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In this paper we consider the Dirichlet problems on a strip and on a rectangle for sin-
gularly perturbed parabolic equations which contain no convective terms. The time derivative
and/or the highest space derivatives of the equation are multiplied by parameters taking ar-
bitrary values in the half-interval (0,1]. As the parameters tend to zero, the solutions of these
problems have boundary and initial layers. The error in the numerical solution by classical
finite difference schemes depends on the perturbation parameters and can be comparable with
the exact solution. It is shown that for boundary value problems with initial layers, as well as
for problems with parabolic boundary layers, there exist no difference schemes from the natural
class of fitted operator methods that converge uniformly with respect to the parameters. Using
a condensing mesh technique, we construct special difference schemes which approximate the
boundary value problems uniformly in the paramecters.

AMS Subj. Classification: 65M06, 65M12, 65M15, 65M50

Key Words: boundary-value problems, singular perturbations, small parameter, bound-
ary layer, finite difference schemes, uniform convergence

1. Introduction

Boundary value problems for singularly perturbed parabolic equations,
i.e. for equations with small parameters multiplying the highest-order space
derivatives and/or the time derivatives, arise, for example, in the analysis of heat
and mass transfer when the duration of the process and the coeflicients of heat
conductivity (diffusion) are small or large. For small values of the parameters in
the-equation (or some of them) boundary and/or initial layers appear. For such
Problems the error in the approximate solutions by classical finite difference
schemes (on uniform grids) is comparable with the solution of the boundary
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value problem (see Theorem 1), just as for equations with a small parameter
multiplying the highest space derivatives (see, e.g. [2, 4, 8, 11]). °

To construct special difference schemes which converge uniformly with re-
spect to the perturbation parameters, one can generally use a fitted operator
method (see the description of this method, e.g. in [2, 4]) and a condensing
mesh method (see its description, e.g., in [1, 11]). However, for parabolic equa-
tions with a small parameter ¢ multiplying the highest space derivatives, whose
solutions have a parabolic boundary layer (i.c., a layer described by a parabolic
equation), there does not exist a scheme of fitted operator type that converges
e-uniformly in a neighbourhood of the boundary layer [8, 11, 12, 13].

In the present paper we consider the Dirichlet problems for singularly per-
turbed linear parabolic equations on a strip and on a rectangle. The coeflicients
of the equation involve several parameters taking arbitrary values in the hall-
interval (0,1]. As these parameters (or one of them) tend to zero, houndary
and initial layers appear. The issues are shown that arise when one attempts to
solve such problems using classical difference approximations or fitted operator
methods. Thus, an initial layer appears as the parameter multiplying the time
derivative tends to zero. For this problem the solution of a classical difference
scheme does not converge to the solution of the Dirichlet problem uniformly
with respect to the perturbation parameter; in the natural class of fitted opera-
tor methods there exist no schemes convergent uniformly in the paramecter (see
Theorem 2).

To obtain uniform convergence in the discrete maximum norm, we use a
piecewise uniform grid with nodes that are condensed by a special way in the
neighbourhood of the boundary and initial layers. Quasilincar equations are
discussed in Section 7.

Satisfactory grid approximations for parabolic equations with a small pa-
rameter only multiplying the highest-order space derivatives were considered,
e.g. in (11, 12, 14, 15].

2. Problem formulation
2.1. On the strip D, where

(2.1a) D={z: 0< 2z <dy, 22 € R},
we consider the linear parabolic equation

(2.2a) Ligyu(z,t) = F(z,t,c), (z,t)€G,
(2.2b) u(z,t) = p(z,t), (z,t)€S.
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Here
(2.1b) G=Dx(0,T], S=58G)=G\G,
2 2 2
Lizz) = =é? Z as(z, 1) — &3 p(:v,t);?_—t —ezc(x,l).
s=1,2

The parameters €y, €2 and the parameter £3, i.e., the components of the vector-
parameter € (or, briefly, of the parameter ¢), take any values from the half-
interval (0, 1] and the segment [0, 1], respectively. The coeflicients a,(x,t), ¢(z,1),
p(z,t) and the right-hand side F(z,1,¢) are sufficiently smooth on & for a fixed
value of the parameter £, moreover, :

(2.3a) 0 < ag < a,(z,t) <a® e(z,0)>0, 0<po < p(x,t)<)p° (x,1)€q,

the boundary function ¢(z,t) is sufficiently smooth on the sets Sk=rx (0,7
and So = D x {t = 0}, and it is continuous on §; T'=D\ D, § = SL|JS,,

The solution of problem (2.2) is regarded as a function u € C(G)NC*Y(G)
which satisfies the differential equation on G and the boundary condition on §.

The notation Ljx) (m(jk), f(;.x)(Z,1)) means that this operator (or con-
stant, function) is first introduced in formula (j.k). By M, M; (m, m;) we
denote sufficiently large (small) positive constants which are independent of the
parameters £, and the discretization parameters. We say that the discrete solu-
tion converges e-uniformly if it converges with respect to each of the parameters
€, 1=1,2,3,

2.2. We shall also consider the boundary value problem

(2.4) Laayu(z,t) = F(z,t¢), (21)€G,
u(z,t) o(z,t), (x,t)€S

on the rectangle

(2.5a) D={z:0<z,<d,, 8=1,2}.
Here
(2.5b) G=Dx(0,T], S=G\G.

The coefficients of the equation and the function F(z,l,¢) satisly the same
conditions as in (2.2), the function ¢(z,t) is continuous on § and sufficiently
smooth on each of the sides and on the base of G.
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2.3. Let us discuss a few conditions imposed on the functions I'(x,t,¢)
and c(z,t). For simplicity we suppose that '

(2.3b) e(z,t)>co >0, (x,1)€C,

if e3> M(sy + &2).

