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Remarks on Some Series Considered by Ramanujan

Nora Brambilla, Emilio Montuld:

Presented by V. Kiryakova

Some characteristic infinite series identities, transformations and evaluations, appear-
ing in Ramanujan’s Collected Papers and Notcbooks, are revisited and generalized.

1. Introduction

”Infinite series”, one mathematician has written, "were Ramanujan’s first
love”. They appear on virtually every page of his notehooks and papers; their
study is still an endless source of mathematical delight, and fully justifies Hardy’s
declaration "It was his insight into algebraical formulae, transformations of in-
linite series, and so forth, that was most amazing”.

In the present note, we first re-examine (and generalize) some series re-
lated to Riemann’s zeta function and allied functions. This is done in Section
2, where the underlying idea is to write appropriate (and manageable) integral
representations. In Section 3, a beautiful partial fraction decomposition is used
to obtain a seemingly new expression for ((2n + 1), n being a positive integer.
Section 4 contains a simple proof of an identity involving two infinite series, by
means of the Poisson summation formula. Finally, in Section 5, we revise four
remarkable Lambert series and derive other results of a similar nature.

2. Series related to ((s), ((s,2) and L(s)
Ramanujan [10] defined

o0

(2.1) ~ #s,2)=) (Vatn+vVatn+l)™®

n=0
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and obtained for this series a finite expression in terms of generalized zeta func-
tions, when s is an odd integer greater than 1. The corresponding result for the

series

1/’(8,1:) :}i (\/:L'+11,+\/x+n+ 1)-*

(2.2) \/(, +u)e+n+1)

n=0

follows immediately by noting that
i 20
(2.3) YP(s,x) = —*“'“f/’(é‘ x).

More generally, we consider the series (¢, y > 0)

(2.1) Ay P(s,w,y) = Z(\/;l:+1l+\/y+n)"”'

n=0

| ~ (Ve +n+Jy+n)?
2.5 E W = ;
(2.5) ¥(s,2,9) ; Ve +n)(y+n)

which, by using the standard Laplace transforms [9]

o0
(26) (VaFm+VIFm) =S -a)E [T temohny, oL

(2.7)

(Ve+n+y+n)? —-"-/o" —M——(y+')l
=(y—x) 2 : /- f
W rE T (y — ) 3 ¢ ( 5 )dt

(/,(z) being the modified Bessel function of the first kind) can be rewritten as
definite integrals (the interchange of series and integration is casily justified):

2.8 s, —n ) /"\‘I—I.l.—"l(‘h‘(‘-ll//: wl)di

(2.8) (s, 2,y) = 3 =(ul)

(2.9) P(s,x,y) = u"%/’ .("”'('schtli(ul.)(ll.
0

where

(2.10) U e v=y+a— 1.
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Now, [rom a formula [8] for the Hankel function of the first kind
[ li
211 (1) _ i —(ﬂ+l) i (n+r)
( ) ( ) = Z1"(1:—7)'(21)

it is a straightforward exercise to deduce that

2 2r)! \y
I.),H_;_(:L') = \/ [smh @ Z (2,),’(‘;;1_)2,)'( ul.v‘z )

(2.12) T
a vosh 5 nrer— 1 \»
—2x& cosh a ,Z:-:[ m—,(m)
N = 2 each o S _2u2re)! 1
, I2n+%(“) = H[“"Sh ¥ Z (21‘)'('211 24 12
(213) n+1 (2042r)!
Dot - n+2r)! r
—2a sinh a I_Z=:l Ih_—wm( RS )

By inserting these expressions into (2.8),(2.9), and recalling {7] that

(o<}
(2.11) / 19 em e Degehtdt = 2' 71 () ((or. =)
0
(Re(a) > 1,Re(z) > 0) we easily obtain
(2.15)
Bn + 1,,9) = =(an + D {55 (020) MG [((—d — 2

—(-F -2+ 4 T I MRS [0 - 2na) o -, y)]} ;

