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Expressions of Legendre Polynomials
Through Euler Polynomials '
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Presented by V. Kiryakova

The discrete orthogonality of the modified Lommel polynomials is applied to establish
a formula of finite summation that is used to construct a relation between Legendre poly-
nomials and Euler polynomials. Consequently, explicit coeflicients of expansions of Legendre

polynomials through Euler polynomials are obtained.

1. Introduction

The main aim of this work is to obtain an expansion lormula of Legendre
polynomials though Euler polynomials.
Legendre polynomials P, () are defined by

1 d*(22-1)"

Fa(al= ni2n  dan w20,
and satisly the following relation of orthogonality
Ly . 2
(1) [, @) P @) e = 5=,
or equivalently,
3 1
(2) /0 Pa(22 = 1) P (22 = 1)di = b
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([3], Chapter 3, 3.12.8 and 3.12.10), where

g { 0, m#mn

1. nr=n

is the "Kronecker delta”.
Euler polynomials /), () and Bernoulli numbers 13, n > 0, are delined

by

o 2(.215 '_:“ : i s

(3) s %f,ll"'("')"-” 2| < =,
2 o< T

, . = Y B,=, |zl <2x,

() et —1 ué:j n!’ < gw

(see [3], Chapter 1). Two of the propertics ol Buler polynomials [, () and
Bernoulli numbers £, used later are

(5) Bagr =0, k> 0;
1 :
(6) / E (%) En (2) da = 4 (=1)" (2042 — 1)
0

m!in!

m U"'l-l-n+2

(see [5], Chapter 2).

Let (v), = Metn) _ (r+1)...(v +n—1) be the Pochhammer sym-
n 14

bol, 4 F3 (ay, ay; by, by, bs; 2) be a generalized hypergeometric function ([3], Chap-
ter 4). Let {jyn}, n = £1,£2,.., be the nonvanishing zeros of the Bessel
function .J, (x) ([4], Chapter 7) ordered by

vie 05 & jy,—’z <& ju‘—] < 0 < ju'l < jl/,z g B
Then
() Dy (z) = (1), (22)" 213 (-n/‘z,(l —u)/2v,—n,l — v —n; — l/;r2)

are modified Lommel polynomials ([2]) salislying the following discrete orthog-
onality

(8) Em: ‘I 1 / ] g Ounn
C 1 Y tin, . e = - :
g F PEROY A oe? PR 13—1,/; 2(r+mn)

k==

where the dash in the sum indicates that the term with index & = 0 is omitted.
Formula (8) first appeared in [2] with the incorrect right-hand side.
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2. Formula of finite summation

The following formula of finite summation will play an important role in
the next section. It was given incorrectly in [5], Chapter 5, 5.1.1.7. For we could
not find another reference, we shall establish it here by using the orthogonality
relation (8) of the modified Lomel polynomials.

Lemma . Foro =0 or 1 lhe formula
n (2‘” + 20 + 20‘)' (J - 22"'—"2“42"4'.‘.) ]}27,,+21+23+2
(20 (2n = 20 (2m + 20 + 20 + 2)!

(=1 20+ o)
T 4(dn+20+ 1)

=0

bmns 0 § m S n,

9)
is valid.
Proof. First we consider the case o = 0. TFrom (7) it is casy 1o sce

that the modilied Lommel polynomials £, ,, () is an even or an odd polynomial
according as n is even or odd, i.c. h,, (—2) = (=1)" b, (x). Therelore,

(]0) v,;(ﬂf):hz"’]/z (:{;‘r\/—_';). 0 =005

is a polynomial of precise degree n of variable x. From (7) and (10) we have

42"13” ; v ; P
,, (:lf) ( 1/2)211 —Fr 21‘3 —-Nn, 1/2 gl | 1/2. —211, 1/2 o 2": --—1',—)

(4n — 1)N22ngn 2 (—=n), (1/2 = n), _ﬁ .
W2"' I.=U“)’~“/2)’-“/2_ 2“‘)k(—2")1f da 2

where ' = k(k = 2)(k—=4)... (I.' - 2[!‘2-] + 2). Using the formula

4* (@), (a + 1/2),, = (2a)y,.

