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The concept of random normed space was introduced by Serstnev [8].
Fixed point theorems in random normed spaces have been proved by Bocsan
[2], Hadzic [3] and a number of other mathematicians. In the present paper
we prove common fixed point theorems for pairs of self mappings satisfying a
contraction condition in a convex and complete subspace of a random normed
space.

Definition 1. Let L denote the set of all distribution functions. A
triplet (X,J,t) of a real or complex linear space X, a mapping J : X — L
and T - norm t is called a random normed space, if and only if it satisfies the
following conditions in which F, denotes the distribution function J(u):

(@) F,(0) =0 for all «in X.

(b) Fu(z) = H(z) iff u =0, where M(x)=4 » > 0
* ’ ' 0, z< 0

(¢) If ¢ is non-zero scalar, then

Fyu(z) = Fu(z/|q]) forall win X and z in R.
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(d) Fypo(z +y) 2 t[Fy(2), Fy(y)] forall u,vin X,

x>0, y 2> 0.

(e) t[z,y] > max[z + y — 1,0] for all z,y in [0,1].
For topological preliminaries Schweizer and Sklar [7] is an excellent ref-
erence.

Theorem 1. Let(X,J,t) be a random normed space with t = min[z, y]
for every z,y in [0,1] and C(X) be a convezx and complete subspace of X. Ty, Ty
be two mappings of C(X) into itself. The sequence {u,} in C(X) be defined as

(1) Ugnt1 = (1 = 8)ugn + sTyug,

U2nt2 = (1 = 8)ugny1 + sTouzng
for some s in (0,1) and n = 0,1,2,...
Then Ty and T have a unique common fized point if for k in (0,1)
(2) FTlu—Tzu(kz) > min[Fu-u(xA)a Fu—T,u(w/s)y Fu—Tgu(m/s)

Fu—Tzv((l + s)x/s)a FU—T]“((]' + 3)"”/3)]
holds for all u,v in C(X) and 2 > 0.
In the proof of above theorem following lemma is employed.
Lemma 1. Let{Y,} be a sequence in subspace C'(X) of random normed

space (X, J,t) where t is continuous and salisfies t[z,z] > x for every x € [0, 1].
If there exists a constant k € (0,1) such that

(3) Fy,_v,,,(kz) > Fy,_, v, ()

for all n, then {Y,} is a Cauchy sequence.

The proof is similar to the lemma for Menger space proved by Bharucha-
Reid and Sehgal [1] so we omit the details.

Proof of Theorem 1. Let ug € C(X) be arbitrary and for s € (0,1)
consider a sequence {u,} in C'(X) as defined by (1). Then for &’ € (0,1) such
that ¥  +s>1and 2 >0

Fug,..n —U2n42 (klz) i F‘(l—a)(ug,.—ug,,+1)+3(T1152,,—T2ug,,+,)((1 . 3)'7: + (,", +s— 1).’1:)

> t[F(l—t)(ug,.—uzn.,,;)((l - s):v), Fa(T1u2n-T2u2,.+1)(k, + 8- 1)'1' ] ( by (d))
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o t[Fuan—u2n+1 (:L‘), FT]“?n"T2UQn+1 (k’ +s— l)z/'s] ( by (c))

(4) = min[Fu2n_“2n+l (2), Fryun-Touznss (K +s— 1)z /s].

But0 < k" <land0<s< 1=k +3<1+s. Thisgivesh' +s—1< s.
Also k' + s > 1 gives 0 < k' + s — 1. Thus, 0 < ¥ + s — 1 < s and hence
0<(k+s-1)/s< 1.

Let, (K'+s—-1)/s=k.

Using (2) we have

Frivun-Touzns (kz) > min[Fu2n;u2n+l (), Fupp-Tyuza(T/8),

Fu2n+1—T2u2n+1 (2/8)’ Fuzn—T2u2n+1 ((1 + s):’:/s)’ Fuzn+1—T1uzn((1 + 3)77/3)]

Since using (1) we get

(¢) uzn — T1tuzn = (1/8)(U2n — U2n41)

(i7) Uznt1 — ToUzngr = (1/8)(U2n41 — Uzn42)

(144) uzn — Totznt1 = (U2n — U2nt1) + (1/8)(U2n41 — U2n42)
(iv) Ugnt1 — T2, = (1 — 8)/8)(u2n — U2n41)

Fuppir—usnya (k) 2> min[Fyy oy, (2), F1/8)(usn—t2ms41) (z/s),
F(l/‘)(“2n+l-“2n+2)($/8)’ F(“2n"'~‘2n+l )+(1/-9)(u2n+1—uzn+z)((1 + 8)x/s),
Fl1-0)/s)(uzn—sanss) (1 + 8)2/5).
= min[Fyy, —uzni1 ()5 Fuzn—sans1 (T)s Fuznps —uansa (T)s
" Flusn—vans)41/ouanss —ans2) (1 + 9)2/8), Farymaz (L4 9)2/(1 = 9))].

