(J1,92).
where fi, f2, g1 and gy are arbitrary functions.

Remark 2. From the results of Theorem 1 corresponding cubic
identities for theta-functions follow.

Remark 3. In a forthcomming paper we will investigate the geometric
interpretation of the results of Theorem |.
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2. Proof of the main result.

Instead of FI (1) we will use the differential I'ay identity [AvM]
(yes A€ C):

Wir(t =), (= D) = (=N {7t~ ] re = A1)
—r() Tt =[] = A7) }

which is equivalent (after a change of notations) to the identity

W(r(t =)+ A7), ) = (=N m)y (= [p '+ A7)
== [~ D+ (A7) }

Now we specify these relations for the KdV tau-functions.

Lemma 1.1. Let 7(t) be an arbitrary KdV lau-function. Then we have
(e, A€ ©)
() W+ k'), rt+ A1)
=—(u=-N {70+ DT+ AD =) T+ [+ AT
(i) W(r(t—[p']), Tt +[A7"])
=+ {rt=[p ')+ =r) Tt =[]+ (A7) ),
(iii) W(r(t+[p 1)), (1 =[A"1])
=—(p+A) {4+ ') = (AT =) T+ [ = A)) )
(iv) W(r(t—[p~']=[A""]),7(1)
=w+N){r@) - ]-'D=rt = hre-[A"1]) },
(v)  W(r(t+[p ]+ A7), (1)
==(p+N) {r@®) 7@+ ")+ D=t + ('] 2+ A1) )

Proof. We will explain only the proof of (i). The proofs of the other
relations are similar. Using the differential Fay identity and property (2) we
have:’

W(r(t+[p1)), 7(t+ [A"1)
= W(r(t - [—jt"']), (1 = [=A"Y)

((=p) = (=) { (¢ = [-p71]) 7t = [-A"']) = 7(8) T(4.~ [=p2') = [=272]) )}
==(p=N{r+ ") r+ A=) 7+ [T+ A )
@
Proofof Theorem 1.
Using the obvious identity for Wronskians:

W(filg,J2l9) = WL 129
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we have

W(r(t—[t]) (¢ + [p71]) /720, 70 = [N7]) 74+ [N7']) /7(1))
= ;4’73 W(r(t—[p= ) 7(t+ [ ') (L= [N 70+ [N1)).

Then, using the two expressions in (3) and the relations from Lemma 1 we
obtain for the above Wronskian the following expressions:

(k=A)/73(@t) {7+ [p ]+ A= [w'D (= [A7))
—r(t = [ ) = ATt + [ T+ AT

and

(h+ ) /m3) {7+ [p "= (A" (=[] T+ A7)
ek (il (PN DI VR T DR O P DI 8
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