we obtain

vy, (@)
1

(4n — 22 2 (=2n),, (w’)k

7r2" Je==0 ( l )zl\ ( ‘-"l"l )2In

w2n (20)! (I = 2k + 1),, o

k=0 o8

(4n — 1)N22a™ I8 (20 — 2k + 1)y, ( 7r2) k
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Changing now n — k by k we get

n ; :
p . (2 4+ 1), a5 N

» o = 1\ 92n . " 2n—2h _

v, (2) ( 1) 2 (41l nHt §: (2n — 2k )'(2n+ 2k + ‘”2:;—21. ( )

k=0

ne=  (2n4 2k)! x \*
(=1 ,g(‘zk)!(zu—zk)! ('F) ‘

Since ([4], Chapter 7)
. 2
J_yy2(x) = \/ = cos &,

Jorjze = @k+1)7w/2,  k=0,£1,%2,..
Therefore, the discrete orthogonal relation (8) for the sequence of polynomials
{v. (2)} becomes

1 1 x?
¢ B . o 5 — hmu'
() E” ( 2% + 1) ) ((2L~+ 1)‘) (2k+ 1)~ 8(dn+1)

k=0

(11)

then

. . An)! X
Tor the coefficient of ™ in v, (x) is (—z%'ﬁ%m the orthogonal relation (12) can be
rewritten in the form

LIS SRRl S PR
i (21" + 1)2 (2/-,-}- 1)2m+2 o R(A[u + 1), mimn S mson.

Putting the explicit representation (11) ol v, () into (13) we get

L (=1)"H (20 + 20)! 1 e 1
Z (2[)' (2n . 21)|7|-2l (2’\7 i 1)2 (2]\7 $ 1)2m+2

by a (21»)!71'2""'26 §c
(14 S SEnti s YsmIn.
Changing the order of summation in (14) we obtain

(-1)"* (2n + 20} & _ (2n)igin+2

g (21)' (2n — 21)!7(21 Z (ZL + 1)2m+21+2 8(4n + 1)!6/7”“
0<m<n.
Applying the formula ([3], Chapter 1, § 1.13)
. ik )m-H 2m+2042 (221u+'2l+2 ']

(>

Z 2’» F A 1)2m+21+2 = 2(27,1 ¥ Y] n 2)! [j'llkl+2l+2q
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we get
= (2n + 2’) 1- 22"+21+2 !l}'l'm 2042 )
(16) Z e ( : ) - = — (2"). mn,0 < m < n.
(20! (2n — 20)' (2m + 21 + 2)! (4n + 1)4

=0

Hence formula (9) is proved in case o = (.
We consider now the case o = 1. lLet

(17) t (@) = &= [rugpr (o) F v ().

Since v, (0) = (—=1)", it is easy to see that {,, (x) is a polynomial of precise degree
n. After replacing v, (2) and v,41 () in (17) by their explicit representation
formulas (11) we obtain

L 2= (4n+3) (2n + 2k + 2)! —z\*
(18)  tu(2) = Z(2L+])!(2n—-2k)!(n'2) y

Using formula (12) twice we have

(o ] l oo 1 1
}; ((2’» + 1)’) (2k + 1)+ :4;,”"“ ((2/c +1 )2) (2k 4 1)>+2

- (@) s = £ (i) e
(2k +1)% ) 2k + 1" 7 " \(2k + 1)? ) (2k + 1)*F?
S ) L i

19 e
GL9) 8 (dn £ Do

0<m<n.
Putting expression (18) into (19) we get
i i (=1)"* (2n + 21 + 2)! 1 g 1
L (20 + 1) (2n - 20)x? \ (2k 4+ 1)) | (2k +1)"™H

k=0
_(2n+1 Yz 2nt
© o 8(n+3)!

