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In this paper we establish that

f:o(u e P)a-lu"F(u) rFsgr (a1, a5 a,f,... s Bs; _w(“ ™ p))du
w

= I'(a) _I;” t'“e"”‘G'(")(t)rF. (a;,...,ar; By Lol _-t_) dt,

where G(t) is the inverse Laplace transform of F'(z); p > 0, Re(a) > 0,if r < s+ 1; Re(w) >0
iflr=s+4+1;Re(l —a+min(a;)) >0 (j=1,...,7r) and G(0) = G'(0) = ... = G""V(0) = 0.
Further we apply this results to get a number of integrals, some of which scem to be

new. Various particular cases are obtained.

1. Introduction

Recently, M. L. Glasser and V. Kowalenko [2] have established a method
for evaluating fractional integrals. They demonstrated the effect of their tech-
niques on fractional integrals of the form

< (a V
I,;(I)) =./,, (.’lf_-f—t‘l-ll)-'-‘-dw’ Re(p) < 1. (1)

They also extended the application of their techniques to many other classes of
integrals not of fractional form.

In this paper, we give a natural generalization to their main theorem and
produce many results as special cases. Some of these results were given in [2] as
new results.
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We also give a wide range of applications of our results to evaluate many
fractional integrals.

2. Integrals involving hypergeometric functions

Theorem. Let the inverse Laplace transform L= of F(x) exist and
be denoted by G(t). Further, let G(t) be n-times differentiable, G/(0) = G'(0) =
. — G(""l)(O) = 0 and the Laplace transform of G(")(t) exist for ¥ = p. Then

f:o(u = p)a-—lunF(u) TF8+1 (al, ey Qp5 @y ﬂl’ s aﬂa; "w(u - p))du

= I"(C!) f(;x’ t—ae—ptG(ﬂ)(t) sFa (alv ooy Qps ﬂl’ vee 7ﬂa; _%) dt’ (2)

where p > 0;Re(a) > 0ifr < s+ 1; Re(w) > 0ifr =s+1; Re(l —a+
min(e;)) >0(i=1,...,7).

Proof. As
L[G(t); 2] = F(x), (3)

then
LIG™(t); z] = 2" F(z), (4)

where L is the Laplace transform Lf = [5° e™?! f(t)dt and further, we have
f;o(u Es p)a—l U F(u) r Fog1 (@1, ..., ar;0, B, ..o, Bg; —w(u — p)) du
o fpoo(“ - p)a-l rFag1 (al, S LN TRRReY - % _w(“ = P))
x {Jg° e G (t)dt} du = [5° G (1)
X {f:° e~ “(u—p)* 1, Fop(ar,...,a; 0,81, ..., 05 —w(u — p)) du} dt
= [52 e PGM() {f5° et 2! Fopr (e, .y @i @y By . ., By —wa )dz} dt.
Now, evaluating the z-integral of the above [4, p.851 (8)], we obtain
S2(u = p)*  ut F(u) p Fygr (1, - .oy @i @, By ey By —w(u — p)) du
= [(a) °t2e P GN(1), Fo(ar, .- ., ari by -5 Bsi =) di.

As special cases of (2) we have:
i) If n = 0, then

f:o(u o p)a_l F'(u) TFO+1 (aly ceey QY ﬂl» .. 'sﬂs; —'"’(" - p))(l'u
=Da) 5017 e BG(1), Fy (aryi. -y0ps Bris - -1 Bs — %) dt,
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which corresponds to the result (4) obtained by Glasser and Kowalenko [2].

ii) If n = 0 and a3 = 0, then (2) reduces to the main result of [2], that is
o0 (oo}
[ =t Fupdu = T(e) [ e e
» 0

Further, we consider some special cases of the main theorem. By a change
of variable, (2) can be expressed in the form:

