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Orthonormal Systems of Fractal Functions :

Bl. Sendov, P. Marinov

The notion of a fractal function of onc variable is introduced as a [unction defined,
bounded and continnous on the set of all binary irrational points of the unit interval. The
fractal dimension of a function is defined through the box dimension of its completed graph as
a point set on the plane.

An orthonormal system of {ractal functions with given fractal dimension is constructed.

Computer experiments for signal compression through fractal transform coding are

presented.

1. Introduction

The signals and the images arc now very popular objects for approxi-
mation to accomplish data compression. T'hese objects are not ouly with local
peculiarities, but are also very "rough” and resemble the fractals. It is natu-
ral to use fractal structures for approximation of real world signals and images
(1], (2], [3], [4], [9], [16]. The technique in this direction is based now on the
so called Iterated Function Systems (II'S) [1], [4], which are collections of con-
tractive transformations in given [unctional spaces. The fixed points of these
IP'S are fractal functions with self similarity [14], [11], [15] and given fractal
dimension [16], [17], [7], [8]. To implement this method, we have to find a suit-
able transformation, such that its unique fixed point is an useful approximation
to a given function representing the target image. This original idea needs an
efficient algorithm for finding these "suitable” transformations.

In this paper we propose a new approach to fractal structures, with given
fractal dimension, for the purpose of approximation and hence for signal and
real world image compression. I'or simplicity, we consider one—duneusnonal case
of functions defined on the unit interval.
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170 Bl. Sendov, P. Marinov

The first important feature of our study, differing from the already estab-
lished theory of fractal approximation and interpolation, is that we do not limit
ourselves only with continuous functions. To allow the treatment of discontin-
uous fractal functions, we consider functions defined, bounded and continuous
only on the set (0;0) of all binary irrational points in the unit interval [0, 1]. To
every such function f corresponds a so called completed graph IP( f) [18], which
is the smallest compact and convex, in respect to the y-axis, point set on the
plane containing the graph of the function f. This completed graph is used to
define the fractal dimension of a function as the box dimension of its completed
graph. T'or example, the Dirichle function

0 for a rational,
D(z).= { 1 for « irrational, x €[0,1],

has as its completed graph F'(D) = {(a,y): 0 <a <1, 0<y < 1} the full
square, and hence a box dimension 2. It should be noted that the graph of D has
a box dimension 1. This definition of the fractal dimension of a discontinuous
function is the most natural from the point of view of the Hausdor(l distance [12]
between functions [18], [19], [22] and it is equivalent to the dimension defined by
A. Deliu and B. Jawerth [6, p. 217] for the graph of a general bounded function.

In fact O = (0;0) is a set, dense in [0, 1], which is invariant with respect
to the collection J = {wg, w1} of similitudes wy(z) = /2, wi(x) = (x + 1)/2,
such that O = we(0) U wy(0) and we(O) N wy(O) = @. This reminds us the
open sel condition (14, p. 735] in a stronger form.

Sccond step is the design of a method for fractalizing a given orthogonal
system. This method is based on the Weierstrass’ idea of producing a [unction
which is continuous but nowhere diflerentiable [10]. One example of such a

[unction is
o0

Wa(t) = A cos(2'mt), 1/2<A< 1.
=1

lor us it is important that this function has a fractal dimension 1+« [16], where
a = 1+ logy A. Our method produces the famous Weierstrass function in the
first step if we start to fractalize the orthogonal system g;(t) = cos(2"xt); n =
[,2,3,... . This approach for producing fractal functions is used in [21], [13],
(5].

The structure of the paper is as follows.

In section 2 we introduce the notion of a fractal [unction as a function
defined on (0;0) - the set of the irrational points in the unit interval. The role of
continuity in this setting is played by the Hausdorff continuity 18], [19] and the
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classical modulus of continuity w has to be replaced by the Hausdor{f modulus
of continuity 7.

We define the fractal dimension of a bounded function as the dimension
of its completed graph [18], [19] and introduce the Hausdorff distances in the
space of fractal functions.

An orthonormal base of Haar type, called Eztended Haar system is intro-
duced in section 3, which is useful for producing 01tho;,0ndl systems of fr a('tal
functions with given fractal dimension.

The section 4 contains the method of [ractalization of an arbitrary or-
thonormal system.

In section 5 the Extended Haar system is fractalized and the connection
with the IF'S is discussed. The theory of the IFS [1], (2], [3], [4], [9], in the one
dimensional case, is based on the contractive mappings of the forn

< (3)-(22)(5)+(7),

where a is the contractive factor for the argument, s is the contractive factor for
the values of the function and ¢ serves to guarantee the continuity. In our study
we consider contractive mappings with ¢ = 0, as we do not need continuity.

In section 6 we present some examples of using the fractal transform
coding for compression of the graphs of smooth functions and some "rough”
functions taken from real images. The quality of the recovery is measured by
the Ly, L, norms and integral Hausdor{l distance.