(2.16) ,
Gin 3"3;,y) = ~(4n+ 3)u—2nt1) { b3 (Jll+11+1 u)hu;l" [((__ 2, z)
(-3 —2r,y)+%t‘§ By LT (L e ) - (L~ 2m )]s -
(2.17)
Ppn + 1,2,y) = wm@HD S () 162 04— 2e) - (4 - 2n,y)]

r=0

+4u~2m zj (=) 167 [(;(g = 2ro0) + (3 = 2. )|

(2.18)
¢Cin +3,2,y) = w20+ Z (P2 160 [(() = 2e0) + (S = 20 p)

+Ju—(@nt) i‘ G2y 167w [L,(I; —2r,x)—((3 - 2r.y)] :
r=1
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Remark . The condition Re(ar) > 1, ensuring the convergence of the
integral (2.14), has been waived by almlym continuation, since the integrands
in (2.8), (2.9) are well-behaved. .

With y = 2 + 1, Eqs.(2.15)-(2.18) become

¢(4n + 1 a:) = —(lln + 1){ Z (2n+2r) 4}.(-;:1 $2r+%

(2.19) n ;
+1 X O 35 [XG - 2ne) -2
o) $(4n +3,2) = —(4n + 3){ z; (rt2rtt) Mo [20(-4 - 2r,2)
2.20 .
Sy B ) g,
¢(4n+ l,x) - f: (2711;2r) 16’.»’1"2"—%
(2.21) n I : a
L N 167 (2003 - 2rw) - @]
=1
P(4n + 3,z) = z: (lﬂ‘H"-H) 16" [‘2((% —-2r.x) — ;:.'2"‘%]
(2.22) ™ r=0
+% i (2‘;;-&221') 16" : 2r—-.
r=1
In particular, we have
(2.23) #(3,2) = ~6((~3,2) ~ (4z ~ 3)V&
(2.24) #(5,2) = -40((—%,3)— (1622 — 20z + 5)\/%
(2.25) S
’ N
(2.26) ¥(3,2) = A(3.0) - o= +4V5F
* b bl ‘ 2»' ﬁ o

(2.27) ¥(5,2) = 24((-%,:1:) + -\/'7 127 + 1607
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and, recalling the functional equation for ((«),

5 3.0) = o3

(2.28) #3,0) = 5—=((3)
. [ s 15 :5_

(2.29) #(5,0) = 2,;2“2).

in agreement with Ramanujan [10]. Ile stated the formulas for ¢(s,z) and
¥(s,z) in a somewhat disguised form, because he followed a different (and very
ingenious) procedure, which however does not apply to the more general cases
(2.4), (2.5). If, in (2.4) and (2.5), the terms of the series have. alternating signs,
it suffices to observe that, for instance

(230) S (-1 (VEFa+ViFn) = 27% [</>(s, ) - Hm = 1S

n=0

In particular, defining

(2.31) A(S) =D (-D"(V2n + T+ V2n +3)7".

n=0

we obtain

Adn+1) = —(dn + 1)=! {z 5‘ (i) g lan=4 = 9y - 1]

£4.32) (n+ir=
+ rgl i) T }
A(An+3) = _( dn + 3)d—n-1 { Z 2:1-{:‘2'.1'+l) ‘nT%-T
(2.33) o ey oty
r ar—2) =1 [2['(5 “dr)— 1] }
where
o o0

. {-1)* x(n)

(2.34 L(s) = —_— = E
) () nz% (2n+ 1)* g_;l n®

X(n) beeing the primitive character of modulus 4. Eqs. (2.32), (2.33) follow at
once from (2.30), by noting that

(2.35) () = Cx 3) = L)
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(2.36) (5,3~ (s, = 411 - Lo
alternatively, we can derive them from the integral representation
(2.37) A(s) = s27 5" /0 - -}(ﬁ“"S@clli.Ig(l-)llI.
together with the formula |

(2.38) ‘ /C‘co t*“te~ttanhtdt = I'(«a)[2L(a) — 1]

which is readily established by writing tanht = 14+23 02,(=1)%"2". If n =0
(2.32)-recalling the functional equation [7.35(29)] for L(s)- gives the formula