Iy W y+p)"F(y+ p) rFsr (1, . .0 @, B1y . . ., Bs; —wy) dy

5
== F(a) f(;)O t—ae—ptG(n)(t) +Fs (als ceey Qg ﬂl’ som 9ﬂl; w) dt ( )
p > 0,Re(a) >0 ifr<s+1; Re(w) > 0if r = s+ 1; Re(1l — a + min(e;)) >
0(j=1,...,7)and G(0) = G'(0) = ... = G*~1)(0) = 0.
By analytic continuation it follows (5) is valid also for Re(p) > 0.
Set r =1 and s = 0 in (5) to obtain '
B2y Y+ )" F(y + p) 1 Fi (a1; a5 —wy) dy (6)
= I(a) [§° t1 e P!G(1)(t + w)~ 1 dt,.
Re(p) > 0, Re(w) > 0, Re(1—a+a;) > 0and G(0) = G'(0) = ... = G(*1)(0) =
0. Particular cases of (6) are obtained by using the results tabulated in [6,
Section 7.11.1]:

i) The case a; = a = a gives

I vy + p)"F(y + p)e~“dy

= I'(a) [§° e~P(t + w)~*GM(t)dt, (™
Re(p) > 0, Re(w) > 0 and G(0) = G’(0) = ... = G(*=1(0) = 0.
ii) The case a; = a,a = 2a gives

vy + o) F(y + p) e I,y g (—%) dy
i 21—20(_w)a—-l/2r(2a)

(8)
0 4~a —a,=ptr(n) .
T+ 1/2) Joo t7o(t + w)%e P G (¢)dt,
Re(p) > 0, Re(w) > 0,Re(a) < 1 and G(0) = G'(0) = ... = G 1(0) =0
iii) The case a; = a,a = a — m gives

Loy ™ Yy + p)"F(y + p)e™YLa™1 (wy) dy
_(=1)"T(a—m)(1 -

9
m! D oo pme=r(1 4 w)=e-PGON 1)t o
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Re(p) > 0, Re(w) > 0 and G(0) = G'(0) = ... = G*=1(0) = 0.
If we set 7 = 2 and s = 1 in equation (5), we obtain
Jo2 vy + p) F(y + p) 2% (v g5 0, Br; —wy) dy

10
=I(a) 5 t=e PG (1) 2 1 (01,02;/31; —ITU) di, (10

Re(p) > 0, Re(w) > 0, Re(1 — @ + min(erj)) > 0(5 = 1,2) and G(0) = G'(0) =
...=G-1(0) = 0.
By letting a; = a,a2 = 0,1 =a+b—1/2in (10) we get
Iy Yy + p)"F(y + p) 282 (a.b,a,a+ b — 1/2; —wy) dy
= 200321 () T(a + b — 1/2)(—w)B=22—20)/4

X Jo© te/3H/2-a=1 =it 4 w)=1/2 P (\/1 +2) G,

Re(p) > 0, Re(w) > 0, Re(1 — a + min(a,b)) > 0 and G(0) = G'(0) = ... =
G"=1(0) = 0.
For r = s = 1 (5) reduces to

(11)

2y Wy + p)"F(y + p) 172 (ar, 50, By; —wy) dy

12
=T(a) [t~ P GM(1) 1 1 ("1;/31; -'%) dt, (12

Re(p) > 0, Re(1 + a1) > Re(a) > 0 and (/(0) = G/(0) = ... = G"=1(0) = 0.
Another special case of (12) can be obtained by letting ay = «, 31 = 2a
in the following form

Iy Yy + p)"Fly + p)1£2 (a, a, 2a; —wy) dy

= 22¢=1P(a)I'(a + 1/2)(—w)t/2-a (13)
—_—— - w/: w ‘(") (4
x [0 tama=1/2=(pttw/20 [ ) (—Z) GUI(t)dt,
Re(p) > 0, Re(1 + a) > Re(a) > 0 and G/(0) = ('(0) = ...= G"*=1(0) = 0.

fr=s8=2,a1=1,a2=3/2,p, =2, =band a =3-0bin (5) we get,
by virtue of the results [6, No.7.12.1.5 and 7.15.1.3] and [4, No.5.7.6],

Js° v~y + )" F(y + p) o1 (V@) J2-s (/) dy

= ; -1/2 [o0 4b-2 —l"[ o (.:_;.. -_ﬂ)] (n)(
TG Jor %M 11 —aFi | 3ibi= )| G (DL,

(14)



Evaluation of Fractional Integrals Ilﬁrolving A 307

Re(p) > 0,0 < Re(a) < 2 and G(0) = G'(0) = ... = G™=1)(0) = 0
We can also produce many other results as special cases when taking
particular values of r and s.