In this paper we consider only the one-dimensional case. The same tech-
nique works easily also in the multi-dimensional case and shall be presented in
another paper with applications in image compression.

2. Basic definitions

Every number @ € (0,1) may be represented in the binary form
(2.1) z=ay ()27 +ag(x)2” 2+ az(x)22 +...,

where ap(2) is 0 or 1. The number 2 is binary irrational, if a,(2) = 0 for
infinitely many indices n and a,(z) = 1 for infinitely many indices n.

Let (k; p), where k, p are non negative integers and p < 2%, be the set of
all binary irrational numbers from the interval (p27%, (p+1)27%). The set (k; P)
is called a binary interval of rank k. The binary interval (0;0) C [0, 1] is of rank
0.

The functions a,(2) from (2.1) are uniquely defined in (0;0).
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Definition 2.1. We call the function f a fractal function, iit is defined,
bounded and continuous on the unit binary interval (0;0).

The set of all fractal functions is denoted by F(g,0) = F.

Every fractal function f frem F is Lebesgue integrable in the interval
[0,1] as f is not defined only in the set with measure zero in this interval.

In the functional space F we shall use the uniform norm

171 = sup{|f(2)| : = € (0;0)},

and the integral norms Ly and Lj:

1 SR
Ul = [ 1@ de, 1= ([ £ de)
If f € F, then for every x € [0, 1] there exist the limits

]lin})inf f(z+h)= f(x) and ’llin}) sup f(x + h) = f(2); x4+ h € (0;0).

Definition 2.2. The completed graph F(f) [18] of the function f is
the smallest compact and convex, towards the y-axis, point set on the plane

containing the graph of the function f.
The Hausdorff distance between two functions f,g € F is defined as the

Hausdorff distance between their completed graphs as point sets on the plane.
For a particular definition of this distance we need to choose a distance between
two points in the plane. For our purpose, a convenient distance on the plane is
the box distance

po(A(z1,11), B(z2,¥2)) = max{|zy — 22|, plya — v2|}, p > 0.

For simplicity, we shall use p; = p.

Definition 2.3. The Hausdorfl distance between two functions f,g € F
is the number

r = max{ su inf A,B), sup inl A, B)}.
(/,9) {AeFI()j) s,y A4 B, sup o el )}

It is not difficult to see [19] that »(f,g) is a metric in F, for which
r(f,0) = | f|, but in general 7(f,g) < |f—g|. The latter shows that F metrized
with Hausdorff metric is not a Banach space.

The Hausdorff distance, as the uniform distance, is sensitive to the change
of the functions even in one point. For our purpose it is more convenient to use
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the Integral [Tausdorff distance defined through the Hausdor(J difference between
two functions [20].

Definition 2.4. The absolute value of the &-difference between two
lunctions f,g € F in the point z € (0;0) is

|f(z)© g(2)] = max{(fvmi)lél;‘(g) max[|la — €|, |f(x) — ],

inf  max[|z — £, |g(a) — n|]}.
eniile ymaxliz — &l lat=) =i}
Using the ©-difference we define the integral distance

1 1/p
Ry(f,9) = {_/0 [|f(x)@g(x)|]”dx} , 0<p< .

between two functions from F.
The integral distance R, does not satisfy the triangle condition and is
not a metric, but may be used to measure the closeness between two functions.

Definition 2.5. Let f € F and
v((k;p), S) = sup {|f(2") = f(=")|: 2',2" € (k;p)}.
We call
(2.2) (f;27%) = max{v((k;p),f) : p=0,1,2,...,2%= l}

the fractal modulus of continuity.

Definition 2.6 We call a fractal function Hausdor[f continuous if
: .9—8) —
aleroloT(f,2 )= 0.
The set of all Hausdorff continuous fractal functions is denoted by HC.

Definition 2.7. For every f € F we define

2°-1

Vi) = 3 {Fw2™") - 1(027*) + vi(ss 00, N}
p=0
(2.3) Ko(f) = 57" logy 2°(Va(f) + 1)

and call the number

A(f) = T wa(/)
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Jractal dimension of the function f.
This definition coincides with the usual definition of Hausdor{f dimension

[19] of the completed graph of the function f and 1 < x(f) < 2, see [22] for the
Hausdorff dimension of the completed graphs of multi-varied functions.

Definition 2.8 A function f € F is called a pizel function with resolution
s il f is constant in every binary interval of rank s.

The set of all pixel functions with resolution s, denoted by Py, is a 2°
dimensional linear space.