Z nﬁn[F“Qn—“Qn+l ("v)’ Fu?n"“?n-’-l (m)’ Fu2n+l —U2n+42 (37),
(5) Fuzn-vanss (2), Fuznsr1-tansa (@), Fuzn—uzn41 (14 s)z/(1 = 8))].
Using (4) and (5)
Fuzns1-uznya (k,z) 2 mi“[Fuzn—uzn+1 (=), Fuzns1—vzn4a (2)].

(Since Fuzn-u2n+1 ((1 + 3)"”/(1 - 3)) > Fuzn—uzn+1 (z))
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Now observing that Fi,, ., —uynsr (K'®) < Fuypy) —ugnyn () we have
Fuzngr—uany2 (K'2) 2 Fuzp—uzny, (T)-

In general Fy, , —upy (K'2) 2> Fyp—upyy (2).

Therefore by Lemma 1 {u,} is a Cauchy sequence in C'(X). C(X) being
complete subspace of X, {u,} converges to a point (say) z in C(X).

Now we prove that Tz = z.

Let T2z(e,A) be an (¢, A) neighbour hood of T,z. Since u, — z for
(1 — k)e/2k > 0, A > 0 there exists an integer Ny((1 — k)e/2k, A) such that
Fup—uzns: (1=k)e/2k) > 1=Xand F._y,,,, ((1-k)e/2k) > 1=Aforall n > N;.

And for (1—8)€/2s > 0 and A > 0 there exists an integer Na((1—s)€/2s,A)
such that Fy, _y,,.,, (1 —8)€/2s) > 1 - A and F;_y,,,,((1—3)€/2s) > 1— A for
all n > N,.

Taking N = max[N;, N3] we have

Fupp—uony: (L =Kk)e/2k) > 1 = A, Fooyy,,, (1= Kk)e/2k) > 1A,
(6)
Fupn—vuzns1 (1 —8)€/28) > 1 = A, Fioryypy, (1= 8)€/28) > 1 = A,

For all n > N.
By (1) and (2)

'F'(l/’)(“Zn-l-l_u2n)+“2n—T22(€) = Fryuy,-T;2(€)
2 Inin[Fuan-Z(e/k)’ Fug,,—Tl uzn(e/":‘g)v Fz—ng(e/ks)s
Fupp—Ty: (1 + 8)€/8k), Fomyuy, ((1 4 8)e/sk)]
Since,

Fup=2(6/K) = Fup—uzmys 1amga = (1 + £)e/2K) + (1 = k)e/2K)))

(v) 2 min[Fuyp, —uznyy (1 + K)e/2K), Fuypyy —2((1 — K)e/2K)].
. Fu’"_Tluz" (€/k8) = Pugn+((1-s/s)uzn—(1/8)uzn41 (6/,".8)
(‘D‘l) = F(l/a)(u')n—ug,,+1 )(6/’\?8)

= E‘?n‘“?n-}-l (f/k)y

F,_1,.(e/ks) = Fo_1,,((1 — k)e/2ks + (1 — k)c/2ks + (1 4+ 8)e/2s) + (1 — s)e/2s)
> min[F,_uh+(1/,)(u2n_u,"+l)((1 —k)e/2ks + (1 — k)e/2ks + (1 — s)e/2s),
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F(I/")(“Zn-ﬂ"“2n)+“2n—T'23((1 + 8)e/2s)]
2 min[F,_u,"“ (1= s)e/2s), Fuzn+1 —uga((1 = k)e/2ks),

F“Zn_u2u+l ((1 - k)€/2k)7 F‘(l/a)(ztg,,+1—u2,,)+u2.,—T22((1 + 8)6/28)] |
Z min[Fz—uZn-{-l ((1 - 8)6/23)’ ‘F‘“2u+l—“2n ((1 - k)(/zk)’ Fu?n‘“?n-}l ((1 . k)€/2k)

(vii) F(l/a)(ug,..,,l —ug,.)+ug,,—ng((1 + 3)6/23)]’

F“Zn"T2z((1+8)€/k8) = Fuzn—((l/a)(ug"“ —u2n )+u2n, )+(1/a)(uan+1—ugn)+1£3,.—Tzz(€/k8+€/k)'

(v"’) 2 min[F(uzn—u2n+1)(€/k)’ 1'1(1/.9)(142,,.'.1—u2")+u2"—T22)(€/k)]’

and
Fz"Tl'-‘Qn((l + 8)6/k8) = Fz+((l—a)/a)u2,, —(l/s)(uzn.“)(f/k + €/k8)
2 min[F,_y,, (¢/k), F(l/’)(inn-“?n-}l )(c/ks)]
2 min[Fz—u2n+1 (1 = k)e/2k), Fugngr—uza (1 + k)e/2k),
(iz) Fuzn—ueu+1 ((/l')]

We have,

F'(I/')('ﬂn-n—‘4271)""“2"—7‘22(6) 2 Inin[FuZn-“Qn+l ((1 - k)€/2k)’
Fz-uzn+1 ((1 = k)e/2k), ) L— ((1 = s)e/2s)]
2(1-X) forall :n>N ( by (6))

Since {u,} converges to z,Tz = z

Similarly Tyz = z.