3. Applications

In this section we cousider specific expressions for F'(x) and ™)(t) in
(5) in order to evaluate some fractional integrals.
From [1, No.5.4.10],

1[, -2, 2, .2 g : 1 1,5,
- -2 . N L - heti et
L [p (p* + a*) ] =T +20) 1B (v A+ v, A\ +v+ 33— 7% %)
with Re(A + ») > 0.
Setting A = —% in this result and from (4),
i n %11
($)(1) = s s P (9 = = = = iSRS
G"™(t) @0 —n) 1Fy(vyv et b %)

and F(z)= (2?2 +a?)", v >n/2.
So, after substituting in (5) we get,

IS My +p)? + @Y Fopa(an, .. an 0, B4, . ..., Bs; —wy)dy
r

= —I‘(Qxfi)n—) f(;’o t—at2v—n—1 ,—pt 1Fz(ll V- -2-,1; e Yll + __”211)

X rFa (als oo .»0,.;/31, is ,/js, —T) d[ Rl‘(ll i %) s 0.

In view of the results [6, No.8.4.51.1, No.8.2.2.14],

by, 1 —-a 1 —-a
. . o P 5 r
plelaty. . iyl ... b5 ~2) =T [ ,a T pald

ay, . 0 1- l)], b
m,n (ap) mm _1_ (1 = l)q) : R e sy
CPN [ (bq) Gq,p [3 (1 - ap) ) alg(1/~) =—argz,

using the extension in series from [y(v;v — %,v — 5 + 35 —1a%?) and inter-
changing the order of the integral and the sum,

fooo ya—l(y + p)n[(y + p)2 < a2]—u r1?a+1(als ey Qs @y ﬂla e ’ﬂs; "'"-Dy)dy

I« [‘[ BiyovesBs ] b (")"(""i)k

I
2v—n Qg0 690y r=0 (u— !{)k(y-!?}..’_%)kk! 1
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where
e —n=1 g v t
[] / t2k a+2v—-n-1 pt G, A [

Using the result [5, No.3.3.6a],

l,ﬂl,“-aﬂa ](l

QY yeeeyy

j‘ 20— le—wz Gm,n [nzk/p

a -k c*(1=p)j.o—
(bp)) ](L’l’ i w'”(21r)(1 k)/2+4c*(1-p)), l/2pU

A(k,1—-0),A(p,a,)
A(p,by) ’

provided Re(o + %minbj) >0{j= 1,...,ni),Ile(w) >0c*=m+n-5-1>
0,|argn| < e*x,U = T}, b; — XF_1a; + § — 4 + 1, where the symbol A(r,a)
represents the set of r parameters £, 131, Sy ‘—‘-“%"—1, we get

pm,pntk | k¥ yeplp=—a)
GPP+ kypq [ wk

1
I = p Ga+2,r p—w

—2k+a—2v+4n 1,2
Qpyeeeyty

1—2k+a—2v+n,1,ﬂ1,...,,3., ]

Re(p) > 0, Re(2v — n+min(a;)) > Re(a) for j = 1,...,757 > s—1,|arg(L)| <
(r—s+1)%.
Therefore,

f(;)o ya—l(y + P)”[(y + p)2 + a2]_u rFs-l-l(“l’ ey Qs @Yy ﬂl’ ceey ﬂa; -wy)d?/

'« r ﬂly .y ﬂc ] a—2v4n -E):o )k (_ fr;)k

v—=n QlyeeeyQy k=0 (u—%)l.-(u— %+%)Lk!

2,r 1—01,...,1—(!,-
X Grota [pwl 2k—-a+2v—-1n,0,1-0,...,1 -3,
(15)
Re(p) > O;Re(a) > 0if r < s+ 1;Re(w) > 0if r = s + 1; Re(v — n/2) >
0, Re(2v — n+ min(a;)) > Re(a) for j = 1,...,r,r > s—1,|arg(L)| < (r—s+
1)§.
Analogously, we obtain some other results, listed below, with the refer-
ences used.

fooo y"—l(y + p)"(y $ P ﬂ)—2u rFa+l(ala ceey Qi Qv ﬂla e ’,Ba; _'wy)dy
2l I‘(a) ﬂls---vﬁa ov—2u4 +6o 20); B k
T I'(2v—-n) K Qpyeee,Qy iy E v=n), k! (P)

1-ay,.. l—a,

Grc-H m k a+2u-—-nOl—ﬁ1, . l_ﬂs],

(16)
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Re(p) > 0,Re(a) > 0if r < s+ 1; Re(w) > 0if r = s+ 1; Re(v — n/2) >
0, Re(2v — n + min(a;)) > Re(a) for j = 1,...,7, 7 > s—1,|arg(L)| < (r— s+
1)Z. (1, No.5.4.8]).