(20) bmn, 0<m<n

Changing the order of summation in (20) we have

3 (=)™ (2n + 21 + 2)! Z
(204 1)1 (2n - 201 (2n — 20 + 1)Ix2 &= (2K 4+ 1)2"‘+2’+4

i (2n+ 1)!7r2n+4

21 ORI Skl 2l S A S
(21) 8(4n+3)! ’

0<m<n.
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Replacing the infinite sum in (21) by the formula (15) we obtain

n (2n + 20+ 2)! (1 i ‘22’"*2'“) Bam+at44
(20 (2n = 20)! (2 + 21 + 4)!

=0
y _ (2n+1)
(22) T 4(An 43" 0<m<n.
Hence, the formula (9) is proved for the case o = 1. ™

3. The relation between Legendre and Euler polynomials

Now we shall use the formula of finite summation (9) to prove the fol-
lowing expansion theorem.

Theorem. Let {P, ()} be Legendre polynomial sequence and {F, (x)}
be Euler polynomial sequence. The following equality holds

R~ (2n + 21 + 20)! i
(23) Pinyo (22 -1) = E @I) (21 + o)l (2n — 2ny Lo (2)

(n20; o=0o0rl).

Proof. First, we apply the lemma in case ¢ = 0. In formula (16)
replacing Bay 42142 by formula (6) we get

1 Eom (2) o= (20 + 21)!\Eq () _ (20)!6mn
(24) /o (22m)! g (D2 (2n —20)! ~ (4n+ 1)V smso.
If we set .. (2 ik e}

n + L (®) e
(25) 2 (@ @n -2t~ P ()
then Pj, (z) is a polynomial of degree 2n, and we obtain
2

(26) [ Bm@ P @de = L84 0<mcn.

Using (6) again and noticing that Ba,41 = 0 for m > 0, we have

1 E P 2L (20 + 20) Eqy (2)
/O Eam+1 () P, (2) de = /0 E2m41 (w)zz:o (2O (2n 3121)!‘1”
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n
(2n + 20)! /1 A
27) = E (2) Eq (2)da
@) = X e Em - J P @) Fa
n_ 4(2n + 20)! (2m + 1)t (224243 —
= L TN Emr Aty s =0

From (26) and (27) we can conclude that the polynomial P, () is orthogonal
to the system {Fo(z),E1(2),..., E2n—1(2)} with respect to the weight 1 on
the interval [0, 1]. Since the system of Legendre polynomials P, (22 — 1) is also
orthogonal with respect to the weight 1 on [0, 1], then there exists a sequence of
scalars {a,} such that

(28) P, (z) = an Py (22 - 1), n 2 0.

The coefficients a, can be found exactly. Indeed, identifying the coeflicients of
z?" in two polynomials in (28) we get a, = 1 and the proof of the theorem in
case o = 0 is finished.

For the case 0 = 1 we shall apply the lemma for the corresponding o.
The method used here is similar to the previous one.

Again replacing Ba;42144 in (22) by formula (6) we get

/1 Egms1 (2) i (2n + 21 + 2)! Eoppq (2) d
o @m+ 1) 2 @D+ 1)! (2n — 20)

_(2n+1)!

(29) = m&mn, 0 S m S n.
Setting

" (20 + 20 + 2)! Eqg (2 %
(30) Z( !By (2) _ Pri(o),

= (20121 + 1)} (2n - 21)!
then Py, ., () is a polynomial of precise degree 2n + 1, and we have

' . {(2n + 1)!1}?6mn
(31) /0 Eam+1(2) Py (z)dz = n+3)! ==, 0<m<n.

Completely similar to the corresponding step in the proof of the theorem in case
o = ( we also obtain

1
(32)° /o Em (2) Phoyy (2)dz =0, 0<m<n.

Now, from (31), (32) and reasoning the same as before we can conclude that
there exists a sequence of scalars {3,} with

(33) P;n+l (z) > ﬂnPZn+l (23" i 1) ’ n Z 0.
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Comparing the coefficients of 22"*! we can find out the value of 3, to be 1, and
the proof of the theorem is finished. ™
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