The a-priori estimates for the solutions of the boundary value problems
(see Sections 4,6) provide the s-uniform boundedness of these solutions if the
function F(z,t,¢) satisfies the condition: |F(x,t,¢)| < M(sy +¢2 +¢3)2, (2, 1) €
G. We assume that the function F(z, t,¢) takes the form

(2.3¢) F(z,t,e) = (1 + €2+ e3)?f(z,t), (x,0)€C

where f(z,t) is a sufficiently smooth bounded function. Then the differential
equation can be written in the form

~ o _ d
(2.6) L(z.e)u(z,t) = {&2 ‘;:2 as(x, t)-a-;? - &2 p(:r,t)a_

— &2 e(z, ) Yu(z,t) = f(a,1), (x.l)€G

where &; = gi(e1 + €2+ €3)7Y, i =1,2,3; & € (0,1], and also &3 + &3+ €3 = 1.
2.4. As the parameter ¢; (or £2) tends to zero under the condition &1 =
o(e3 + €3) (or e2 = o(e1 + €3)), boundary (either initial or inner) layers appear.
Let the two parameters €;, €2 tend to zero. Then both boundary and initial
layers arise provided that &) + €2 = o(c3). If e3 < M(<1 + £2) then either only
boundary layers (for & = o(e2)) or only initial ones (for e2 = o(c;)) appear;
under the condition mey < €3 < Mg, there are no boundary and initial layers.
The boundary and initial layers are described by equations of parabolic type.
In Section 3 we show difficulties arising if we solve problem (2.2), (2.1)
by means of a classical difference scheme. The error in the discrete solution de-
pends on the parameters ¢; and can be comparable with the exact solution for
small 1, £2. In connection with this we come to the need for the construction
of a special difference scheme whose solution converges ¢-uniformly. As is well
known, for parabolic equations with a small parameter multiplying the highest
space derivatives, in the presence of parabolic boundary layers, the fitted oper-
ator method is inapplicable to construct these special schemes [11, 12, 13]. In
Section 3 it is shown that the fitted operator method is also inapplicable to con-
struct an e-uniformly convergent scheme in the caseif 2 € (0,1], ¢y =1, €3 = 0.
In Sections 5, 6, for problems (2.2), (2.1) and (2.4), (2.5) we construct finite
difference schemes that converge e-uniformly. For this we use the condensing
mesh method. Necessary a-priori estimates for the solutions are considered in
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Sections 4, 6.

3. Formulation of the objective for research

3.1. Now we discuss issues arising in the numerical solution of problem
(2.2), (2.1). If the data in (2.2), (2.1) are independent of 23, we come to the
Dirichlet problem in one space dimension. If

(3.1) €1 € (0, 1], gg=1, e3=0,

the solution of this problem on a segment has a boundary layer for small values
of £;, moreover, the solution of a classical difference scheme does not converge
to the solution of the boundary value problem &j-uniformly (sce, e.g. [11, 14]).

Lemma 1. Suppose that we use classical finile difference schemes
Jor the solution of boundary value problem (2.2), (2.1). Then, under condition
(3.1), the approzimate solution does not converge £1-uniformly lo the czact one.

3.2. We will consider the boundary value problem on a seginent provided
that

(3.2) e2€(0,1], e1 =1, e3=0.

Then the solution has an initial layer for small values of 2. To solve such a
model problem

9? 17} 3
(3.3) L(3.3)u(z, t) = {3—;2— - 8% ‘5{} u(:c, t) = 0, (.T,t) € (.l,
u(z,t) = sin(rz), (x,1) €S,
where
(3.4) G =D x(0,T], D=[0,d],

we use the classical finite difference scheme [9]
(3.5) A@syz(z,t) = {baz — 36} 2(2,1) = 0, (2,1) € G,

2(z,t) = sin(rz), (a,t) € Sh.
Here

(3.6) G, =Dy xwe, Gh= GNG, Sh=8nG),
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D), and @y are uniform grids on the segments D and [0, 7] with stop-sizes h =
dN~1 and hg = TNy, respectively, N 4+ 1 and N+ 1 arc the number of nodes
in the grids D) and @p; 6.zz(z,1) and bzz(x,t) are the second and the first
(backward) difference derivatives.
The comparison of the explicit solutions for problems (3.3), (3.4) and (3.5),
(3.6) implies: n%ax lu@ay(x,t) — z@sy(x, )] > m for h, hg — 0, c3 = e3(ho) =
Th

h(l,/ 2, that is, the solution of the classical difference scheme under condition (3.2)
does not converge £z-uniformly. The following assertions hold.

Lemma 2. Let classical finite difference schemes be uscd for the solu-
tion of boundary value problem (2.2), (2.1). Then, under condilion (3.2), the
approzimate solution does not converge ey-uniformly to the exacl one.

Theorem 1. Let classical finite difference schemes be used for the
solution of boundary value problem (2.2), (2.1). Then the approrimale solulion
does not converge to the ezact one c-uniformly; the schemes do nol converge
e1-uniformly under condition (3.1) and eq-uniformly under condition (3.2).

Thus, in the case of problem (2.2), (2.1) it is our concern to develop special
difference schemes that are convergent ¢-uniformly. A similar problem arises in
the case of problem (2.4), (2.5) as well.

3.3. In the area of e-uniform methods fitted operator methods are more
attractive and have been sufficiently widely developed. These methods give an
opportunity to obtain a numerical solution on very simple meshes (e.g. uniform
meshes). Bit it turned out that for problems with parabolic boundary layers
there is no fitted operator method on a uniform mesh that gives satisfactory
numerical solutions.

In [11, 12, 13] it was shown that, in the case of the Dirichlet problem on
a segment under condition (3.1), no fitted scheme can be constructed on four-
point stencils of implicit finite difference schemes, for which the solutions do
converge ¢;-uniformly.

3.4. Let us show issues arising in the construction of fitted operator
schemes on a uniform mesh under condition (3.2).

We are interested in grid approximations of the Dirichlet problem for the
singularly perturbed heat equation

_19 50 .
(3.7) Liz7yu(z,t) = {-t-)-z—’- - 50'(2)7} u(x,t) = f(a,t), (x,1)€ @,

u(z,t) = p(2,t), (x,t)€S.