I vy + o)t/ WP y(n + 1, 545)

| & ﬂl e ﬁ e
Xy Fog1(@1y. .y ari, Bry ..oy By —wy)dy = 55T 0'1’ ’a" ] artiged
S E

o (2)* 1— 1-=a
2, Qlyeoey «
Zo'(n—g-?%m Gr,:+2 [pw ! r ] ’

l—-a+£k,0,1-754,...,1—f;

(17)
Re(p) > 0; Re(a) > 0if r < s+ 1; Re(w) > 0 if r = s 4+ 1; Re(1 + min(e;)) >
Re(a) forj =1,...,r, v > s—1,|arg()| < (r— s+ 1)5. ([1, No.5.11.26], [6,
No.7.13.1.1]). ‘

f(;’o y“'l(y + P)" Q?u(vy + P) rFl+l(a17 ceey Qp Qv ﬂb .o -1ﬂc; —wy)dy

b ﬁl‘(a)I‘(2v +1) r BryeeeyPs pn+a—u—1/2
22+ (20 + 3/2)I'(v — n 4+ 1/2) Qpyeney Qp
3 1 (v+}), (+1)up* (18)

k=0 (2V+%)k(”_"’+ ;i)kk!

2, 1-—-01... l—-a
XGr,:+2 pw A : 4 ]’

1/24+k-a+v—-—n,0,1-p4,...,1 =0,

Re(p) > 0; Re(a) > 0if r < s+1; Re(w) > 0if r = s+ 1; Re(v—n) > —%,Re(u—,
n+ % + min(a;)) > Re(a) for j =1,...,r,r > s—1,|arg(L)| < (r — s+ 1)5.
([1, No.5.13.10]).

Jo° v* (Y + p)" Kan(2v/a(y + p)) r Fogr(en, .., @i, By o B —wy)dy
e 2-20—4nﬁr(a)a-a—ne—2ﬁ'§ ‘

=2 n’?-l(aj)* w k o 1 . 1
X 5 G (-2)* ¥ (-a-k-20+},-20-2%—4n+ 1,4\/5_})) ;
(19)
Re(p) > 0; Re(a) > 0if r < s+ 1; Re(w) > 0 if r = s+ 1, Re(a) > 0. :
(11, No.5.16.40), [3, No.3.471.9], [4,, No.9.13.15]).
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S v My + pyree2wt My, (545)
X Lypr(@ry ... a5, By, ..., By —wy)dy = TTJ—fSFLUH
< T [ ﬂlv o "ﬂs ] “;:+1/2pa+n-—u—l/2 = (2.)'. (20)

Qpye..y Oy > [EZEI

k=0

XCZ’T w 1—(!1,...,1—*0,.
ra+2 [P 1/2+I‘+k‘0’—";0v1—/31,---,1-,33 ’

Re(p) > 0, Re(a) > 0if r < s+ 15 Re(w) > 0l r = s+ 1; Re(n—p) < 3, Re(pu—
n + 3+ min(e;)) > Re(a) for j = 1,...,r, 1 > s~ Llarg(L)] < (r — s+ 1)E.
([1, No.5.20.2]).

o a—1 (y+p»)/2ayy . y+ I))
fo y* "y +p)tel? Wi ( «

X pFypr(ar, .oy, 1y ..oy Bey —wy)dy = WEJ;'_’—,, I‘[ Pre-eesBs ]

190 (L—rtn), (4=r—n) k
—R o adndn 2 E\2 473 1
a~FprrnEn l.;o =)l ( P)

l—ay,..., 1 —a, ]
A

2,r
x G"""‘”? [p'w k—a—n—nr,0,1=73,...,1 =/,
(21)
Re(p) > O;Re(a) > 0if r < s+ 15 Re(w) > 0if r = s+ 1; Re(n + k) <
0, Re(—n— K +min(a;)) > Re(a)for j = 1,...,7, |arg(a)] < 7. ([1, No.5.20.9]).