Definition 2.9 We shall use the linear operator ®,( f) = f<*> : F — Py,
defined as follows:

@, (fi2) = [ (2) = 2’/( )f(t) dt for z € (s;p), p=0,1,2,...,2° — 1.
5p
For every function f € F, f<*> is a pixel function with resolution s.
Lemma 2.1 For every f € F the inequality
(2.4) If = @(N] < 7(f527°%)

holds.
Proof. From the definition of ®,(f) we have that for « € (s;p) C (0;0)

inf{f(t): t € (s;p)} < ®s(f32) < sup{f(t): t € (5;p)}
and
|f(x) — @4(f; )| < sup{|f(a') = f(2")]: a',2" € (s;p)} < T([527°).
Irom this () follows and the Lemma is proved. @

3. Orthonormal Extended Haar system

Let F; be the space of the functions F with Ly norm. We shall consider
orthonormal systems g; € Fp, ¢ =0,1,2,... and shall use the notation

1 .
9n(f) = /o f(2)gul(z) dz; i=0,1,2,...

for the Fourier coeflicients.

Definition 3.1. We define the pixel functions (seec (2.1))

bo(z) =1, bn(z)=2a,(z)-1; n=1,2,3,... ,
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bn(2) for z € (1;0) C (0,1/2),
ex(z) =4 ba(l—2) for zefl; 1) C{1/2,1) n=2.3. &~ -
0 for 2 ¢[0,1],
cnkp(®) = 282 e(282 — p);
n=23,4,.. k=0,1,2,..., p=0,1,2,...,2" -1,
and call the set of functions
balz);y: B =0, 1:2.x 5
cn,k,P(w); = 2’3)43“- 1k = 0,1,2,“'a P= 07112$- --»2k oo 17
defined on (0;0), the Fztended Haar system.

Lemma 3.1. The Eztended Haar system is orthonormal in F,.
Proof. I'rom the definition of b,(2) and ¢,(2) it follows that

bn(2)? = (2a.(z) — 1)? = 1 — 4a,(2) (1 — an(2)) = 1,
as a, () is either 0 or 1. Then ¢,(z)? = 1 and
1 ' 1
/ bn(z)? da =/ en(z)? dz = 1.
0 0
In the same way"

2,; /01 (c,,(2km _p))2 de = 2F /k )(cn(2kw _p))z o

(ksp
e
= 2“2“"/ (ea(t))? dt = 1.
A 3

On the other hand it is immediately seen that

1
/ b(2)byu(z) dx =0, for n # m,
0

 bm(@enipl@) dz= [ b 2 1
J, tn@enkal@) de = [ bula)en(2te - p) da

P
1
= o~k /0 b (27%( + p))enlt) di = 0,

for arbitrary m and n; k£ =0,1,2,..., p=0,1,2,...,2% — 1.
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i

We have also, for arbitrary m and n
1
[ em(@e - en(@'z =p) de =0 if (k,p) # (L,q).
0

In fact:
1) For I = k and p # ¢ the supports of ¢,,(2'2 — ¢) and ¢,(2¥2 — p) do

not intersect.
2) For | > k the supports of ¢,,(2'z — ¢) and c¢,(2*x — p) intersect if

(l;9) C (k;p) or if p = [¢2¥7'], then

1
/ em(2le — q)c,,(2'°z - [q2'°“’]) dz = _/; em(2'2 — q)en (252 — [q2"'"]) dz
0 Lp)

WP
=27 [ L em(Den(2Ht + [p/274) — [g27) dt = 27 i  a(Obsa_ () M= D
0 0

for arbitrary m and n.
The case m # n and (k;p) = ({; ¢q) is obvious.
That completes the proof. ]

Corollary 3.1. The functions
ba(z)y m=0,1,2,...,8,

nkp(z); n=2,3,4,...,8 k=0,1,2,...,s—n ,p=0,1,2,...,28 -1,

Jorm the orthonormal Extended Haar basis in the set Py, of the pivel functions
with resolution s.

Since the number of all functions from the Extended Haar system with
resolution < s is 2%, from Lemma 3.1 and Corollary 3.1 it follows:

Corollary 3.2. FEvery pizel funclion f with resolulion s has the repre-
sentalion

s s—2 s—k 2k—1
f(z) = Z bn(f)bu(z) + Z Z Z cn,k.p(f)cn(zk"f - p)
n=0 k=0n=2 p=0

where
1
balf) = /0 F(2)ba(2) dz,  cnip(f) = ] ' 1@ + p))enls) da,

and the representation

s—1
(3.5) f(2) =" file),

k=0
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where g
fo(z) = 3 ba(f)bu(x),
n=0
s—k
Sr1(2) = Z cn,k,p(f)c,,(2’°:c —p); for x € (k;p), p=0,1,2,... b
n=2

The functions fo, f1, f2,- .., fs—2 in (3.5) are called levels of the function

8
Theorem 3.1 If a fractal function [ is Hausdorff continuous, then
s—2 s—k 2k -1
(3.6) sli}n f(=) - Z bn(f)ba(2) — Z Z Z Cn,k ,,(f)c,,(l"’l: -p)|| =
n=0 k=0n=2 p=0

where

1
(5)= [ J@n(e) dz, en(1) = [ FOH + peae) da.