Here f(z,t), (z,t) € G, @(z,t), (z,t) € S are sufliciently smooth functions,
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G = 5(3_,”, o € (0,1). As gg — 0, an initial layer appears in the neighbourhood
of the set Sp. ‘ :

Let G, = @xWo be a rectangular grid on G, were @ and @y are, generally
speaking, nonuniform grids on D and [0,7]). By N +1 and Ny + 1 we denote
respectively the number of nodes in the grids @ and @g. By h, Iy we denote the
maximal step-size of @ and @o, h < MN~1, hg < MN; . Let z(z.1),(x,1) € Gy
be the solution of some finite difference scheme on the grid set G,. We say that
the solution of this scheme converges co-uniformly if the function z(x, I) satisfies:
max |u(z,t) — z(x,t)] < M(N~1,Ng'), where A(N~1, Ng'') — 0 uniformly in go

h

as N, No — oo. :

We describe a class of finite difference scheme ( the class A ) defined by
sufficiently natural conditions, on which we try to construct a fitted scheme for
such a particular problem

(3'83) L(3.7)u(zot) =0, (=,t)ed,
(3.8b) u(z,t) = po(2), (2,t)€ S,

where @o(z) = @(3.7)(2,0), and also @o(0) = @g(1) = 0. The solution of this
problem is an initial layer function W(z,1).

On the uniform grid 615(3.6) we construct the difference scheme on a four-
point stencil of implicit finite difference schemes

(3.9) A@z9)z(2,t) = {6z — P} 2(x,1) = 0, (2,1) € G,

where the coefficient P is a functional of the coeflicients of Eq. (3.8a) and
depends on z, t, h, hy, €0; hy = ho.

From the variables 2,¢ we pass to the stretched variables 2, 7; 7 =
7(t,€0) = €5%t. The singularly perturbed cquation (3.8a) is transformed into
the regular equation
(3.10a) LY ,o’(z,7) = . 5 (z,7)=0, (x })e(;' ;

(3.10) "I V022 T oy ’ ’ ’ Ty
the sets G2 in the variables z,7 correspond to the sets GO C (/. We denote
v(z,t(r)) = v%z,7). On the boundary S, the function u®(x, ) takes the givep
values

(3.10b) w'(z,7) = go(z), (2,7)€ Sy

The relation u(z,t) = u%(z,eg%t) is true where u(z, t) is the solution of problem
(3.8).
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On the grid Grr, Gn = Gi(3.6), Eq. (3.9) takes the form
(3.11) Az, 7) = {62 — 1°67}:%(2,7) =0, (2,7) € Gr

where 2%(z,7) = z(x,€3r), Y%z, T h,hrye0) = 52 P(x, 3T, hyihr c0), by =
86 2h¢.

Note that the parameter £g does not enter into the formulation of problem
(3.10). The grid sets Ghr and S, are also independent of go; these sets are
defined only by the steps h, h,. Because problem (3.10), and hence its solution,
and also the grid G}, do depend on the parameter £o, therefore it is natural
to look for the coefficients of the difference equation (3.11), corresponding to
differential equation (3.10a), in the form independent of ¢ as well:

(3.12) A‘(’a.u)zo(z,r) = {6;3 — 7%=, T, h,h,)67}2%(2,7) =0, (x,7) € Gisr.

Equation (3.9) on the grid G (36), being written in the variables z,7, and Eq.
(3.12) on the grid Gj, are equivalent. :

The condition of pointwise approximation, on a smooth function, of the
operator L(s.lo) by the operator A(s.u) [9] results in the relation

(3.13a) 7Y%=, 7, hyhy) — 1| < p(hyhryx,T)

where pu(h,h,,z,7) — 0 at a point (2,7) € G, as vh,h,. — 0, p(h, by 2,7) i
independent of the parameter &g.

We say that the operator A?a.n) approximates the operator "(()3.10) uni-
formly on the set G* C Gy, if u(h, h,,z,7)is independent of z, 7 for (x,7) € G*,
that is,

(3.13b) w(hyhryz,7)= A(h,h,;) for (x,7) € G7NGhr.

We assume that (3.13) is fulfilled, where (7 belongs to an m-neighbourhood
of the set So,. In this class A we will construct fitted schemes. The following
theorem is valid. '

Theorem 2. In the class of finite difference schemes A there ezist no
difference scheme the solution of which converges to the solution of boundary
value problem (3.8) o-uniformly for h, hy — 0.

Thus, in the case of problem (2.2), (2.1) there are no fitted schemes in
the natural classes of finite difference schemes (neither under condition (3.1)
nor under condition (3.2)) that converge ¢-uniformly. So we come to such a
theoretical problem:
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Construct a condensing rectangular mesh and a standard finile difference
operator that give an e-uniformly convergent numerical mcthod.

The same problem appears in the case of problem (2.4), (2.5).

38.5. The proof of Theorem 2 is performed by contradiction according
to the plan of proving the non-existence of gy-uniform fitted schemes in the case
of condition (3.1) (cf. [11, 12, 13]). Assume that on the grid (7)) there exists
a finite difference scheme which is convergent so-uniformly. Let ns investigate
this scheme.

Condition (3.13) implies such a property of the function y%(z,7,h,h,)
(we shall name it by the property ()). Let (29,79) € G; be some point from
the neighbourhood of G%, and also the set Go, = [zo — 8,20 + 6] X [0, 70},
6 > 0 belong to a: . For any sufficiently small § > 0 we can find an §° =
6°(8o) - neighbourhood of a point (zg,0), belonging to Go, (namely, the set
GO = (29,29) x (0,7°), where 20 = zg — 6%, 20 = o + 8°, 7° = &%, Tir C Go,),
such that for any (z1,7), (z2,7) € G® and any h, h, < my, my = my(&), we
have

(3.14) |7%(z1, 7 by hy) = 1] < mg,
I‘Yo(zh Ty h1 h‘r) - 70(32’ T, h’ h'r)l S 60, (1’],1‘). (3% T) € (';'2'

The property (*) ensures the validity of the maximum principle for the Dirichlet
problem on the set Z?',),., = 3’,’ N G} in the case of Eqs. (3.9) (or (3.12)).