(2.39) A =5 - K(=3) = 3~ TL(3)

which is one of the results communicated by Ramanujan [10,XXVI] in his first
letter to Hardy, dated January 16, 1913.
' The series
= 1

(2.40) K=Y —1
. n=1 nl(" + l)l

appearing at the end of Chapter 9 of Ramanujan’s sccond notehook [2], can be
dealt with along similar lines. More generally, we consider (x.y > ()

{4.41) S, y) =Y (x+ )" (y+ 0y
n=0
By writing

I'(a + B) e 1 - 1) :
I'(e)I'(S) Jo [.'Lt +y(1—t)+ n]"*P

(2.42) (z+n0)*(y+n)P =
we first have

o 1 )
28 Sislnvie %ﬁ(—% [ 211 — 0P~ g(a+ Byt + (1 ~ )t

Next, we replace ¢ by its integral representation, Eq.(2.1:1), and then mtegrate
over t, [6]. This gives

(2.44) So,ﬁ r(a + ﬂ) / poth— 1

(_-.-.‘cr
—= 1Fi(Bia+ [ —ur)dr.
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When 3 = a, recalling that [6,208]

L. =z z ot
(2.45) 1Fi(a;20;—z) = Mo + 5)(1)-"+15c—5lﬂ_%(5).

Eq.(2.44) becomes

(2.46) E VT u_u+5/°f~ Ca-p e TR (ﬂ l
‘ n=0 [( + ”)(J + n)]@ l‘((r) o — e ‘.__ )dr.

With 2 =1,y =2, a =20+ 1 or « = 2l + 2, the integral is casily evaluated by
using (2.12) and (2.13), convenicntly rewritten as

2
/2 | (@l4r)! :
I2,+%(z) =,/Z [smlmr rz=:0 ,.‘!(’J_,’.,,(Q%) :

(2.47) ;
) e il 2'+2'—1)! 1 \r
—2we’ T; Gr=1)! 271—21-+1)s( nz)
241,
204r41)! »
I2,+;zs_(:v) =4/< [smhz Z (!(2';'_;f'+)l)!(—2'7)_‘
(2.48) =0

— (20142r41)! 1\
+e ,-2, @iz ()
It is also useful to recall the elementary formula

(2.49) 3 (',t') _ (et

1
= n!

which is readily verified by induction. The final result
. K=Y (=17 A,
(2.50) ‘" E:,( o) A
_[,1+(__1)]¢(,) =0
is, of course, well-known [2]. Nevertheless, the above derivation is noteworthy
because of its elegance and simplicity.

3. A formula for ((2k+ 1)

A large number of formulas appearing in Chapter 14 of Ramanujan’s
second notebook arise from partial fraction decomposltmu In particular, we
“have (3]

22 cosh(7zv/2) + cos(mz/2) o i At Z neoph(nw)

3.
8.1) cosh(rzy/2) — cos(mzv/2) e Al R
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This result can be rewritten as

. cos(\/;) L l 4 = neoth(nr)
(3.2) He) = SR et = 2t ﬁ § A
a,>0 ap=dx?, = (&

Replacing a by ra, dividing by 721 (& being a positive integer) and summing
over 1, we deduce that

= i (/)(.'rlt.) SR | I mul||(ll7r)

(3.33) EW— §(2k+1)+ s(2/-+2)+ ;”Z:,zk(" T Far2)’
Now

. 1 e ! I(A: ) ! b A A

(3.4) T PR V) R ;( ) + (=1 (0t F Ar2)

I'herefore. putting

. . coth(nm)
(3.5) S = Z —7_‘_—1——

n=1

and recalling the well-known formula

= 1 !