Proof. According to Corollary 3.2,

5—2 s—k 2k -1

f<a>(x) = Z bn(f)bn(x) + Z Z Z Cn L,p(f)cn(z T —p),

n=0 k=0n=2 p=0

then according to Lemma 2.1
If = 22 < r(£i270).

Hence, the equality
Jim 1f - f<] =0

holds, which completes the proof. w

For illustrations in this paper we shall use a set of source functions de-
Picted in Fig. 1 named according to Table 1.

All illustrations in this paper are based on the use of the pixel function
I® for every function f to be depicted.

To illustrate the representation (3.5) we present the completed graphs
Of the components of this representation for three of the source functions (see
Fig. 2, Fig. 3, and Fig. 4)..

The components f;; ¢ = 5,6,7 in the representation (3.5) of the function
F<8>(2) for f(z) = fa,1y = 2% in Fig. 2 are equal to zero.



T

178 Bl. Sendov, P. Marinov
c=1 c=2 c=3

= |

=2

=3

=

=5

I'igure 1: The completed
re= 1o

graphs

of

the source

functions f(; c);

1,2,3;
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see representation (3.7).
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.. Fignre 3: The levels of the function fiy ).
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Iigure 4: The levels of the function fi4 ).
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[ r c=1 c=2 c=3
f(z)=2%] f(z)=sinz | f(x) = §sinz
1 z€([0,1]| =z€(0,27) + 4 sin 32z
col. No. 20 | col. No. 30 col. No. 130
2 from Lenna | from Lenna from Lenna
col. No. 140 | col. No. 160 col. No. 176
3 from Lenna | from Lenna from Lenna
row No. 20 row No. 30 row No. 130
4 from Lenna | from Lenna from Lenna
row No. 140 | row No. 160 row No. 176
5| from Lenna | from Lenna from Lenna

Table 1: The source functions description f,; ¢ = 1,2,3,7=1,...,5.

4. Fractalization of an orthonormal system

4.1. Binary operations
Let N be the set of all nonnegative integers. lvery natural number n
has the unique representation of the form

(1.7) n =2 4 p(n),
where v(n) is an integer and pu(n) € {0,1,2,...,2"(*) — 1},

The equation (4.7) defines the functions v(n) and p(n) for every natural
number n.

The binary representation of every n € Nis n = ng+n 2 +ny224...
or n = (ng,nNy,n2,... ), where n; = 0,1; ¢ =0,1,2,... are the binary digits of
n. In the following, if n € NV, then n; shall denote the ith binary digit of n.

If n; is a binary digit, then by 7; is denoted the inverse value ol this digit,
ie.,,0=1and T=0.

For i € NV denote by n(7) the number produced from the number n by
reversing the i-th digit of n. For example

11(7) = (1,1,0,1,0,0,0,...)(T) = (1,1,0,1,1,0,0,...) = 27.

For the binary digits we use the addition (mod 2), denoted by ” @ 7, or
the binary addition:

060=1p1=0, 0pl=10=1I.
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We define the binary addition” @ ” in N :
m@n = (mod ng, my G ny,madng, ... ).

For example,

59 =(1,0,1,0,0,0,...) & (1,0,0,1,0,0,0,...) = (0,0,1,1,0,0,0,...) = 12.

Lemma 4.1. For every n,p,q € N from n & p = n @ q it follows ihat
P = q, or that in the set :

nON ={nd0,n®1,282,...}
all members are different and that n @ N = N.
Proof.
n®p=(no®po,n1 ®p1,...) = (oD g1 B ar,...) =nehyg,
hence
ndpi=nibq; i=0,1,2,...,

orp; =¢; +=0,1,2,... .
We define the binary scalar product of two integers m,n € N, two binary

codes, as follows:

oo
(n,m) =Y nim; < c0.
i=0

For example (5,9) =1, (6,7) = 2.
Lemma 4.2. If m,n,k € N, m # n and the equation

(4.8) (mo @ zo + no ® zo, My B 21 + N1 B X1, M b @2 + N2 D 2y, ...)

= (k(.h I‘:lv k2, ---)

has a solution a' = (z},},2h,...) € N, then (4.8) has also another solution
a" € N such that

(4.9) (=1)(mea" ") o ()t

Proof. As m # n, there exists an index s such that m, # n,. Then the
other solution of (4.8) with the property (4.9) is 2" = 2'(3) as

me D2l +n, Dl =1=m;dal +myhal,
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4.2. Orthogonal sequences
For every number A and for every nonnegative integer n we define the bcquence

{on,i(A)}2, as follows:
(4.10) a,,,.-(,\)z(—l)<"">,\"@‘ for i=0,1,2,...