To prove Theorem 2 we estimate the functions w(z,1) = w(«x,1)-2(z,t), i =
1,3, where u'(z,t) = ®j(z,t) is the solution of problem (3.8), z'(x,1) is the cor-
responding solution of the difference scheme; ®{(z,1) = ®(x,¢5%t) arc auxiliary
functions. The functions ®*(z,7)are defined by: ®(z,7) = sin(ikwx) exp(—i®k?x?r),
i = 1,3, where k is an integer and sin(krzg) = 1. Let 6° < 127'471,

The functions &'(z, ) satisfy the differential equation

2 9\ .
{3? - E_‘}‘I’ (z2,7)=0, (z,7)€q,
and such conditions on the boundary S,: ®i(0,7) = ®(1,7) =0, ®(z,0)=
sin(ikwz). We define auxiliary "fitting coefficients” v(2, 7, h, h,), 7*(2, 7, h, hy)
and the function y*(z, 1, h,h,), i.e., the mean value of these coefficients, by

(63 - 7'67) ¢‘(xa T) =0, i=13,
(2,7 hyhe) = 27 (Y (2 7y by hy) + 432y Ty By By)),  (2,7) € G
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The functions ®'(z, ) and the coefficients y/(z, 7, h, h,) obey the relations

T o . 1ot . . 10 .
(3.15) 6,,1': @J(.’t, 1’) = W@"(.‘C, 1') + E;)-F‘I’J(.tl, 1’)/12 + ‘/ﬁm‘b"(-’tz,T)hz,
x—h<a,xy<x+h,
s . 9 _; 10% . 10 .
6‘;@‘7(:&,1') = 5;@"(2,1‘) - 55;7‘["'(3‘,1‘)’17- ;g- ‘—),",-)';T‘"p"(;l?, T )ha,

v

T—h, <1 <7,y

| 67 ®I (2, 7) + j2k2x? sin(jhrz) exp(—j2k2x27)[1 4+ 27152120, ) | < M A2,
| 63 fj(z,r) + 72k x? sin(jhma) exp(—j2k3n%r) | < Mh2,
|7z, Ty hyhy) = [1 = 27V i2k2720,] | < M, [h? + B2,
| Yz, 7, by hy) — ¥3(2, T, by hy) = AT2K2R, | < Mo[h? + b2,
|z —20| <6° 7<8° i,j=1,3.

The values of 7! and 72 differ from each other by a positive quantity of
the order of the value B(s15) = 472k, for arbitrarily small valucs of h and h,.
The constants hy and hry, hy = hi(hr1), hr1 = hri(20), are chosen sufliciently
small so that

(3.16) Ms[hf+ h2,] < 8 'mz.16),

where m(316) = 472k%hyy, M3 = 2(1+ T?)(My3.15) + Maa.15))-
The value §° is chosen sufficiently small such that 6y < 8“1:1(3_16), and,
besides this, (3.14) and also the following inequality are true

| ¥ (21, 7y by he) — (22, Ty hoh) | < b0, (21,7), (w2,7) € Gy, i=1,3.

The quantity h, = h;; is chosen to satisfy the condition h,; < hyy = -I"'r“"k‘zm(:,{
hrz < 69, and further we keep it fixed. '
We construct the set G2

(3.17) G® = {(z,7): |z — 20| < &°, 0<Tél¢,2},

on which we shall analyze the fitted scheme. Note that /., and 6” arc indepen-

dent of the parameter &g.
For 2 = x9, T = h,2 at least one of the following inequalitics is valid:

(3.18a) 1%(z0, hray by hirg) > 7™ (20, hrgy ) hra),

(3.18b) 7%(20, hray by hr2) < 7* (0, hray by hra).
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Assume that (3.18a) is realized. Then

(3.19) 70(37, hr?, h, h12) 2> 73(3” hr27 hv hr?) + 8_177‘(3.19)9 (:l'. T) € (W(I:‘r’

where G2 = Gg(&ln, m(3.19) = 472k%h,5. In this case the function w®(z,7) =
w3(x,1(7)) satisfies the relation
(3.20a) =

A?3_12)w°3(x,1') = (V3(z, 7, by hea) — Y2, 7, by heg) )65 @ (2, 7) > M3 90)s

(2, 7)€ GY,.
In the case of (3.18b) for the function w®(z,7) = w!(x,#(7)) we have
(3.20b) A‘(’s.lz)‘*’ol(z 7)< —m(za.zo)o (z,7) € G},

The finite difference scheme is assumed to converge go-uniformly:
(3.21) |wi(z,t)| € Mhyhe), (x,t) € Gy, €0 €(0,1], i=1,3.
Then the following inequality is satisfied on the set SP,, S¢ = G* \ G°:
(3.22) |w%(z,7)| < Mh,e3hr2), (2,7)€ Shy, i=1,3

where A(h,£3h,2) — 0 for g9, b — 0, h,3 = const. Taking into account (3.20),
(3.22) and the maximum principle, we show that, at least for one i = j, the
following bound is valid:

(3.23) | u% (2o, hra) — 2%(20, hra) | > m for h < hy, €0 € (0,5];
where hy, &} are sufficieritly small numbers. It follows from (3.23) that

(3.24) max | w/(z,t) — 2 (2,0)| > m
A

for any b < myza4)y he < €dmizaay he < (8)*he2, €5 = Shaaaypy M <

hy(3.23); he = €2hr2. Inequality (3.24) contradicts (3.21) for o € (0,<)]. This
concludes the proof of Theorem 2.

4. A-priori estimates for the solution of problem (2.2), (2.1)

In this section we estimate the solution and its derivatives for problem
(2.2), (2.1). For this we use the technique like that in [3, 5, 7] and [8, 11]. Using
the comparison theorems we find

(4.1) |u(z,t)| < M[(e1+e2+€3)72 mgxlF(m,t.£)|+m§x|~p(z,l)|], (x,0) €G.



