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On a Class of Linear Approximating Operators

0. Agrating

Presented by Bl. Sendov

In this paper we introduce a new class of lincar approximating operators (Luy)n>1, r =
0,1,2,..., for the functions f € C"[0,1]. In order to construct them we use Taylor’s polynom of
r degree and a classical class of lincar positive operators generated by a probabilistic method.
Also, we study approximation degree with the modulus of continuity of first and second order.
(Lnr f)nz1 include as a particular case the generalized Bernstein polynomials defined by G.H.
Kirov in [5].

1. Introduction

Any problem concerning the consideration of positive lincar approximat-
ing operators, on the space of continuous real-valued functions on an interval
of the real axis can naturally be interpreted as a problem ol probability theory.
There are several papers dedicated to this subject.

Let (X,.),,Zl be a real sequence of random variables having the folloWing
distribution: P(X, = @uk) = puik(x) where a, € [0,1], 0 < @ < 1 represents a
parameter, k € I C N.

Let f:[0,1] — R be a continuous function. We consider an operator

Ln : C[Oq l] Ty ('[0~ 1]’ f —r »Lnfs
defined by the following formula:

(1) (Laf)(®) = D par(@) f(@nk)-

kel

This type of operator has been considered in remarkable papers by D.D.
Stancu [7],[8] and W. Feller [2] and borrowed by many other authors either
to get through a probabilistic way to some classical linear positive operators
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(Bernstein, Mirakyan-Favard-Szdsz, Baskakov, Meyer-Konig and Zeller) or to
get some important generalizations of these operators.

In our previous paper [1] we approached a similar formula for functions
of two variables. It is evident that the operator defined by the formula (1) is a
positive linear operator and according to the definition of a distribution we have

(2) (Lneo)(x) =D pur(z) = 1.
kel
We denote ¢; : [0,1] — B, e;j(z) = 2, j =0,1,2,...

Starting from (1), the purpose of this paper is to form a new sequence
of lincar operators. We will also evaluate the order of approximation by means
of the modulus of continuity of first and second order. As a particular case, a
class of the Bernstein polynomials introduced in [5] are to be found.

2. Construction of the operators

By C7[0,1], » = 0,1,2,..., we denote the set of all functions f :[0,1] —
R with a continuous derivative of order r on [0,1].

Let f € C7[0,1] and (7’ f)(2ni;®) be Taylor’s polynomial of r degree
associated to the function f on the point x,;:

(Lnk)

wnk)‘-

(3) (T ) siz) = 3 Lnk)

i=0

We define the operators:
Lm‘ : CT[O, 1] rEa ("[0? 1]’ f TR Lnrf
where

(4) (Lnrf)(x) = Z(’ ‘rf)(-'"'nk; w)l’nk(""‘)'

kel
It is easy to verify that these operators are linear and choosing » = 0, we
obtain the operators presented in (1) (L,of = Laf).
Further on, we consider r > 1 integer.
3. Approximation degree

First, we need Tayior’s modilied formula with the rest under integral
form:

(5) f(@) = (T ) (@ur; @)
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#8210 (O e+ 1 = 2) = SO )i
Second, we need the modulus of continuity of function f defined by:

(6)  wi(f;6)=sup{|f(z)— f(¥)|: =,y€[0,1], o —y|<6},0< b6 <1
From relations (2),(5),(6) successively applied, for any x € [0, 1] we ob-

tain:

v W :
Y f@pute) = X3 L8 o e yip(a)

kel kel i=0

|f(2) = (Lne S)(@)] =

= [ Cmm ) [ 1= 07 U s + U = as) = S )l

& oIy

T—-z Ll Y
Z l ;k'l pﬂk(-'”)‘/ G ty l“’l(f(r);tl-": = 37nk|)’u'-
ter (r=1) 9

Using the following known property of the modulus of continuity

wl(f; AJ)S (’\+1)“ﬂ(f)6)7 A> 0,

with A = t|& — 2.|n'/? and § = n~1/2, we can write further:
[f(2) = (Lnr f)(2)]
1
S E lz', znkl (-’U)/ (1 5% t)"—l(l.l.’t - -'l?nklhl/? ¥ l)wl(f(r); n—]/z)dt
0

& i
1
= S Bl @50 ) {fe — sl [ 101 - 07
kel \T ) o
+ / (1-t)yldt} = Zl( :'1‘;! puk(@)r (S5 071 2) (|2 = wur Vi + 7 + 1)
kel

<Vatr+l : i
_ ("' + 1)' ’gl"r nkl p"k(m)wl (f $ —J_;;) 5

because |z — 2| < 1.
Applying the Cauchy-Schwarz inequality and taking into account the

identity (2), we get:

: 1/2
(7) N Z |l — xnklrpnk(x) < (E(m as wuk)zrpnk(x)) .

kel kel
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Definition. ([3], p. 189) The expectation of the variable (Y — a)* is
called the moment of the k-th order about a of the random variable Y:

v(Y;a) = E(Y - a)*.
Consequently (7) can be rewritten:
> le = zurl pui(2) < LA ( X 2)
kel

and we find

. Vitrtlp o 5
@) = e @) € LT i hon (7% =)

Now we can state the following proposition:

Theorem. Let be the sequences (Ly)ux1 and (Lp, ),y defined in (1)
respectively in (4). If the following constants A, > 0 and « > } ewist with the

property:
VZr(«"n;x) < '\1‘"—2(1,

for any natural number n, then the inequalily

1/2
® -G D, (0, L)

holds.

R e m ar k. The above result implies:

9) 1S = Zne 1l = 0 (w=n (50 =),

n

where || o || stands for the uniform norm.

It is known that besides w;, the modulus of smoothness w, is frequently
used in quantitative approximation. This wy is defined, for f € C[a, ], by

wa(f;8) = sup{|f(z—h)=2f(z)+f(x+h)|: x,2+h € [a,b], 0 < h < 6},0< é < b—a.

H.H. Gonska [4] established the following inequality:

i

59 < (34 walf:6)+ 22171l
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for all f € Cla,b)and 0 <é <b—a.

Our result (8) becomes:

[£(@) = (e )@ < ex(irn (1 —}-,;) +d()ISO,
where:
A1/2
cr(n) = (771_)_' (2n + (20 +5)Va +3(r+1))n~°
and 12
6, r+1\ _,
d,(n)—m(1+ \/ﬁ)n .
4. Example

We choose I = {0,1,2,...,n}, Zu = %, pur(2) = (Z).’t"'(l - z)"k,
In this case L,f coincides with the classical Bernstein polynomial B,f and
L, f becomes the generalized Bernstein polynomial of the (n,7)-th order for a
function f € C7[0,1], introduced and studied in the recent paper [5]. For any
z € [0, 1] we have:

n

(@ = @) = 07 Y (k= )™ (}f) (1 -2)** < An7",

kel k=0

where A is a constant depending only on r (sce e.g. [6], p.248).

If we take \, = Aand a = 5 2> % the condition of the theorem given in
Section 3 is satisfied and we have:

AV (a4 r+1) ((r, 1
: —un LV -l s
(74 1)tnr/2 )

Jn

[f(2) = (Bnf)(2)| <

Consequently we can write

1 = Basll = 0 (w'F e (1 7‘7_;)) ;

This result is similar with the one obtained by G.H. Kirov in the paper
[5] published in this journal.
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