The first 8 sequences are:’

00,i(A)= 1, A, A% A3, AL B : A
01’,'(/\) = A, =1 )‘3’ —’\29 ’\5’ =4, ’\7» -8,
o2i(A) = A3, A3, -1, =), A9 AL Gt =8,
Ay = N, AE L S e R SO ae v s gk
O NSRBI I D R P

05,i(N) = LR e AP X8 1, =23, A%
aG,i'(’\) = ’\61 ’\7v _’\4’ _’\59 "/\21 _)\3s 1, A,
o7,i(A) = AT, =)8, )5, AL =23, XS A, -1,

From the definition (4.10) it follows that
(4.11) Onitg(A) = Aoy i(A) for ¢= gu(n)+1

Lemma 4.3. For [A| < 1

1
=y for m=n,
gam i(A)on,i(A) = { 0. fore wr #£n.

Proof. For m = n, from Lemma we have that

oo 00 : 1
Ean,i(’\)au,i(’\) - 2 AN e (BT

=0 1=0

For m # n, from Lemma we have that

(4.12) f:am,.-()\)a,,,.-(z\) =0

i=0

since to every member of the sum (4.12) there corresponds an opposite member.
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Definition 4.1 Let g;(z); i = 0,1,2,... be an orthonormal system in
F,. The system

(4.13) gn(Nj2) = V1 - )\220,1,,-()\)9;(’.1‘),; n=0,1,2,...

i=0
is the fractalized system {g;(x)}2, with fractalization parameter A.
Lemma 4.4. The system (4.13) is orthonormal.
Proof. From the Definition 4.1 and Lemma 4.3, we have

{ 1 for m=mn,

1 .
/0 Im(X2)gn(Ni2) do = (1= N) D0 0miNonid) = ¢ for m £,

=0

That completes the proof. 1

Definition 4.2. We say that the orthogonal system g,.(z); n = 1,2,3,.
is fractalizable, if for every number a € [0,1) there exists a number A € (-1, 1)
such that every function g,(A; ) from () has a fractal dimension K(gn(A;.)) =
14 a.

It is easy to see that the orthogonal system gu(t) = cos(2mwnt); n =
0,1,2,... is not fractalizable, but its subsystem gr(t) = cos(2"wt); n =
0,1,2,... is fractalizable. With the first step of fractalizing of the system
{cos(2"7rt)} >, we produce the celebrated Weierstrass function [10]

Wal(t) = Y Mcos(2'mt), 1/2<A<1
i=1

with fractal dimension 1 + a [16], where a = 1 +log, A.

Definition 4.3. We extend the definition of a fractalizable system calling
an orthonormal system fractalizable if all its functions, except the first, may be
divided into a series of fractalizable systems.

5. Fractalization of the Extended Haar system

We shall show that the Extended Haar system is fractalizable if it is
divided in the following series of orthonormal subsystems, starting after the

first function bo(x) = 1 of this system:
(5.14) ba(z) = 2an(2) —1; n= 1,2,3,...
and

(5.15) Cnkp(T) = 2k/2c (2%2 — p); n=2,3,4,... ,
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where
k=0,1,2,..., p=0,1,2,...,25 -1

and
bn(2) for z € (1;0)C (0,1/2),

ca(z) =< ba(l—2z) for z€(1;1)C(1/2,1), n=2,3,4,... ,
0 for 2 ¢ [0,1],

Definition 5.1. We fractalize the Extended Ilaar system by fractalizing
the subsystems (5.14),(5.15) and denote

(5.16) Pa(Xi2) = V1= A2 0y i(Abiga(x); n=0,1,2,...

=0

and

(5.17) Fnkp(X2) = V1= A2 ani(A)cipapp(t); n=10,1,2,... ,
=0
where £ =0,1,2,..., p=0,1,2,...,2¥ - 1.
In Fig 5 the completed graphs of the basic functions ¢, (A; ¢ ) are depicted
for n = 0,1,2,3 in the columns and for A = —0.75, —0.50. —-0.25, 0.25, 0.50, 0.75

in the rows.
We shall prove later that the functions (5.16) and (5.17) are Hausdorff

continuous, see Corollary 5.1.

Lemma 5.1 Every function from (5.16) and (5.17) has a fractal dimen-
sion 1 for 0 < |A| < 1 and a fractal dimension 1+« for |\| = 2771 ;<A <1

Proof. We shall prove the Lemma only for the functions (5.16), since
the proof for the rest of the functions is the same.
According to Definition 2.7, we have to estimate, for a fixed n, the value

of )
2°-1 £ 2%—-1
Valn(X;.)) = Y {1/),.(/\;112") g 1l_’u(f\;1'2'“)}+ > vl(s;p)s ¥l X; ) = A+B.
=0 p=0

From the definition of b;(z), for x = (2p + 1)2=%=1, we have
bi(x +0)=bi(x—0) if i<k,
bi(z+0)=<bi(a—-0)=-1 if i>k+1,
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Figure 5: Basic functions ¥, (Aix);  n = 0,1,2,3; A = =0.75,-0.50, —0.25,
0.25, 0.50, 0.75 .
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hence, setting 204! = ¢ we have

a(Xiz +0) = Xz = 0)) = VI=3F| 32 ani(A) {ilz +0) = bz ~ 0))
_ , i=k+1
o (o]
S 2T R 32 ani()| = 2V R[S (— 1)kt yndtki)

i=k+1 ‘ .

