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1. Notations, definitions, some properties of the Hausdorff dis-
tance in R™

In this paper we use the following notations:

R - the set of all natural numbers, Aam - the set of all bounded functions [
defined on A™,
max {|g (z)| : 2 € A™} < M,

P(A(Z1, s ), B(11y ooy Um)) = max{|ay — ¥1|y .oy [¥m — Y|} - the distance
on A™,

w(A™, f;68) = sup {lf (@)= fWlip(x,y) < 8,x,y € A™},
é > 0 - the modulus of continuity, f € Aﬁ’..n
R(A™; f,9) = sup {|f (z) — g ()], x € A™})

the uniform distance between f,g € AN, and finally r [A™, a; f, g] — the Haus-
dorff distance between f,g € Aam with a parameter a > 0 (see [1, 4]).

The following lemma is an analog of a proposition proved for m = 1 (see
[2]). Using a similar method, it is not difficult to prove the following.
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Lemma 1. Let f,g € AAA”.,. and f(g) have the properly:
2 m A —_— - . m * 7
lim w(am, £;8)=0, (fimw( i6)=0).

Then it holds:

liu})r(A"‘,(r;f,y) =R(A"™; [,9).

2. Some basic statements

First we have to' define the following function
0;
{yeAﬁmwn—mHS&i=lw“mk
h(f;0,...,lzi, — vi,| = ,...,0);
i1 =1,2,...,m;

Y€ Af(')"q;

|‘7:i1 - yt'xl >é

|2; —yil £ 6,5 #i,i=1,...,m;

h(f;ov"a I"cil - yi]l = by |(L','. i yt'.' =&, ..., 0);
$1y ooty = 14 250isy S
w(z,6,fiy) =9 (1 #i2# ... #15);

Y€ Ai&[];

I.'L‘k - ykl > 6,k = il,...,iu;

lzJ = le <4,j # R

§=1,2,i.m.
w82 12 Ly M

h(f;0,....J21 = y1| = &, ..., |2m — Y| — 6);
v € A
lzj — yjl > &

| 3= 1,2, .

where h (f; 81,682, .0.,8m) = sup {|f (2) = f(¥)| |ex — w| S bps k= 1,2, ...,m;z,y € A"

Theorem 1. Let L (f) be linear and posilive operator, defined on AN,,.
Then for every 6 > 0, a > 0 the inequalily

(1) T(Am9a;L(f)s.f)S(Amaasf;26)
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+sup {L(w(=,6,f);z),x € A"} + Msup {mod (1 - L(1;2)).x € A™},

holds.
Proof. First we shall prove that for every z,y € Ai’(}',] it holds

(2) I(8,f;2)—w(z,8,[1y) < f(y),
where
JF(y) LS fia)+w(x, 8, [5y).
Let 2 = (21,...,2m) € Aﬁ,",] be an arbitrary point.
1) We consider y = (y1,+--,¥m) € Af(')',(] such that
mod[z; —y;] <6, i=1,2,..,m.
By the definition of I (4, f;-), and S (4, f;-) we get
(3) I(8 f;2)< f(y) < 5(5[fi2)

Hence, (2) is true.
2) We consider ¥y = (y1,...,Ym) € Ai&l] such that

mod [zx —yx] > 8, k =i1,i2 .1,
mod[z; —y;] < 6§ J=1,2,..,m; j=1i1,i2 i s=1,2,...,m.

Without any restriction we can assume that yp > @ + 8; 7 # #1,42, ..., 85, We
can consider the other possible cases just in the same way. From the definition
of the modulus of continuity and the definition of w (2,48, f; ) we have:

f(y) < f(ylvﬂ-»wi; + 6»---9371', + 4, veny ym)
+h (f; 0’ eeey Ixh - Y, I - 6» vevy Ixi. et .'Ii.l Syt 69 ---90)

(4) < S f;x)+w(x,é, fry)
and

h(f;0,., |2 — vi,| — & s J2i, — 9i| — 6,...,0)

=h(f;0,.. @iy — iy | = 6, ..y Jvi, = vi| = 6,...,0)
(5) 216 fix)—w(x,é,[iy).
The inequalities (4) and (5) prove (2).

Further we use that the operator L ([f) is a linear and positive. Then, in
view of (2) it follows:

I(6, fiz)L(1;2)— L(w(x,é,f;y);2) < L([;2),
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L(f;2) <S8 f;2)L(1;2)+ L(w(x,8,f;y);2).

or
L(fiz) < S f;z)+sup{L(w(x,6,f);z),2 €A™}

(6) +M sup {mod (1 — L(1;2)),z € A™},

and
L(f;z) < I8, f;2a)+sup{L(w(x,8,[);2),x €A™}

(7) —M sup {mod (1 - L(1;2)),x € A™}.