. b
(3.6) Z m = —g;j" + il LO“I( /}N )

r=1

15q.(3.3) takes the form

(3.7)
i Pl = L2k + 1)+ Loz + 2) + ST NTRE - 20+ 2)5
* . X coth(nr)eoth( L0
+(—’\)L'21 o ,,)Alk-:-l(z" )-
n=

The term — —;, appearing in the r.hs. of (3.6), is cumunlvd for by the upper

limit [ =k + 1 ( recall that ¢(0) = —— ).
In particular, taking o = 272, wv have
(3.8)
X 4 o k1
X ) = - R0k 4+ 1)+ g2k +2) 4+ 2 5 (<1)' N2k - 21+ 2)
r= =]

><SI -+ (—1)k 5‘ '_‘_’M’LE')‘:I;M“ ;r)
n=1 :
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We remark that the S;’s, Eq. (3.5), are explicitly known [3.293], for instance
T3 i 1977
180 °’ 56700

(3-9) ‘S'l = D =
and so on. Furthermore, if we write

.\ coth(nw)coth(n?w) =L coth(nm)coth(n?z) — 1
% Ak = ((k+ 1)+ 3 At ’

n=1 n=1

(3.10)

we see that (3.8), as a matter of fact. expresses — (,(2/. + 1)+ (=D + 1)
by means of known quantities plus two scries wlnos(- terms are exponentially
decreasing. Finally, for the series b S lu(ut) - corresponding to &k = 0 in
the Lh.s. of (3.3) — Ramanujan [3.280] gives a beautiful transformation formula
Which, however, cannot be obtained from (3. 4) with /. = (. because the r.h.s.
hecomes meaningless.
Several other formulas [3,275] like (3.1) can be manipulated. in a similar
Way, to produce further expressions for ((2k 4+ 1) analogous to (: 3.7). However, -
we don’t insist on this pomt here.

4. An infinite series identity

' Let a,8 > 0 with a = 7, and let n be real with |u] < 4. "Then ([3],
Entry 11, p.258),

o) . [—sec(an)+z o )(os((m/»)] [ +3 Z (;::lllf(z,;};,;f‘ ]

Berndt proves this result by using a transformation formula given by himself in
a beautiful paper [5] on Eisenstein series with characters. As a matter of fact,
Eq. (4.1) can be easily obtained by means of the familiar Poisson sutmmation
formula

(4.2)] % £(0) + g Fk) = /“ = fie)dea 2 L\; /u [y cos(2wr)da.
We take
(4.3) f(x) =

cosh(23na)
cosh(/32e) ~

Then [7,11(27)]
Io° f(x)cos(2kma)de = gHsech(ka? — ina) + sech(ka? + ina)]

(4.4)
: ggsec(na) k= 0.

2/
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Now, it is straightforwardly shown that
(>
(1.5) seche = 2 Z \(r)e "™
r=1
Thus
. f X :
(4.6) sech(ka? — ina) + sech(ka? + ina) = 4 Z (e ke cos (nra),
- r=1
whence

cos (anr)

.,L"' — ‘I Iu ¥ -4
(1.7) Z[sech(ka ina) + sech(ka® + ina)) ‘12 \(r) e r — 1

k-—
and Eq. (4.1) follows at once.

5. Comments on four Lambert series identities

In his second notebook. on page 261, Ramanujan states four remarkable’
identities which, following Berndt [1]. we write compactly as

(5.1) Lilg)=Rilq) » Jj=1,....1

where, for |¢| < 1

W qz"("'“)
(5.2) = S B e
pH(- q),; L+q"
. . - 1 + (/ln 1
(5.3 L n=leo, — zln(n 1)
) 2= Ut )“Z( D T e
Zn = 1 )it t)-1
. gt n
(5h4) L3 ‘/Jz((l)"_z_:( 1) 21;—1)2
(5.5) L= Z( Ly hebrn) 1A

q) (1L+q")?

.