0o g—1
= 2T |3 S (- 1)fmkerti )yt 41

8=0 j=0

)

oo g—1
Z A% Z(_l)(n,k+j+1),\ntb(k+j+1)
s=0 =0

= 2vV1 - )2

or

(5.18) [Wu(Aiz + 0)~ YalAs#= 0)] = 22—

¢ 3 | ind . _ )
} :(__1)(1L,k+_7+1)/\m])(k+]+1)
- Af 7=0

Let k=1Il¢g+i, 0<i<q-1. Then (n,k+j+1)=(n,i+j+1)and
(nd(k+7i+1)—k=nd(i+j+ 1)) — i, and from (5.18) we have

(5.19) [¥a(A;2 + 0) = Yu(A; 2 — 0)] = |A[F A,
where

21 - Az |1 s .
35 e BN LR 1 V(i) (D (i4i+1))—i
(5.20) Ani= ——; ]Z:;,( 1)(mitatl) J }

Consequently, for = (2p + 1)275-1,

2k-1 2k—1
(521) Y [n(Aiz+0) = Ya(Nz = 0) = 3 [AF A = (21A)* Ay

p=0 p=0
From (5.21) we have
(5.22) A= 3" A u(2AD* = 4,(21A)°,
k=1

where A, < max{A,;: ¢=0,1,2,...,¢—1}.
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In the same way we obtain

(5.23) B = B,(2|A])".
From (5.22) and (5.23), according to Definition 2.7, we have

Va(¥n(25.)) = (As + Bs)(2]A])° = Cs(2]A])%,

hence
K(¥n(X;.)) = Tim 57" logy 2° (Ca(21A)* + 1)
and
woJ 1 for 0<|A <3,
K.(wn(A’-))“‘ { 1+a fOI‘ % S I/\l — 20—! < J,
which completes the proof. -

From Lemma 5.1 there follows:

Theorem 5.1. The Ezxtended Haar system is fractalizable.

Remark 5.1. Every subsystem ol the Extended Haar system may be
fractalized with different fractalization parameter A.
5.1. IFS and fractalization

Definition 5.2. Let k be a natural number, By = {bg, by, bs, .. s Baaad)
be a 2*-dimensional vector and let A € (—1,1) be a number. The iterative
equation

(5.24) f(z)=A(2%z —p)+ b, for z€(kp); p=0,1,2,...,2" — 1

is oquivalent to a IFS with 2% mappings.
We call a simple IFS, or SIFS of rank k, the IF'S equivalent to (5.24) .
The fixed point of (5.24) is denoted by fg, (A;2).

Lemma 5.2 The fized point ¢ = fg,();.) of the II'S () is Hausdorff
continuous, or ¢ € HC.

Proof. From () we have
7(#:27%) < |Al7(51)

and
T($;27°%) < [AI'r(¢s 1),

which completes the proof as |A| < 1. .
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It is easy to prove that the function fp,(A;.) is Lebesgue integrable in
the interval [0, 1] for every vector B and every number A € (—1,1).

Lemma 5.3. Let [g,();.) and fc,(1;.) be the fixed points of () for the
lwo veclors By, Ci and the lwo numbers \, p. If Zf)_?,' b, E;ﬁiﬁl e =0
and the vectors By, Cy. are orthogonal, i.c., Zp__ol brer. = 0, then the functions

IB.(A;.), fo(u;.) are orthogonal, i.e.,

1
/(; B (Ns2) fo,(ps ) de = 0.

Proof. From (5.24) we have

1
f= /0 IB (i) fo(p2) de =

2k -1
A Z/ F8o(X 24 = p) fy (13 22 — p) da
p=0
2k -1 2k—1
+A Z b / fe, (1 ke — p) da +;t (p/ IB.(A; 2% — p) da
p=0 (ksp p=0
2k—1 2k—1
Z brer = A\p2™ ~k Z/ SB (A t) fe, (pst) dt
p=0 p=0
o2k_1 2k 2k -1
+A27 / o, (uit) dt Z b, + p2=" / B (Ast) di Z ¢y + Z by
p=0 p=0 p=0

1
= /\;L/O IB (A ) fe, (15 1) dt,

or

: (1=Ap)l =0,
hence I =0,a8' 1 — Ap # 0. 5]

Lemma 5.4 Every function yi(\;2) is a fived poinl of a SIFS of rank
q = 2°0)+1 and every function ¢(A;x) is a fived point of a SIFS of rank q =
(k)42

Proof. From (5.16) and (4.11) we have for ¢ = 2"(F)+1 {hat

(5.25) Pre(Asz) = V1 =AY o i Mbi()

s=]
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q—1 o0 .
=v1-)\2 Z oi(A)bi(z) + V1 — A2\ Zak,;(,\)b;ﬂ(n-).‘

1=0 i=0

For @ € (¢;p) and i = 0,1,2,...,¢ — 1, the functions b;(x) = b,; are
constants, moreover '

(5.26) biye(2) = bi(qe — p); i=0,1,2,...
Irom (5.25) and (5.26) we get
(A x) = Myp(X; 2% — p)+ by, for x € (Q;p),

where
q—1

by = V1= A2 opi( )by
1=0

In the same way we prove that, for ¢ = 22" +2

Pr(A;x) = Nop(A; 292 — p) + ¢, for a € (¢;p),

where :
9= y
cp = V1-— A2 Z"k.i(’\)"p,i'
i1=0
From Lemma 5.4 and Lemma 5.2 it follows

Corollary 5.1. All functions (5.16) and (5.17) are Hausdorff continu-

ous.