190 Gi. 1. Shishkin

Estimate (4.1) is sharp with respect to the entering parameters ;, { = 1,2, 3.
The data of the boundary value problem are assumed to satisly the con-
dition

(4.2a) a5, €, p, [ € CHOFIR@),
€ C’+2+G(SO) n Crl+2+m(l+2+0t)/2(?[’) nes),
s=1,2,I> K, a >0, ' > 2,

moreover, on the set 79 = sin So the compatibility conditions [7] are fulfilled
that ensure the inclusion

(4.2b) u € '3+ (I+2+a)/2( @)

for each fixed set of the parameters ¢;. A series of additional assumptions is
given below.

4.1. Using a-priori estimates up to the boundary [3, 7] we find the esti-
mates for the solution of problem (2.2), (2.1). This problem in the new variables
&1, & =8 %2,,8=1,2, T = E;'lt, where &; = gi(ey + 2+ e3)~ ", i = 1,2,
transforms into the problem

(4.3a) La(¢, ) = f(&,m,¢), (£,7) €,
(4.3b) e, )= @€, 1), (E,71)€S.

Hcle (&, 1) = v(2(€),t(7)), v(x,t) is one of the functions u(x,!), ..., ¢(z,t),

= {(&71): € =€), T = 71(t), (x,1) € G}, GO is one of the sets G, S.
Thus, Eqs. (4.3a) and (4.3b) are the regular (with respect to the parameters
&; involved) differential equation in G and the boundary condition on . Using
the a-priori estimates up to the boundary, we find

9ktko

———r———e M, A G.
agfogors | <M €€

(¢, 7)

In the variables z, ¢t we have

(4.4) ke (2,0) €, k+2ko < K + 2.

dk+ko "
83:1];‘ 825; Otko u(=1)

Let us make estimate (4.4) more precise. For simplicity, the coefficients
a,(z,t), p(z,t) are assumed to be constant:

(4.5) as(z,t), p(z,t) = éonst, (x,1)€ G, s=1,2.
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We differentiate the equation and the boundary condition with respect to z;.
The function %(z,t) = (9/0z2)u(x,t) satisfies the boundary value problem sim-
ilar to problem (2.2). For u(x,t) we have the estimate like (4.4) and, therefore,
the estimate valid for the function u(a,1) is as follows:

ak+ko
DX k2 tko

In a similar way we obtain
(4.6)

u(z,t) | < MeThEsHo 4701, (2,0) €@, k+2ko < K +1.

9k+ko

—_—u(z,t
PRIp Rl

< MeThegso 4 5742 (2,0) €T, k + 2k < K.

Theorem 8. For the solution of boundary value problem (2.2), (2.1)
the estimate (4.1) holds. In the case of condilions (4.2), (4.5), estimales (4.4),
(4-6) are satisfied.

4.2. Now we find estimates for the smooth and singular components of
the solution provided that

(4.7) €3 < M(e1 + €2).
Let
(4.8) €2 < Mgy,

The solution of the boundary value problem can be represented as a sumn of
functions

(4.9) u(z,t) = U(z,t) + W(a,t), (z,t) €,

where U(z,t), W(z,t) are the regular and singular parts of the solution. The
function U(z,t) is the restriction on G of the function U*(z,t), (z,1) € G,
which is the solution of the extended problem

LigayU™(2,1) = F*(2,1,6), (2,0) € G*,  U™(2,1) = p*(z.0), (2,0) € ™.

Here $* = S(G*). The domain G* is an extension of G beyond the set Sy
(G* contains G together with an m-neighbourhood). The coeflicients of the
operator sz.z) and the function F™(z,t,¢) are smooth continuations (on G*)

of the corresponding data in (2.2); ¢*(x,t) is a smooth function, moreover,
¢*(z,t) = ¢(z,t), (z,t) € SL The function W(z,t) is the solution of the
homogeneous problem

I’(2.2)W(zv t)=0, (z,t) e G, W(z, t) = p(z,t) = U(x,t), (x.1) € S.
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A further decomposition of U*(2,t) is defined by U*(a,1) = U*%(x,t) +
v*(z,t), (z,t) € G, where the two components are the solutions of the problems

2
{ef 3wl —w‘(:::,n} 0, 1) =

=1,2

(4.10) L(.q.lo)U'O(z’t)

= F*(x,t,e), (x,0)eG” \F*l'.

U*(z,t) = ¢*(z,t), (z,t)€ 5L
Lzz.z)”‘(-"%t) = 521’ ('T t)—U‘O(zvt)s (zvt) € G7,
v*(z,t) = @*(x,t) - U, t), (x,1)€ 8"

with ¢*(z,t) = U*%(,t), (z,t) € S§. For the components U7*C(x, 1), v*(z,t) we
have the estimates

ki U*o( <M
U (x,t 1,
1 92k ko )| <
ak+ko * ~ —=2ko+2 7 5 -
az_f’a_;g—;a—t—k;v (a:,t) SM.,Q ) (.L,t)E(r, k42 < K.
These estimates implies the inequality
Q¥+ko —
4.11a) | ————==U(z,t) | < M |1 + &% | (2,0) € T, k+2ko < K.
( ) Dz}t D2tk (1) [ ] (%) °
For the function W(2,t) we derive the estimate
(4.11b)
ore W(z,t)| < M&,” %0 exp(—m&; %), (2,0)€ G, k+2k < K
dah gz 0| = ez T explmme T, A TE G By 2o S A

where m is an arbitrary number satisfying m < m?‘“n, m?,“,) = (14+Mr))~2x
x(1+ M(4,3))‘71r’d1'2ao(p°)'1.

Let
(4.12) &1 < Me,.

We decompose the solution u into a regular component {7/ and a mn:.,nl.mr com-
ponent V as follows:

(4.13) u(z,t) = U(a,t)+ V(x,l), (x,1)€d.
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1 he function U(z,t) is the restriction on & of the function U**(x,1), (,1) e
G™*, which is the solution of the extended problem
(4.14)

22U (2, 1) = F*(a,t,¢), (z,1) € G, U™(x,1)= <p"(:r t), (z,0) € S™.