; | 4 g
il n(2n=1) /A
(5.6) R, = Z'l‘ : (1 —g2n=T)2

n=|
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in (5.2)~(5.5),
(5.10)

and

(5.11)

are theta functions.

qn(n+1)

Ry= 1483 (—1p L0
2 + 4..4( ) (l,+(]")"’

u-—-]
o y 21 + q‘..’u
R3 = Z(—l)lnq" l_-—-Tli':
n=1 3
L6 +4-1)
~ T2 :
Re= 3 e,
n== 1 -
Y 1 1
W(a) =3 q7" " = g3 0x(V)
1=0

ela)=14+23¢" = 93(¢)

n=1

163

G. E. Andrews [1] has givea britfinat procts of thes identities employing
tools borrowed from the realm of basic hypergeo::etric series, in particular Bai-
ley pairs and Bailey’s non terminating extension f the g-aualogue of Whipple’s
theorem. However, as Berndt [4,155] remarks, Andrews’ prools are probably
unlike those found by Ramanujan, who undoubtedly possessed methods that we

are unable to discern.

We first point out that Andrews’ analysis can be somewhat simplified. As
a matter of fact, it suffices to prove only two of the four identitics, for instance
L3 = R3 and L4 = Ry, since it is not difficult to see that

(5.12)
and

(5.13)

Ly+Ly= R+ Ry

Ly —SLy = Ry — 822,

Of course, (5.12) and (5.13) do not imply Ly = Ry, Ly = Ky and Ly = Rg,
Ly = Rga; perhaps, Ramanujan was aware of (5.'2), (5.13), and was led to this
identification by examinating the first few terms ¢! the expansions of both sides.
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In order to establish (5.12) and (5.13), we need the Lambert series ([4],
p. 152-153, Entries (18) and (20))

L, (n41)
gzt

. - n
and

" 1+q211+|
(5.15) - YHq) = Z(—l) R

n=0 1 q
together with the formula
[ > . = - — n, n? 1 'I"yn

(5.16) u(w,y,a):nz_%l_ " “2_:0(111) ] o + l-—.t:y")

which is readily verified by comparing the coeflicients of «* on both sides.
Differentiating (5.14) and (5.15), we find

_ _ d
(5.17) L+ Ly = —qalog#o(—q)
d
(5.18) Ly — 8Ly =14 8¢ log 4 (q)
dy

that is, by using the well-known infinite products for ¢ and

X0 2n—1

nq"
(5.19) 1:1+L4—ZZ I"Izu. =22 ! q2i=1)2
n=1 =1 n=1 (l )
. et uq a"
(5.20) L, —8L3 = 1+82( 1)) 7T = 148 Z TP E
n=1 n=| (I +’/ )

On the other hand, from (5.16)

(5.21)
o0 2" g n 1 . .z:y“" "
7 (u—l) Y

nz=:1 (1-ay")? ,;z-:l(ax) & ( A P HJ")‘]

Taking = = y = ¢?, a = ¢, this gives the identity
2n— x 1+ 2n—1 X n(n+l)
v (2n=1)_* T4 ~ nq?
(5.22) 2 Z (1 q2n-l)2 Z " (1~ qlu—l )2 - Z | — ¢

n=1 n=1|
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which, by (5.19), (5.6) and (5.9), is just (5.12).
Taking * = y = ¢, a« = —1 in (5.21), we get
1n(11+1) 2n

[ n S IR I'+4q
(')°23) Z (l + qn)2 + Z( 1) (1 +qn)2 Z( 1™ 2n

n=1 n=1

equivalent, by (5.20), (5.7) and (5.8), to (5.13). Incidentally, since - as shown
by Andrews - the r.h.s. of (5.22) coincides with Ly, we have a straightforward
proof of the identity Ly = I24. Similarly, (5.23) amounts to Ly = R,