6. Compression of pixel functions

The digital representations of signals and images are in fact pixel func-
tions of one or two variables. In this section we present computer experiments
for compression of pixel functions using their representation by different trans-
form coding and compare the quality of the recovery of these functions from
the compressed data. For this calculations we use pixel functions f € Py (with
resolution 8) and the values of the pixel functions are given with 8 bits (one
byte). Every pixel function is defined exactly by 2'' = 2048 bits. :

IfG = {l,»}?_:_;l is the orthonormal basis

vy )20 for @ € ASIt i ; g
I.(a,)-{ 0 for &¢1(si), =025 at
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in P, then every pixel function f with resolution s is represented exactly in the

form
251

f@)= 3 (D),

=0
where

1
T /0 F(2)li(z) dz

are the Fourier coefficients of f for the basis G'.

Every other orthonormal basis G* in P, transforms the N = 2° dimen-
sional vector, formed by the values of a pixel function f € Py, in a N = 2°
dimensional vector formed by the Fourier coefficients of this function for the
basis G™.

The technique of the compression consists of the following. We choose
an a priori compression factor ¢* > 1 and take N/c¢* number of the Fourier
coefficients for a function f. It is natural to take the coeflicients with biggest
absolute values. Then we recover the function from these N/c¢* coefficients,
taking the rest equal to zero. The quality of the recovery of a given function
from the compressed coefficients with regard to different transform coding will
be different. In addition, we may measure the quality of the recovery in different
ways.

We have also the a posteriori compression factor ¢ giving the real com-
pression. Let all the values of a pixel function be recorded by M bits. If the
compressed coefficients of this function may be recorded by A’ bits then the a
posteriori compression factor is ¢ = M/M'. Usually ¢ > ¢* as we may use addi-
tional conventional methods for data compression as quantization and entropy
coding. The a posteriori compression factor ¢ is more important for the practice
of compression. In the following, the ('01ﬁp1'@$5]011 factor is always the a priori
compression factor c*. '

In our computational experiment we use the following orthonormal bases
in Ps: 3

H - the classical Haar basis,

EH - the Extended Haar basis, and

F()) - the fractalized Extended Haar basis with fractalization pa-
rameter A\. (EH = F(0)).

To "fractalize” the Extended Haar basis in Pg we have to use subsystems
with 8, 7, 6, 5, 4, 3, 2 and 1 elements. For the subsystems with 7, 6, 5 and
3 elements the "fractalizing” procedure do not produce systems of orthogonal
vectors. In this cases we orthogonalize the produced systems by Gram - Schmidt
algorithm.
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H EH [ F(.25) [ F(.50) | F(.75) | F(-.75) | I'(--50) | F(-.25) ||
I, | .00830 [ .00191 | .00172 [ .00114 [ .00186 | .00246 | .00127 [ .00198
I, |[.01001 | .00279 | .00266 | .00211 | .00278 | .00337 | .00222 | .00295
I || -01953 7| .00781 | .00781 | .00391 | .00781 | .00781 | .00391 | .00781
R, || .00427 | .00186 | .00168 | .00114 | .00179 | .00223 | .00127 | .00185
2, || .00483 7 .00270 | .00256 | .00211 | .00264 | .00295 | .00222 | .00269
r || .01953 | .00391 | .00391 | .00391 | .00391 | .00391 | .00391 | .00391

Table 2: Approximation error for 4 times compression of the function fy o).

Remark 6.1. In this paper we use fractal bases with only one frac-
talization parameter. It is possible to use a different [ractalization parameter
for every one of the subsystems (5.14),(5.15), see Remark 5.1. But the use of
a substantial number of fractalization parameters increases the volume of the
data. Optimizing the number of the different fractalization parameters is an
attractive but very difficult problem.

For measuring the quality of the reproduction we use the distances:

L - h(f,g) = 27* SR IF((2i+ 1)27° — g((20 + 1)27°)],

I - la(f,g) = {27 TEg" ((2i + 127%) - g((2i + 2=},
lo - the uniform distance,

R, - the Integral Hausdor(f distance for p = 1,

R; - the Integral Hausdorff distance for p = 2, and

r - the Hausdorfl distance.