Here $** = S§(G**). The domain G** is an extension of i beyond the set
ST (G** contains G together with its m-ncighbourhood). The cocflicients of
the operator Lf’z'-z) and the right-hand side I™**(2,t,¢) are the same as for Eq.
(2.2a) smoothly continued onto G**; ¢**(z,1) is a smooth function, morcover,
**(2,t) = ¢(z,t), (z,t) € So. The function V(z,t) is the solution of the
problem

I’(2.2)V(z’ t)=0, (z,t)€G, V(z,t)=p(z,t)-U(z,t), (z,t) € S.
For the functions U(z,t) and V(x,t) we obtain the estimates

‘ 9Ftko x )
4158) | —————U(z,t)| < M [1 +57%*2], (z.0) €@, k +2ko < K.
(152) | S eF gkt ¢ ) [ | @n :

and
9Ftko
d2¥1 9252 gtk

where m is an arbitrary number, r(z,T') is the distance from 2 to the boundary
I'. Making this last estimate more precise, we obtain

V(z,t) | < ME™ exp (-m&'r(2,1)), (2,1) € T, k+2ko < K42,

HF+ko Lk . ~
(4.151)) m‘/(ﬂf,t) < A’I;‘fl o [1 + & k2+2] exp (7"81 'r(z, I‘)) ’
1 2

(:c,t)eﬁ, k+2ko <K.

Theorem 4. Let the data of problem (2.2), (2.1) and ils solulion u(z,1)
satisfy conditions (4.2), (4.5). Then, for the functions U(x,t), V(z,t), W(z,t),
i.e. for the components from representations (4.9), (4.13), estimates (4.11) and
(4.15) are fulfilled under conditions (4.7), (4.8) and (4.7), (4.12), respectively.

4.3. Now we estimate the solution u(x,t) under the condition
(4.16) €1+ €2 < Mes.
Let the parameters £; and €3 be commensurable, i.e.,

(4.17) M™Ye3 < 61 < Mey.
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We will also consider such a representation for the solution
(4.18a) u(z,t) = U(z,t)+ V(x,t), (z,1)€C.

Here U(z,t) is the restriction on G of the solution to problem (2.2) smoothly
extended beyond the boundary S (beyond the sets S% and Sp). The function
V(z,t) is the solution of the problem

Liz3)V(z,t) =0, (2,t) € G, V(z,t) = p(x,t) - U(x,t), (x,1) €S.
The function U(z,t) satisfies the estimate

ak+k° x> 2=l—k > 1=2ko
(4.193) WU(ﬁ,t) < M [1 +El Eq ] 5

(z,0)€G, k+2ko< K, 1=0,2.
It is convenient to represent the function V(2,1) in the form
(4.18b) V(z,t) = Vi(z,t) + Vo(z,t) + Vio(z, 1), (2,t) € G,

where Vj(z,t), Vo(z,t) and Vjo(z,t) are, respectively, the houndary, initial
and corner layers. The functions Vi(z,t) and Vo(z,t) is the restrictions on & of
the functions VJ-(")(m,t), j = 0,1, which are defined by

1@, V@, =0, (2,0)€ G,

Vj(j)(:t,i) = pW)(2,t) — U*(x,t), (z,t)e W, j=0,1,

where G(1) and G(©) are extensions of the domain G beyond the sets Sp and
SL respectively; Lg?z) and @U)(z,t) are defined by smooth continuation of
the operator L(;3) and the function ¢(z,?) respectively. Here the function
U*(z,t), (z,t) € G generates the function U(4.18)(2, 1), and also

eW(z,t) - U*(z,t) =0, (z,t) € S o)z, 8) = @(z,1), (x.1) € S,

e O(z,t) = U*(z,t) = 0, (z,t) € SOL O (z,1) = ¢(,1), (x,1) € So.
The function Vjo(z,t) is the solution of the problem

L(?.Z)‘/lO(z’ t) =0, (:L',t) € G,
VIO(x’ t) = ‘P(z’ t) o (U(x’ t) + V](-’l’, ,) + VO(zs I)) ’ (""7v ’) €S5.
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For the functions Vl(m,t), Vo(a,t), Vio(x,t) we obtain the estimates
ak+ko
D1 dak2 Otko
(4.19Db) X exp(—1n151"11'(:17,I‘)),
Hrtko
0k+ko

Vi(a,t)| < M&Th [1 521k gzl--zko]

Vo(z, )| < Mg [1 + Ef_k] exp(—ma; %),

Vio(e,t)| < MeTh gk [1 +g12’—l:2] AN

X min [exp(—mlg{'lr(w, m), oxp(—nlgﬁle)] :
(z,)€ G, k+2ky <K, |=0,2.

Here my, mg are arbitrary numbers such that m; = m;(4.49) < "‘?(4.19)» $=1,2,
-1 _ -2 3
where "2(1)(4.19) = (1 + M(“G)) cé/z(ao)“/z, mg(d.m) = (l + M(,“.;)) co(p®)~1.
Theorem 5. Let the hypotheses of Theorem 4 be fulfilled. Then, under
conditions ({.16), (4.17), the functions U(x,t), Vi(x,t), Vo(a,l), Vie(z,t)
Jrom representation (4.18) satisfy estimates (4.19).
4.4. Let us estimate the solution of the problem provided that the pa-

rameters ¢;, ¢ = 1,2, 3 satisfy (4.16); the fulfilment of (4.17) is not assumed.
4.4.1. Let ¢; and €3 take arbitrary values from the hall-interval (0,1]:

(4.20) €1, €2 € (0,1].

