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The authors find a Schwarz’s inequality for self-adjoint operators on a Hilbert space

to itsell.

1. Schwarz’s inequality
The Schwarz inequality [3, p.198] in a Hilbert space (with real or complex
scalars) implies that

(1) |(Az, Bz)|? < (Ax, Ax)( Bz, Bz),

where 2 is an arbitrary vector of the Hilbert space H and A and B are self-
adjoint operators on H to itself.

Moreover, in the case of several vectors x; and several self-adjoint op-
crators A;, Bi(i = 1,...,n), we have by the triangle inequality, by (1) and by
Schwarz’s inequality for real numbers, respectively,

| S (A, Bii)|2 < (D0 [(Aswi, Bis)|)? .
< (T Aizi, A2 Bii, Biwi)'V?)
< (Xier (A, Aixy)) (7 (Bixg, Bix;))

i.e., we have proved

(2) | > (A, Bizi)|? < (Z(Am,Ai-’vi)) (27:(551';,3{1?;)) ;
=1

=1 i=1

a Schwarz’s inequality in Hilbert space for several operators.
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Ifzy =...=x, = x, we obtain
(3) |Z(A.’.’L‘,B.‘:L’)I2 < (Z(A,-:v,/l,-;u)) (E B;x, B,-;v)) .
i=1 i=1 i=1

Another version of Schwarz’s inequality with several operators is given
in [1], where the following is proved:

Let Ay,..., A, and Dy,..., B, be permutable self-adjoint operators on
I 1o itself. Suppose that (P_, A2)™" exists. Then the following operator
inequality holds /

n

n 2 n
(4) (Z AkBk) <Y AR Bi

k=1 k=1 k=1
Equality holds in (4) if and only if, for each k, one has

(Z": A?) B, = (Zﬂ: A,-B.-) A

i=1 i=1

2. Complementary inequalities
The following complementary inequality of (3) and (4) is given in [1].

Lemma 1. Let Ay,..., A, and By,..., B, be sclf-adjoint opcrators on
I to itsclf satisfying ApBy = B Ay for k = 1,...,n. Suppose that A;’ cxisls
and thal

(5) mESBkA,:,'l <ME, k=1,...,n,

where E is the identify operator on H. Then the following operator inequality
holds,

n

n n
(6) S Bi+mM Y AL < (M+m)) AcB,
k=1 k=1 k=1

that is,
n n n
(7) > (Brz, Bix) + mM Y (Agx, Apz) < (M +m) Y (Agz, Bra)
k=1 . k=1 k=1

for all z € H. We have an equality sign in the operator inequalily (6) if and
only if (BLA;' —mE)(ME — By A;") is the zero operator for each k= 1,...,n.
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Equality holds in (7) for a vector x if and only if, for each k,x = w) + &g with
X1 Lagk, where Bixyx = mArz1x and Brag, = M Agzay. Furthermore, equality
holds in (6) if and only if the equality condilions just written hold for cvery x
in H. '

The following result also holds.

Theorem 1. Let A;,B;,i = 1,...,n be defined as in Lemma 1. Then
forz; e H, i=1,...,n,

(8) Z(Bkmk, Brap) + mM Z(Ak:tk, Agzr) < (M +m) E(Ak:ck, Byxy).
k=1 k=1 : k=1

Equality holds in (8) if and only if, for each k, x) = uyx + ugr with uyp Lugy,
where Biuyx = mAgpuy and Brug = M Apugyg.

Proof. Lemma 1 with & = 1 (or Theorem 2 from [1]) gives
(9) (Brak, Brxy) + mM(Apzg, Agxr) < (M + m)(Agay, Brag)

with equality if and only if x; is as stated in Theorem 1.
Summing (9) over k = 1,...,n, gives (8). a

Theorem 2. Let the condilions of Theorem 1 be salisfied with
0<m< M. Then,

(i(fliwi, A.'z'.')) (i( Bix;, Biz‘e))

i=1 =1
M+m)? (& .
(10) < (——4'# (;(Ai"f'i,Bimi)) :

Equality holds in (10) if and only if, for each k,xy = uyy + ugp with wygLuyy,
where Biuy, = mAguyg, Brugy = M Apugy, and

(11) m Y (Aiwi, Ajuni) = MY (Ajugiy Ajugi).

=31 s=1

Proof. Inequality (10) follows directly from inequality (8) and the
obvious inequality

n 1/2 n 1/2) 2
(12) 0< { [E(B;z;,B;z.')] - [mIW Z(A,'x.',A.':t,')] } .

f=1 =1
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For the equality case we have the equality conditions from Theorem 1. Also,
equality holds in (12) if and only if

(13) Z(B,':c.', B;a;) =mM Z(/l;.’l:,‘, Agx;).

i=1 t=1
Moreover, this inequality can be given in the form of (11) if we use the equality
condition from Theorem 1. L]
Theorem 8. Lel the conditions of Theorem 2 be satisfied. Then,

- f= (B TnB 231) : el (A z”Bz'
i Z“':(A i%i, Biwi) Et—i(Al'Lt’A i%i) ® (\/_ \/772-)2

Equality holds in (14) if and only if, for each k, ) = uyj + ugx with uyyLugy,
where Bruy = mAguyk, Brup = M Ajpugy and

(15) ﬁi(AiulisAiuil) = \/A_'-’Zn:(Aiuzi,A;uz;)-

=1 =1

Proof. Inequality (14) follows directly from inequality (8) and the
obvious inequality

L (Aszi, Aizd)\Y? (SR (A, Biz)\ V2
16 0< \/A{I—(E'l( i t) (:ltt,tt) :
( ) B { E;_l(A an zt) Et_l(Aixi’ A,’.’L‘")
In the equality case, we have the equality conditions from Theorem 1. Also,

equality holds in (16) if and only if

(17) VMm ) (Aiwi, Aixi) = Y (A, Bixy),

i=1 i=1

which is equivalent to (15) with respect to the equality conditions given in
Theorem 1. o

Complementary inequalities similar to those in Theorems 2 and 3 can
also be given for (4).

Theorem 4. Let Ay,...,A, and By,...,B, be permutable self-adjoint
operators such that (5) holds with 0 < m < M. Then the following operator
inequality holds:

(18) ﬁjAzf:B’ (M+"‘) (EA,.Bk)

k=1 =1
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FEquality holds in (18) if and only if(B;,./‘l;1 —mE)ME — BiA[') is the zero
operator for each k = 1,...,n and if

(19) | S B =mM)_ A}
k=1 k=1

Proof. Inequality (18) follows directly from inequality (G) and the
obvious inequality

- . {(;"; #)" - (i 5 2) }

s=1 i=1

Equality holds in (20) if and only if (19) holds which together with the equality
conditions of Lemma 1 gives the equality conditions of Theorem 4. [

Theorem 5. Let the conditions of Theorem 4 be salisfied. Then the
following operator inequality holds:

o (o) (Gan)- (Zan) (a) s v,

Equality holds if and only if (B A" — mE) ME — B, ALY) is the zero operator
Jor each k = 1,...,n and if

(22) vVMm z": Al = i A;B;.

=1 i=1

Proof. Inequality (21) follows directly from inequality (6) and the
obvious inequality
(23)

os{ i (50) " (Grom) - () (Ean) ")

Equality holds in (23) if and only if (22) holds, which, together with the equality
conditions from Lemma 1, gives the equality conditions of Theorem 5. m

Remark . Foranalogous results for Holder and Minkowski inequalities,
see [2].
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