In Fig. 6. the recovery of a smooth source function [ 3) is depicted after
compression of different transform coding: IHaar, Extended Maar and tree I'rac-
tal transform coding for three dillerent values of the fractalization parameter.

In the left column the compression factor is 4, in the right column the
compression factor is 16.

The recovery with Extended Haar is better then with Haar. The best
is the recovery from Fractal basis with fractalization parameter A\ = % which
corresponds to a fractal dimension £ = 1 of the basic functions , equal to the
fractal dimension of the approximated function.

The quantitative measures for the quality of the recovery of the smooth
source function f(;9) in Fig. 6. are given in Table 2. and Table 3. From
these tables it is seen that the smallest crror for all distances is for the fractal
transform coding F(.50). The numerical data in this tables concur with the
visual impression from Fig. 6.
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Figure 6: Recovery of the function f(; 9) alter compression,
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Figure 7: Recovery of the function f, s) after compression.



196 Bl. Sendov, P. Marinov

” I H EH | F(.25) | F(.50) | I'(.75) | I(-.75) | I*(-.50) | F'(-.25)

ly .02853 | .01361 | .01205 | .00674 | .03409 | .04114 | .0L162 | .01965
Iy .03632 | .01710 | .01473 | .00863 | .04238 | .05015 | .01845 [ .02392
loo || 09375 | .05078 | .03906 | .02344 | .08203 | .11719 | .04688 | .06250
Iy || .01398 | .00749 | .00636 | .00453 | .01675 | .01736 | .00702 | .01105
Ry || .01720 | .01013 | .00823 | .00601 | .02330 | .02516 | .00965 | .01560
r .08984 | .04688 | .03125 | .02344 | .07813 | .10156 | .04688 | .06250

Table 3: Approximation error for 16 times compression of the function f(; ).

H EH | F(.25) | F(.50) | F(.75) | F(-.75) | F(-.50) | F(-.25)
I, | .02507 | .03737 | .03185 | .02489 | .03447 | .04155 | .03340 | .03770
I, | .03355 [ .05062 | .04225 | .03339 | .04684 | .05490 | .01605 | .04957
I || .15625 | .20703 | .15625 | .14063 | .17188 | .19531 | .24609 | .18359
Ry || 01134 [ .01025 | .00948 | .00768 | .00986 | .01007 | .00928 | .01064
R, || .01505 | .01425 | .01339 [ .01150 | .01564 | .01634 | .01530 | .01512
r || .07422 | .08984 | .07813 | .06641 | .08984 | .13672 | .11328 | .07813

Table 4: Approximation error for 4 times compression of the function f(4 3.

In Fig. 7. the recovery of a "rough” source function f(;,) is depicted
after compression of different transform coding. It is diflicult to judge visually
for the quality of the different recoveries. The quantitative measures for the
quality of the recoveries of the source function from I'ig. 7. are given in Table 4.
for 4 times compression, and in Table 5. for 16 times compression.

From Table 4 it is seen that for 4 times compression the smallest error
for all distances is for the fractal transform coding F'(.50).

For 16"times compression (Table 4) the best method for !/, and I is
the Haar one, for I, is F'(.25), for integral Hausdorll' distances Ry and Ry is
F(-.75), and for the Hausdorff distance r is F'(.25).

For the other "rough” source functions the best methods differ.

The dependence of the approximation error, with respect to different
distances, from the fractalization parameter A for different compression factors
is very irregular. One fractalization parameter for all levels of a function is not
a natural way for approximation of "rough” functions.
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I 0] e FC2s) [F(50) [ FCi5) [ F(-.75) | F(-50) | F(-.25)
Lo {06979 | .07523 | o813 [.o8612 [ .10007 | 09631 | 08696 | .07538
Lo {10360 | 10750 | roa2 | ris2s | 12650 | 12735 | 11327 | 10608
Lo 1600071 15318 | 35038 [ 11016 | 41016 | 39063 | 10231 | L1531
By 03168 | L02518 | 021937102333 | 02666 | 02010 | 02644 | 02661
Ry || 00326 | 01088 | 03819 03165 | 01091 | 031527 ] .03991 | 01010
v [ 20875 | 19531 [ ITISS [ 21875 | 21875 | 20703 | 20703 | 21481

Table 5: Approximation error for 16 times compression of the function J4,3)-
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Figure 8: The dependence of the approximation error from the fractalization
Parameter A after 2, 4, 8 and 16 times compression for the function f ).
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In Fig. 8 four graphics of the error as a function of the fractalization
factor are presented for 2, 4, 8, and 16 times compression of the smooth source
function f(y ). In all cases the smallest error is for A = 0.5, but there are many
local minima.

The same graphics are presented in I'ig. 9 for the "rough” source func-
tion f(4,3). There are absolute minima for different values of the fractalization
parameter and there are many local minima.

Remark 6.2. The same theory is valid for the m-dimensional unit cube.
Computer experiments for approximation and compression of images (m = 2)
will be considered in a forthcoming paper.
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