The solution u(a,t) can be written in the form of a sum

(4.21) u(z,t) = U%(z,t) + V2(2,t) + V{(x, t) + Viy(x, 1) + v(z, 1), (2,1) € G,
where U%(z,t) and V2(z,t), VP(z,t), V)(a,t) are the principal terms (for small

values of the parameters €, €2) in the regular and singular components of the
solution, v(x,t) is the remainder term. These functions are the solutions of the

problems
(4.22) -2 ¢(z,t)U%x, t) = F(x,t,¢), - (z,t) € G;

92
LzA.zz)Vlo(xyt) = {53 Z (13(37,1)67 —ede(2, 1)} V2(a,1) = 0,
s=1,2 s ’
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(z,1) € G\ 5%,
VO(xz,t) = ¢(a,t)—U%ax,t), (z,0)€ 5"

d —
Ly 29)V5 (2, 1) {-gg e t)5 = 2 c(:r:,t)} Vil(a 1) =0, (x,0) € G\

Vo(z,t) = @(z,t)—U=,t), (x,1)€ So;
LaayVip(z,t) = 0, (2,1)€G@,
Vis(z,t) = (2,) = (Ux,) + VP(2,0) + V(2. 1), (2,1) € S

L(2.2)v(m7t) = F‘(4.22)(x’t)’ ('7:1 l) € G, v(m, t,) =0, (x,t) € S.
Here
Fun)(z,t) = —{¢ Z as(x f)ﬁ — &2 p(x 't)2 UC(w.t) +
(4.22)\ Y, 1,=1'2 s\ T, 1 61‘3 2P, o xr,
2 g 0 2 82 vAJd
+ &3 p(z,t)aV, (z,t) — €7 Z u,(:z:,t)amz‘0 (2,1).

=1,2

Assume that, in the case of (4.16), (4.20), the problem data in a neigh-
bourhood of the set 4p are such that the following condition is satisfied for every
fixed set of the parameters ¢;, i = 1,2, 3:

(4.23a) Ve ¢l @) 1> K, a>0.
The functions from representation (4.21) satisfy the estimates
3k+ko
D1 dzk2 tko
Hk+ko
e
ak+ko
dz¥1 9 k2 dtko
9Fk+ko
D1 Dk Otko

(4.24) Uz, t)

IA

M,

V(z,t)

IA

METH (14874 ] exp (=& (2, 1)

Voo(z, t)

IA

1\/]5’2,'2"o exp (—mg&"{zl) ,

Vl%(z’t) < Mgl-k' 2-'2"2"0 [1 + gIZ—k.,] %

X min [exp (—mlgl"r(;z:,I‘)) , exp(—m.gé'{zl)] ,
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lo(2,0)] < M+
(2,t) €G, k+2ko < K — 2, mi = m(q.19), i = 1,2.
4.4.2. If condition (4.16) is fulfilled, then, provided that
(4.25) &1 < Mea, ¢, e2€(0,1],
we consider the solution u(z,t) in the form
(4.26) u(z,t) = U%z,t) + VO(z,t) + v(z,1), (x,t) € G

Here U%(z,t) and V?(z,t) are the principal terms (for small values of the pa-
rameter €1, €1 = o(€2)) in the regular and singular components of the solution,
v(z,t) is the remainder term. The functions U%(z,t), V{(x,t), v(x,t) are the
solutions of the problems

Lf‘m,)Uo(w,t) = F(z,te), (=,1)€ G\ So,
Uo(z’ t) <p(.'v,t), (.’l‘, t) € SD;
L(2.2)Vlo(z7 t) = 0, (=) €,
VP(z,t) = o(z,t) - U%z,t), (x,t)€S;

82
Liagyv(z,t) = —el zl:za.(z,t)-a?gUo(x,t), (2,1) € G,

v(z,t) = 0, (x,t)€S.

We suppose that, under conditions (4.16), (4.25), the problem data (in the
neighbourhood of 7g) are such that the following inclusion is fulfilled for every
fixed set of the parameters ¢;, i = 1,2,3:

(4.23b) VR e cHol+a2(@y 1> K, a>0.

The components from representation (4.26) satisfy the estimates

dFk+ko
. S S SR ]0 . ~‘—2ko
(4 27) 8zf‘am’;28tk0 U (Tyt) S M 82 )
9k+ko e B e e
02F 02k Otko Vo(z,t)| < METhe [1 +&2 "”‘] exp (-—m;s‘ lr(a:,I‘)),
1 0%

IV(IL',t)' S Mg?, ((L',t) € a, k+2k0 S K, my =m1(4_19).
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4.4.3. Under condition (4.16), in the casc if
(4.28) €2 < Mgy, ¢, €2 €(0,1]
the solution u(z,t) can be written in such a form:
(4.29) u(z,t) = Uz, t) + VO(,1) + v(2. 1), (x,1) € T

lere U%z,t) and VP(z,t) are the principal terms (for small values of the pa-
rameter £2, €2 = o(€1)) in the regular and singular components of the solution,
v(z,t) is the remainder term. The functions U%(2,t), VP(x,t), v(x,l) are de-
fined by '

Liym)U°(z,t) = F(z,te), (v,1)€C\ 5"
V1) = ¢(1), (2,05
L(2.2)Voo(zyt) = 0, (»ted,
Vo(z,t) = @(z,t)—U%,t), (x,1)€S;
Liagyv(z,t) = &3 p(:z:,t);)a-t-(fo(m,t), (x,1) € G4,
v(z,t) = 0, (a,t)€S.
In the case of conditions (4.16) and (4.28) we assume the fullilment of the
inclusion
(4.23c) Ve cHo+I @), 1> K, a>0

for every fixed set of the parameters ¢;, i = 1,2, 3.
For the components of the solution from representation (:1.29) we have

(4.30) < MEh 14824,

dx’1 9zk2 gtko
9Ftko

Dz 9zk2 otko

|v(z,t)| € ME}, (2,t)€ @, k+2ko < K, my = Ma(4.19)-

Vo (z,1)