Finally, in view of Lemma 1, (3), (6) and (7) yield (1). Thus, the theorem is

proved. [

For m = 1 this statement is proved in [2].
Let K = (k1, k2, ...;km) € R™;q - natural number;

l
Gq
ki3 koj ooy by = 0,1,...,6 (¢ — 1) — cubes having side at most 5; Zm',, is a covering

of A™ by the cubes of the type o 4.
It is not difficult to see that the following statement is valid (sece [1]).

Lemma 2. Let f,g € GZ’,., be a function such that:

OK,q = {.z' = (215 0y ) € A™52; € [ Ky ()Tl(;.(l;; + 6)] , 1= l,2,...,m} ,

max sup f(x) — sup g(x) < g
aKtq e E'mﬂ z G al\”v‘l T G 0']\”(, =7
max inf f(z) — inf g(x) <e
OKq € Xmyg | €Ok, Tt EOTK, -

Then for a > 0 it holds:

l
r(A™,a; f,g9) < max (s, —) .
aq
Now we prove the following theorem.

Theorem 2. Let f € GN..,6 > 0. Then there cxisls a function ¢(-)
such that: ‘

(8) r(A™a; f,¢) < nl—q,(a' > 0, ¢ — natural number),
(9) rA™ 0 ¢i8) < 4,
(10) w(A™,¢;6) < 25w(A™, [;0),
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l l
— <
where 2ig = 6 < 6q

Proof. For every ox, € Aﬁ;.,], (ks kos ey by = 0,1,...,6 (¢ — 1)) we de-
note
mp=min{f(z):2 €0y}, Mp=min{f(2):2 € ony},

and define ¢ () as follows

mi,& € OK 4;

~ L(k;+3 l - )
b(x) =4 Ok,g= {a; €A™ ' i = —(—6(/_) < (_q #=1,2,...m

Mg,z € 0 4\OK q-

It is not difficult to see that from Lemma 2 follows that ¢ (-) satisfies (8) and

(9).
Further we have to prove (10). Let

d > max {max |Mg — mg/|,....max|Mg — My, s ki + 1,0, k|

coyMaX | M — My, oo ki + 1,y ey s + 1, s k| 5 oo,
vy MaX | My — My g, ey ki + 1, kg + 1 ki + 1], 1,
where kq; kg km = 0,1,...,6(g—1).
By the definition of modulus of continuity we get d < w (A"‘,[; é) ;

Then, if 0 < § < [/6q, for ¢ (-) will be true w (A™, ¢;8) < d. Hence the inequality
is valid: f
(11) w(A™,$;6) < w (A'",f;a).

But in [5], it is proved that

(12) w(A™, f;08) < (14 [A])) w (A™, [; 6),

l l
where [A] is the most integer < A. Then, if z_l— <6< ‘—— from (11) and (12)
we have: :

w(A™,¢;8) < 25w (A™, f;8).

The theorem is proved. "
For m = 1 this statement is proved in ([2], page 133).

Theorem 3. Let f € G}l be 2r-periodic and integrable function.
Then for § > 0,a > 0 it is lrue:

r(A™, a; T3 (f), f) < T (A™, a, [;26)
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moorr
+2w (Am’ ’ f; 6) * Z'/‘; 6_l-'lfi l\'.,',, (.’I:,') (l.’l,',',
=1

where s,p - are natural numbers, sp > 2;

m

T,'."(f;y)=/ /f(r/+r)H1\.p(w.)dz,,

=1

<@\ 2
gl n =

Ksp 6) = Ca,p _2(7 : (e R),

s$sin —
2

C,,p 18 a such a constant that [T _K,,(0)d0 = 1 is a trigonomelric polynomial
of a degree at most n, n =msp.
Proof. Using Theorem 1 for 7" (-) we have:

r(A™ e T (f), f) < T(A™,«, [;26)

+ sup{T)' (w(x,6,[)), x € A™}.

Our purpose is to estimate the second term of the last inequality’s sum. In view
of the definition of w (y, 4, f;-) and (12), we obtain:

12 w800 = 2 [T [T w6 e+ o) [ Koy e
i=1
- 2"‘h(A'",f;6,6,...,6){2[/0 /6/0 5—';L-L.(l.,,-k]
oL L)

+ / / [E s x,]}glf,,,,(m';)dar,-.

s=1

Further we rearrange the addends and after some calculations we have

T @A i) = 2hw@n i) x ) [ | "«s-‘:z:kg rf,,,,(m.-ma-,]
(13) < 2w(A"‘,f;6)f: [/” 6-1113’,-]\',',,(3?,')41:14‘;] .
k=1 40

Thus, the theorem is proved. "
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3. Main result

It is well known the classic Jackson’s theorem of the best uniform ap-
proximation of continuous, 27-periodic functions by trigonometric polynomials,
which gives an estimate with the modulus of continuity of the function.

