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A Note on Jensen’s Functional
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In this note we investigate some estimates of integral j:” log | /(<'9)) '_,'—'_’

mial f(z) has concentration at low degrees measured by {,-quasi-norm, p €}9, 1[.

, il the polyno-

Let f(z) = ap+a3z+az2?+... be a polynomial with complex coeflicients,
and let d,0 < d < 1, k € N. We say that f(z) has concentration d at degrees
at most k, if:

(1) > lajl > d" |aj|.

i<k 720

Other ways of measuring such a concentration can be expressed. For instance,

1 i
2 2
(2) (Z |a,~|2) >d (E |“j|2) ;
J<k >0
or :
(3) 3 lajl 2 di s,
i<k
where

1llee = max | (&),

It is not hard to see that (1) => (3) = (2), as and (2) & (3) &= (1). But if
[Ifllc £1 and 1 < p < 2, then the following conditions are equivalent:

(1) |74, = 3 lasl > ¢,
sk
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(2) 'flklp = (Z |‘le”) d > d,

i<k

o=

(3) |f|k|2 = (Z |u.,-l")) > d.
i<k

Indeed, since |f]; < |flp < |[h for every p €]1,2[, it follows that (3') ==
5Y 17 k 1 k d — = s p
(2') = (1’). Because |f| |2 > lefl Il > o, e dy = dy(k,d), we have
that (1) = (3').

In this note we investigate some estimates of the Jensen’s functional

2 i
a0y = [ roglre s,

if the polynomial f(z) has concentration d at low degrees measured by [, quasi-
norm, p €)0, 1, i.e. if f(z) satisfies:

(4) Z la;|? > (lz [j|?.

i<k 20

In the sequel, we shall normalize f(z) under /,-quasi-norm and assume that

Iflp = 3 laj” = 1.

j20
Similarly as in [2] and [41], we have the following results:
Theorem 1 Let f(z) = 350 ajzl be a polynomial which satisfies (4)
and |f|, = 1. Then theic exists constant C(d,k,p) and the functions fy (1)
and gq . p(t) such that:
a) J(f) > C(d, k,p).
b) J(f) 2 sup1<i<3 fakp(t), where

t—l)k‘“

1
faxp(t) = tlogdy (t 1

c) J(f) 2 supysy 9a,kp(t), where

bk ub t+1p_) (“Hp<k+1)_)
9a.0p(t) = - logd? ((t_l) 8 vard, 1).
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For the proofs of the b) and ¢) we usc the following well l\no\\n facts:

1%q; = 02"{,':;, 2,r,1f0<7‘<1

20 IaJI < |f(ZO)IT_J’ where |f(3u)| = MaX|,|=r If(:)l — AI(f» "')'

3% The classical Jensen’s incquality and known transformation:

z0 + €
4 (1 + Eoe"")

where |z| = 7. If 0 < r < 1, then

de o i - 72 do
57; _‘/0 loglf((‘ )Ill SOAE (,all Zﬂ'

2r
log |/(z0) < [ log

1—7r 1--72 T4y
147 = |1 - %62 = 1—7

49 J(f) = [2"1og| f(€®)|42 < 0, since |f(e)] < |fls < |fl, = 1, because
the /,-quasi-norm decreases with p.

Now, in the case of the b) (resp. c¢)) we have from (4)

d <Y la;lP < MP(r, £) Y17 < MP(r, f)rPk+Y)
i<k i<k

for some r €]0,271], respectively

pp(k+1) _

d< 3 lalP < MP(r, ) 317" = MP(r, f)———

i<k i<k

for some r €]0,1[. Finally, we get the functions fy,(t) and dyy (1) after the

change of variable:
147

t= é
1—-17r

Now, since
t
Jaxs(t) = ; logd + t(k + 1)log(t — 1) — t(k + 1) log(¢ + 1).

we have that lim;—14 faxp(t) = —oc0 as aund

farp(®) = plogd + (k+1)(2; +log i) and

4(k+1
Fipp() = ~ Gk
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It is clear that lim,;4 fdkp(t) = 400, i.c. dep(t) decreases,  because
dkp(t) < 0. Therefore, the function fy (1) has a maximum. This proves ((a)
or (b)) that there exists constant C'(d, k, p) such ihat

J(f) > C(d, k,p), where
C(d,k,P)=lrg?§t3 akp(t) or Cld k.p) = maxg5,(1).