To prove the uniqueness of z as common fixed point of T} and Ty, let y
be another common fixed point. They by (2) for some & > 0, we have

Famy(k2) 2 min[Fiey (2), fors(2/5), Fymy(/s),
Foy((148) 2/3), Fyea((1 + 8)a/8))
=Fy(x)> ... 2 F_y(2/k") =1 asn— co.

This proves y = z. w
Letting T3 = T; = T in Theorem 1, we obtain the following corollary.
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Corollary 1. Let C(X) be convex and complete subspace of a random
normed space X and T be a mapping on C(X) into itself satisfying,

FTu—Tu(kz) 2> min[-Fu—u(a:), Et—Tu(x/s), Fv—Tu(x/'s)‘,

Fu_ro((1+ 5) 2/3), Fy_ru((1 + 8)z/8)]
for all u,v € C(X),k,s8€(0,1) and & > 0. Then T has a unique fized point in
C(X). Deterministic analogue of Theorem 1 is the following.

Corollary 2. Let C(X) be a convex and complete subspace of a normed
space X. Ty and T be self mappings on C(X). Then Ty and T have a common

fized point if
N Thu = Tv|| € kmax|||u — v||, s||u — Thul|,

s|lv — Tavll, (/1 + 8)||u — Tavl|, (s/1 + s)||v — Thu|]]

for all u,v € C(X) and k,s € (0,1).
If C(X) is complete (but not convez) subspace of X, then letting s = 1
we get following well known probabilistic contraction condition.

Corollary 3. Let C(X) be complete subspace of random normed space
X and Ty, T; be self mappings on C(X). Then Ty, T, have a common fized point

if,
FTlu—Tgv(kx) 2 min[F —v(:v)a F‘IL—T]U(x)’ Fu—Tgu(m)

Fu_1,0(22), Fy_1,4(22)] for all u,v € C(X),
k € (0,1) and z > 0.
Letting £ = s Theorem 1 gives following Corollary.

Corollary 4. Let C(X) be convex and complete subspace of random
normed space and Ty, T, be self mappings on C(X), then Ty, T, have a common

fized point if.
FTnA-Tzu(kz) 2> min[Fu—u(x), Fu—Tlu(m/k)a Fv—Tzu(m/k)»
Fu-—Tgv((l + k).’t/k), Fv—Tm((l + k)’v/k)]

Jor all u,v in C(X), k € (0,1), z > 0.
A slight generalization of Theorem [ is as follows.

Theorem 2. Let C(X) be a convez and complete subspace of a random
normed space X and let Ty and T; be two self mappings of C(X) into itself such
that there ezist positive integers p and q satisfying,

(7) FTl”u—T;u(kz) 2 mi"[Fu-—v(m)’ Fu—Tl”u(‘T/‘s)’
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Fu—T;v(z/s)) Fu—T,"u((l + s)ar/s), Fv—Tl"u((l + 8).'1.‘/8)1

Jor all u,v € C(X), s,k € (0,1), z > 0.

Then Ty and T, have a unique common fived point.

Proof. Let S = T7 and S3 = T3, then by Theorem 1, Sy and S2 have
a unique common fixed point say u. Thus Sju = TPu = v and Syu = Tju = u.
Then Ty(T{u) = TP(Thu) = Tyu and To(Tju) = T§(Teu) = Tou. We show that
Tyu = Tau is also a common fixed point of $; and S,.

Suppose Tyu # Tou, then from (7), we get

FTI’“-TZ“(kx) = FS] (Tl“)-SQ(T)‘U)(kx)
= Frp(1yu)-13(Tpu) (kT)
2 min[FT] ‘u—TQU("")Q EI‘;u-T{’(T,u)(“’/S)’

Fryu-13(1yu)(2/8), Fryu-ra(ryuw((1 + 8)z/s),
Fryu_1r(130)((1 + 8)x/8)].
= min[Fryu-15u(2); Fryu-1,0)(2/8)s Frju-130)(2/3),
Fryu-1yu((1 + 8)/3), Fryu-1,u((1+ $)z/3)].
= Friu-1,u(2).

Which is a contradiction and hence Tyu = Tyu is a common fixed point
of S1 and S;. By uniqueness of u, if follows that Tyu = u = Thu. This completes
the proof. B

Letting ) = T, = T in the above Theorem 2, we obtain the following
corollary.

Corollary 5. Let C(X) be a convex and complete subspace of a random
normed space X and let T: C(X) — C(X) be a mapping such that there exist
positive integers p and q satisfying,

Froy—tay(kz) 2 min[Fy_y(2), Fu-rru(2/s)

Fv-—T'lv(x/s)’ Fy-1ay((1 + 3,)-'1'/3)’ Foerra((1+ 3)77/5)]
for all u,v € C(X),s,k € (0,1) and x > 0. Then T has a unique fized point.
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