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On the Roots of a Polynomial

Radoslav Dimatrié

Presented by Z. Mijajlovié

We give here an upper bound of the roots of a polynomial, found by the convenient
“summand-setting” in the polynomial. This bound is given in a very general form so that

many special cases can be derived from it.

*okok

Theorem. Let the polynomial
(1) P=a1z® +...+ apz® — bya® —...— b,

be given, where the coefficients a;, b; are positive real numbers with sy > .. .8k, ty :
e >ty 81 > Uy, sty = 0 and all the powers differ: s; # ;.
Then the real roots (if any) of (1) are bounded from above by

(2) M = max(M;, M,),
where
'bu:
(3) M; = inf max inf max (y—li——)
my t Njw W ANy
(4)
io Jo
(i'=1,...,40; w= 1505708 Vi'Vioemy> 0,55 0 Zm.- 0y z i = 1)
=1 w=1
and

m;b, \ /")
(5) M; = mf max inf max ( 1 ")
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(6)
k !
(7 =do+1,...,k v =Jo,...,l; Vi Vom; > 0,nj, > 0; Z mj; =1 Z Ny = 1)
J=io+1 v=jo

with ip = max{ils; > t1} and jo = min{j|s; > ;}.
(For the case where ig = &, i.e. jo = 1, see (7) below.)
Proof. Indeed, (1) can be represented in the form P = P + P,, where
Py =az® + .. +ajgatio — bt — . = bjo_qztoT s > 1y

and :
Py = ajg4qa’ott + ..+ apato — . — bt s > to-

If we choose positive numbers m; such that 3°!°, m; = 1, then

Pl =a (:L'" = Tn’lblxh A et ww‘m—-l) e 2l
ay ay

m;, by Mibdiy i

+ai, (x’“ - —gh - T ptie-1 ) = Py 4 Pg ...+ Prig,
10 [P

and if Vi=1,...,1y, we choose positive numbers n;,, such that Z{“,’__Tll B =1y

then further transformation of the expression above gives Vi = 1,....ig, -

; : A s s
Py = q; (xt.‘ (nnxai—h e Ln'_bl) A O A ptio—1 ('ni jo_lwa.—-t,o_l—l & #ol)) :
»

a; a;

1/(si—tw
> > mube ) YT (4 2o — 1) and,

since the n;,, are any numbers satisfying (4), then Py; has positive roots hounded
from above by

Clearly, P,; > 0 whenever 2 > max,, (ﬂl—"ﬂ-

m;iby, ) 1/(si=tw)

inf max (
A Nw

Niw w
This is true Vi = 1,...,% and as m; are any reals satisfying (4), then the
polynomial P, has upper bound M, for its roots, given by (3) and (4).
Similarly, we get M, as an upper bound of the roots of P,. This finally
gives M in (2) as an upper bound for the roots of the polynomial P in (1).
If s > t1, we get that P is actually of the form P, thus its roots are
< M', where ’

y b, \ V(si—tw)
(7) M = inf max inf max (i“"—b'"-)

my i e w Wingy
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k !
(i=1,...,k w=1,...,0l; ViVwm; > 0,n;, > 0; Zm; =13 Z Niw )= 1)

=1 w=1
If k=1, 8; > 11, then a little inspection of our proof shows that, in this
case, we do not use either m; or i; hence the roots of the polynomial

(8) P’ = aya* — bjat' — ... — bt

are bounded above by

1/(s1—tw) ; 4
i bu
(9) M" = inf max (=100l Viang > 05 3 nu = 1),

A w=1

The results (8)-(9) is in fact due to Cauchy, but it was first pointed out
by Fujiwara [1] (it can be also found in [3], p.338).

Now, using Cauchy’s theorem (see [2], pp.122-123), all the zeros of the
polynomial

(10) P(z)=apz"+ ...+ a1z + ag, a, #0

lie in the disk |z| < 2o, where 2 is the positive root of the equation |a,|z" —
|@n-12""1 — ... = |a1|z = |ap| = 0 and we can bind zg by using (9).

Using standard tricks (replacing 2 by —2 and £(1/2)), we obtain a lower
bound for the negative roots as well as a (positive) lower bound for the positive
roots and a (negative) upper bound for the negative roots. This could help us
to get regions of complex roots of the polynomial (10).

Various formulas can be obtained [rom our main result (2), choosing
suitable coefficients (satisfying (4) and (6)). As a matter of fact, easy inspection
of the proof of our Theorem shows that, instead of taking cocflicients m,n
such that 3" m = 1, 3" n = 1, we could choose the coefficients so that - m >
1, >°n < 1 as in Example 2) below. This corresponds to “balancing” only parts
of summands of the polynomial (1).

Examples: f €& {mmn} may have some of the following forms
(’U, € {’i,j)iwvjv}’ce {iOajO hEse lyk Ti iOaI b j() + 1}):

1)fu = l/c’ 2)fu - 1/2u, 3)fuc 5= (2)(\72" l)ua

4).fuc = (:) 1/(2C = k) 5)fu = du/(z dl')

=1
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(d;- real numbers which may depend on coeflicients of the polynomial (1)).

The following problems are open and seem to be of interest: -

Problem 1. Under what condilions will the number M in (2) be the
greatest root of the polynomial P in (1)?

Problem 2. Give a method for “effective” calculation of the constant
M.

Of interest are also computational aspects of our method, but we leave
that discussion for another occasion.

N o t e: This paper was written in 1977 and accepted for publication in
“Mathematica Balkanica” 9 (1979); that volume has not been published due to
problems of technical nature.
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