Taking ¢ = 2,
dr : 31
C(d,k,p) > 2log e Of C(d,k,p) 2 —1052 31'(’~+1) I

From the proofs of the a) and b) it follows that the ecstimate by the
function gy () is better than the estimate by the function fy.,.(1).

Otherwise, the precnae value of ('(d, k. p)is unknown. “()\V(‘\(‘I 3. Bvdu/.nnv
showed in [2], that, for d = §,

C(%,k, 1) < —2klog 2,
and that, asymptotically, when k& — oo,
1 : ;
C(-2-,Ic, 1) > —2k.

The precise value of C(d, k, p) has been computed for the class of Hurwitz poly-
nomials. For this case, the best constant, denoted by CH( %, k,1), is given by:

CH(%,ka 1)=—(2k+1)log2, k=0,1,2... (see [5]).

But outside this class of polynomials, nothing is known about the precise value
of C(d,k, 1), even for small values of k (see [3]).

In the sequel, we have restricted ourselves to the best constant C(d, k, p)
for p €]1,2]. The following theorem gives numerical asymptotic estimates for
C(d,k,p), p €]1,2] where k — +o0.

Theorem 2. If the polynomial [(z) has the concentration d at low
degrees k and |f|, = 1,p €]1,2], then C(d,k,p) > —2k asymptotically, when
k — 400, where J(f) > C(d, k,p).

(See [2], Theorem 2 and Lemmas 4,5; [4], Proposition 1.)
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Proof. Irom [4], Theorem 2 it follows that C(d, k, p) = max;>y furp(l),
where

s Mol f:__l_p(kﬂ)) bo
Faka(t) = hap(t) + u(t) = Stlog (1 = (G P4) e,

} ¢ {
hap(t) = tlogd — %lz + ; log[(t+ 1)? — (L - 1)"]

ge(1) = ktlog(t — 1) — (k + 1)tlog(t + 1)

Also, from [4], Proposition 1, we know that the function hy,(t) + gi(t) takes
its maximum at a point (unique) ¢z such that ¢, — 400, when & — +oc. This
follows from the equality :

:i,p(t) + g;q(t) o= 01 i.e.,
(2 — 1)log(t + 1) + 12 — ¢ — {* — 1)k (1)
T2t 4 (82 — 1) log(t — 1) — (% -- 1) log(t -+ 1)

from which we easily deduce that ¢, — +o00. Writing log(t+1) = log ¢+ log(1 +
1/t) and by the Taylor expansions of order 3 for log(l £ 1/t), we have that
hy ,(tk) =~ —tx when k — 400, that is

i L (2=1) log(t+1)+12—1 +1—f—(t’—1)hf,,,,(t)
YT 2t (t2-1) log(t—1)—(t2—1) log(t4-1) 2t+(12—1) log(t—1)

o %ti log i + 14_312 ~ %t‘,:, when k — 4o0.

— 0,

k41
Because fyip(t) > hap(t) + gi(t), t > 1 and i, log (1 S (%h—__})l’( +1)

when k — 400, the value of fyx (k) and the value of hy (1) + gr(tx) are
asymptotically the same. All we have to do now is to compute fgr,(tx) =~
hap(ti) + gix(tk) = —2k when k — +o0o. Indeed, by Taylor expansions of order
3 for log(1 + 1/t) we have

hap(tk) = tilogd — 3t} + Ltxlog[(tx + 1)P — (tx — 1)7]
= tylogd — 14 + St log2pt} ™" + st log(1 + o(ti))

R

~ —3t}, where @(t;)— 0 and
gk(tk) = —2k (asin [2]).
Hence, fuxp(tk) ® —3t} — 2k & —2k when k — --00, that is,

C(d,k,p) > —2k, asymptotically, when & — +oco
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The proof of the theorem is completed. (]
In the case p > 2 we have the following result.

Theorem 3. Let [(z) be the polynomial with || f|], = 1 (/1 > 2) which
has the concentration d at low degrees, i.c.

|11, = .

then there exists a constant C'(d, k,p) such that J(f) > C(d,k,p). where

C(d,k,p) = max—logd” ((__:1' i)z’ = 1) / ((_: t—i yplr+1) _ 1) = 11—’127

as and C(d, k,p) > —2k, asymptotically, when k — +oo.
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