Sendov and Popov ([3]; [2], page 116) generalize this classical result. They
prove

Theorem 4. ([3],[2]) There exists an absolute constant C' > 0 such
that, for every f € Aay,q and o > 0 il holds

inf {r (A[0,21r]; ta () yf) ) In € T"}

In (e + anw (A[o,_z;r].f; "-1))
14 anw (A[O,Zx]’f i "_l)

where T, is the set of all trigonometric polynomials 1,, (-).

b

< Cw (Apan fin™)

Now we show that the following statement is true.

Lemma 3. If K = (ky,ka,....kn), ki—natural numbers, ng = [n/m], B
= e+ anw (Af"f; n‘l), q= [no/Ge’/zwlu /i] + 1, then

m 1/2,2 l‘/ _‘_
r (A o T (), ¢) < 8me + 160me?x® o
holds, where
mi, & € TK.q; Yo o
~ us . N
8@ =1 oxe={ecap, :fn- ——*——’| <P i=12em

Mg, € € 0k,d\OK,q

Proof. Indeed in view of definition of ¢(-) and Thcdrem 3, we have

r(A™, o T (4),4) < T(A™,a, ¢;‘25)

(14) + 2w(A"‘,:/>,6)Z / LKy (i) dei.

Now we set:
(15) s =[no/npBl;p=[InB];6 = e'?x?/(25);
and talking into account the inequality ([2], page 72),

T x (n2/ (236))*""
3 Kop(@i)dai sS@p=1) '

(16)
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we obtain:

(17) gﬂ rel/2-[n 7] 32

~ Ndr: < <
5 Kyp(zi)dzi < 8lns T 83Ing

Hence, for second term of the right part of (1:1), in view of (10), (15) and (17)
we have:

w32

m T .
2w (A™,¢;6) - z; [./6 %"KJ,P (x:) d""'] < 50mw (A™, ¢; 6) 831n /3
=

'm'(AE'j,r_,r], f; n‘l)
841In B
el2zx2In g w (A™, [;n71)
no ) 8Inj3 (e + anw (A™, f;n~1))

50mmre®? (1 + né)

IA

IA

'50m1r¢33/2 (1 +n

507r3e? < 50mn3e?
dang — an

Further (9), (14) and (18) yield:

(18)

47  50mn3e?

r (Af"a;T,'," (¢),¢) <

6aq an
Ax2e'/2In 3 50mm3e?
ang + an
(19) < 872’/ 2In  50mnie? .
an an
The lemma is proved. @

Now we are ready to prove the main result.

Theorem 5. There ezxists an absolute constanl Cy > 0 such that for
every [ € Aam,a > 0 and sufficiently large n it holds

(20) inf {r (A[—x,r]aa;Trru" () f) I3 € Tmm

In (e + anw (A:"f; n-—l))
1+ anw (A:n_f; 11—')

where T, is the set of all trigonomelric polynomials L, (+) of m variables of a
degree at most n,n > 2m.
Proof. Let T™ (f;:) : Aam — R be a linear positive operator, such that

< Comw (A"',f; n'])

m

Tv':. (f;y) = '/_:"'./_trj(w"' '!/)H[\'.s.p(-""i)’l-"'i;

i=1
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. 8B\ %
sin —
K,p(0) =Cs,p /) H (ps 2 2),

ssin =
2

r
Ko, (0)dat = 1.
-7
Let us note as well, that in view of Theorem 2 for every [ € (:'t‘_f:'”] there
exists a function @ (-), such that (8), (9) and (10) are true.
Further, using the propertics of the Hausdorll distance, (8) and (19), we
obtain:

r(Aperap @ T (9),f) < r(A™ T3 (6),0) + 7 (A™, a3, f)
16r  50mn3e?

6aq an

8mw2e'/2In g + 50mn3e?

an an

<

(21) <

Hence for every f € Aam, there exists a trigonometric polynomial of m variables
of a degree at most n such that

In (e + anw (A™, f;n"1)) +C

r(A™, o T (4), f) £ Cim Som gm—

holds, where Cy = 1672¢/2, C3 > 0 is an absolute constant. It is evident, that
if |
w(A™, fin™') ~ —,
( f ) an
then there exists Cg > 0 such that for sufficiently large n the statement (20) is

true. If this is not true, then for sufficiently large n
2anw (A’“,f; n'l) > 14 anw (A"‘,f; n") ]

will be right, which proved (20). The theorem is proved. ¥
This statement is proved for m = 1 in ([3];[2], pp.148). Finally, using
L.emma 1 we obtain the following statement.

Corollary 1. There exists an absolute constant C§ > 0 such that for
every f € Aam and sufficiently large n it holds

inf {R(A™, &5 T (), f), T3 € T} < Cgmw (A™, 071,
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where T, is the set of all trigonometric polynomials t, (-) of m variables of a
degree at most n,n > 2m.
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