Io” y Yy + p)"e"/(”'“’)'y (l/. 7%;) (o, o a0 B, B —wy)dy

(lk
I'a +ox (1) o

- ﬂl""’ 8 vy tn—v
= T=m L [ ..., ] “r ,g, E A=

l—ay,. ..., 1 —«a, '
k+v—-—n-—a,0,1-p,dots,1 =, |’

2,
x G s +2 [pw

. (22)
Re(p) > 0;Re(a) > 0if r < s+ 1; Re(w) > 0if r = s+ 15 Re(v) > 0, Re(v -
n + min(e;)) > Re(a) for j =1,...,r,7 > 5 — 1,]arg(2)] < (r — s + D). ([1,
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No.5.11.29]).

4a

f(;w ya—l(y + P)"Ju ( ) rFa+l(als s 9ar;aaﬁh ® e ,/’,; —‘“"!/)d'!l

y+p
T I ﬂl . ’ﬂ ¢ nto—v
= FoF "u_u)l‘ 01: . (2a)p +
2\* (23)
-

* TS G5, (- Ee D,
' 1_'0"1’""1_(’!7'
G.,._,.’.z P’w 2k+V—n—a’091—ﬁ1"."1—‘-ﬂ’]’

Re(p) > O;Re(a) > 0if r < s+ 1L Re(w) > 0if r = s + 1; Re(v — n) >
0, Re(v—n+min(a;)) > Re(a)forj = 1,...,r,7 > s—1,]|arg(1)| < (r—s+1)x.
({1, No.5.14.12]).

I;O ya-l(y + p)"e“/(”"”’)l,, (y__t;_,;) ,-1'1,.'.]((\'1 s oo ey Qs QY ﬂls ceey ﬂs; —u’y)dy
ba I ﬂla'--aﬂa a¥  odn— = (”+_l_)~(35_)"
. i‘(u+1;?iu—nir [ Qyysooey Oy ] 5‘71’ B 2 (le)kfu_—%)fﬂ

X G2 l—a-1,. l—a,-
r8+2 k+u—n—aO]-—ﬂ1, Sl Py

(24)
Re(p) > O;Re(a) > 0if r < s+ 13 Re(w) > 0if r = s+ 1;Re(v — n) >
0, Re(v—n+min(a;)) > Re(a)forj=1,...,r,r > s—1,|arg(L)| < (r—s+1)x.
([1, No.5.16.18]).

fO a-l(y + p)nL (y+p) 1‘F8+l(al g ooy (ps “$/31v R »ﬂa; —“’;'I)d'!/

= 2I' (o r ﬂlv v 9/j + s avtlpotn—v=1
VAT (vA32)T (v=—n+1) O sss s O F

+oo (63D (‘“';5') ‘
L_O (2);;(”*‘2);(23&'1') (5 )

2,r
X Gr 842 [

l—ay,...,1 = a,
1—a+u-—-n+21~,0[—-/il, wl=ps |’

Re(p) > 0; Re(a) > 0if r < s+1; Re(w) > 0if r = s+1; Re(v—n) > —1, Re(v—
n+ 1+ min(ea;)) > Re(a) for j = 1,...,r,r > s = 1,|arg(L)| < (r — s+ 1)7.
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(11, No.5.17.22]).

f(;)o y"’"l(y + P)" [(y + P)3 + ‘13] s rFa+l(al» ey O @, ﬂlv “en ,,3,,; "'wy)dy

=T ,31, ey ﬂa Mo pa+n—3v -’io ) (- ;’;,)
QyeeeyQy 3v-n k=0 (""g')k(”_zal"',%)k("—lsl'l'%)kk!

2,r l—a—l,...,l—a,
: (26)
Re(p) > 0;Rea) > 0if r < s+ 1;Re(w) > 0l r = s + 1; Re(v — n/3) >
0, Re(3v—n+min(a;)) > Re(a)forj = 1,...,7, 7 > s—1,|arg(1)| < (r—s+1)r.
([1, No.5.4.11]).
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