Next, we derive some other results of this type. Irom llu- ‘ourier series
for the Jacobian elliptic function en [L1],

o Il+%

4 ;
(5.24) cn(03:c) 19 E T;.LTH'T COS( 2n + 1 ).’L‘,
2,

tecalling that cnu =1 — ‘—‘; + O(u), we have

) n+.l
. 291 _ 9, 2 N
(5,25) 19%19; =4 “;)(lev + 1) —I—_'*.-;}m
Whence, with ¢ — —¢
u+l—
n ( =
(5.26) V304 =14 Zu( @m+ Ve
n=
that is, in Ramanujan’s notation
) q "7' d
(5.27) ¥ Q)P (VD) = 3o (20 + Wy s Qe Wt~y
n=0
(5.28)
: q 5 d :
¢’2((1)¢4(—ﬁ) Z( 1)"(2n + 1)‘ ,c+ = (2.‘1?(—1‘;.- + 1 )zll(.l'.(/.l[%)|x=_q§’ »
n=0 i

 being defined by (5.16). Performing the indicated differentiations, we obtain
the formulas

o = n+t
(5.29) Y (@)e*(Va) = Lav*(q) + 81/"1" Z( 1)rgntnt2) n(l-q : ))': 1’
n=0 ( 1, - " 4

nt+ L
(5.30) ¢,2(q)‘p4( \/-) sz ((/) yobi qu Z( 1)n n(n+2) n(l + lI IL) +1
=0 (14 ¢ *t2)3
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which, ama.zingly, involve the series La(q). 1'rom these, observing that (p“(\/_)—

©° (—\/_) = 16(12 ¥*(q) (this is nothing but the standard theta function identity
93 = 93 + 93), we obtain a Lambert series for 9°(q)

o0 » o 1 + q‘ln-}-l | + 3,,2"+1
. 6 -\ n, n(n+2)r.
(5.31) P(q) = Z(—l) q"t )["'(] )2 + (1 — g2+ )3]’

n=0

which, as far as we know, does not appear in Ramanujan’s notebooks. On the
other hand, adding (5.29) and (5.30) and expressing Ly in terms of Ly through
(5.20), we get, alter a straightforward simplilication

5.32 1) n(n+1) [+(/lu ' e L |
(5.32) TP )Z( )"q =gy = 5/ —— log (~q).

n=1

We also observe that, from (5.24), we have

[>.]

: q 1 1
(5.33) Pq) = Y ——1 = ulg?,q,—¢?),
n=0 1 + (/"+’];

that is, a Lambert series simpler than (5.15), which indeed follows from (5.33)
by applying the transformation (5.16). Dillerentiating (5.33), we find

L ‘
(5.34) 20(0)¥'(9) = 5(P = Q) N
where
(5.35) N=q} f:( . v—%i ny
5.35 =q — —_— = = e
o -y S g
(5.36) P=q3 i: IR Ll LA i nyf
n=1 (l - "“—:‘;)2 n=1 L + '/"—{;
. A A
y! q? m/z
(5.37) =q2 =—q )
§(1+q"‘5)‘ Z‘:m 1— g3
Not surprisingly, these quantities are related to
5.38 A Z 1 n=l,r u(n-—l) 1+ ,/ln !
(‘)' ) r = ( ) l_qzn_ ’

n=1
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(In(n+l )—-1

(5.39) B, = Z(—l)“ l_—Tl)z’
n=1

Lhat is, to the various pieces of

(5.40) Lat?(q) = 4(Az — Ay) + Ao,

(5.11) L3t*(q) = 2B, = B,.

Indeed, from (see (5.21))

— " n—1
(5 (l2) Z (1 u:yu)l = IE:]((”)“I/“(” l) [ (' N'I" + l—-’lll/” 0 )
' ayh 1
+(|_ft:lun)f + o “_:Iyn—li]
by appropriately specializing the parameters @,y and «a, we get
(5.43) N = —=Ag + 41
(5.44) P—-Q=-2:)A; +4B,,
furthermore, with
; {isin . 'Il.r/%" L uq%"
(5.45) M =g20)  (=1) e =i O -
we find
M — N q"
5.46 144 S
s P Wi

n=1

Many other results can be obtained by considering the Lambert serics

(5.47) 802(““1) = —1 44 Z( ¥ l + e ==l du(=q. g =1),

n=0

simpler than (5.14) and related to it through (5.16), as well as formulas like
(5.25), arising from the Fourier series for the various Jacobian elliptic functions.
HNowever, we do not investigate this possibility in the context of the present
paper.
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