IA

M 3{2"“ [1 + 512_"'] exp (—11125"{21) 5

Theorem 6. Let the hypotheses of Theorem 4 be fulfilled. Then, under
condition (4.16), and also under conditions (4.20), (4.23a) (condilions (4.25),
(4.23b) and (4.28), (4.23c)) the components of the solution for problem (2.2),
(2.1) from representation (4.21) (representalions (4.26) and (4.29)) salisfy es-
timates (4.24) ((4.27) and (4.30) respectively).
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5. Grid approximations of boundary value problem (2.2), (2.1)

5.1. Let us construct a finite difference scheme based on classical approx-
imations of the boundary value problem (2.2), (2.1) on uniform grids. On'the
set GG we introduce the grid

(5.1) G;. = ﬁh X Wo = Wy X wg X Wy,

where @y, @ are grids on the segments [0,d;] and [0, 7] respectively, wy is a
grid on the axis x3; genera.lly speaking, the grids @ and @y are nonuniform. We
set hi = zit! — 2t af, :c‘l"'l € T, a5, a3t € wy, hy = max; ki, h = max, h,,
s =1,2, hg is the step-size of the grid wo By Ny + 1 and No + 1 we denote
the number of nodes in the grids @; and &g, by N3 + 1 the minimal number of
nodes in the grid wz on any unit interlval of the & — 2-axis; let N = min, N,,
s =1,2, h < MN~1. On the grid G}, to problem (2.2), (2.1) we assign the
difference scheme

(5°2) A(5.2)z(a7’t) . F(x9tv5)s (a:,t)eG,.,
z(z,t) = (x,t), (x,t)€ Sh.

Here G}, = GNGh, Sh =SNG,
A(s_g) = 8% Z a,(w,t)ﬁﬁ;;’ = Eg I)($,t)6¢‘— 5:25 C(.’L‘,l),

s=1,2
6; z(z,t) and 64 2, z(w,t) are the first (backward) and second difference deriva-
uves e.g.,
" .\ ~1
baset) = 2(hT +h))7 (baz(e,0) - b32(x, 1)),

dn2(z,t) = (h'i)_l (2(1";"'1,1!2,1') - 2(‘”»”) )

O=52(z,1) (h'i'l)_l (z(m,t) ~ 2(2%71, 2, f)) , @ =(a},29).

1l

The difference operator A(s ) is monotone [9] e-uniformly.
Using the comparison theorems, we ascertain the e-uniform boundedness
of the solution for problem (5.2), (5.1):

(5.3a) | z(z,t)| < M, (z,t) € Gp.

Taking into account the estimates of Theorem 3 (for K = 2) we find
(5.3b)
|u(z, t)—2(z,t)| € M(e1+e2+¢e3)[e7' N +e5%(e1+e24€3)Ng ')y (2,t) € G,
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that is, scheme (5.2), (5.1) converges for fixed values of the parameters ¢;. Note,
from (5.3b) it follows that this scheme converges es-uniformly for fixed &; and
£2.

5.2. Now we construct a grid condensing in the ncighbourhood of the
boundary and initial layers so that the discrete solution on this grid converges
uniformly in the parameters ¢;, ¢ = 1,2,3 satislying (4.7) (or, in short, it
converges ¢-uniformly under condition (4.7)). On the set &7 we introduce the
special grid

(5.4a) G =D, x Ty = T} x wy X @y,

where wy = wy(5.1), @] = Wi(01) and @ = Ty(ay) are piccewise uniform grids
on [0,d,] and [0,T] respectively; oy, 02 are parameters depending on ¢; and
Nj, Ng. The step-sizes of the grid @} (cf. [8, 11, 15, 16]) are constant on the
segments [0, 04], [d) — 01,d;] and [04,d, — 1], and equal to h.(ll) = day N7 and
hgz) = 2(d; — 207) Ny ! respectively. The step-sizes of the grid &, are constant
on the segments [0, 03] and [0, T, and equal respectively to hl') = 2a, Ng! and
h((,z) = 2(T — 03)N;'. We choose the quantity oy and a; from the conditions

o1 = 0y(5.4)(€, N1) = min [4_ldh Myey(si+e2+¢€3)"" In Nl] ;

(5.4b) ,,
03 = 03(5.4)(€, No) = min [271T, Mye3(ey + €2+ €3)72In No],

where My, M, are arbitrary numbers. The grid ﬁ,,(s_,,) has been constructed.

The estimates of Theorem 4 (for k' = 4) implies the c-uniform (under
condition (4.7)) convergence of scheme (5.2), (5.4). We estimate the convergence
rate using the techniques from [11, 15, 16]. In that case when Al satisfies the
condition

(5.5) M3 > (m{y41))7",
for the solution of the difference scheme we obtain the estimate

(5.6) |u(z,t) — z(z,t)] < M[N"'In N + N(,"'l In No), (x.1) € Gy

Theorem 7. Let the data of boundary value problem (2.2), (2.1) satisfy
conditions (2.3). Then the solution of difference scheme (5.2), (5.1) is bounded
c-uniformly. Let, in addition, for the solution of problem (2.2), (2.1) the esti-
mates of Theorem 3 be fulfilled for K = 2. Then the solulion of scheme (5.2),
(5.1) converges to the solution of the boundary value problem for fired values
of the parameters ¢;, i = 1,2,3. If for the solution u(x,l) the estimates of
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Theorem 4 are fulfilled for K = 4, the solulioﬁ of difference scheme (5.2), (5.4)
converges e-uniformly under condition (4.7). For the solulions of schemes (5.2),
(5.1) and (5.2), (5.4), (5.5) the estimates (5.3) are (5.6) are valid, respectively.

Rem ar k. The singularly perturbed differential equations

v 9? d
(5.7a) L%5.7)u(:v,t)-s{$2 Z a,(x,t)m—p(m,t)a—c(m,l)}u(w.l) = f(x,1),

s=1,2

2
(5.7b) L?s.nu(a:,t)s {,gl:za.(a:, t)g);-g- —e2p(a, t)gt— —c(z, ) u(x, t) = f(x,1),
with ¢ € (0, 1] are equations (2.2a) in which the parameters satisly conditions
(4.7), (4.12) (in the case of (5.7a)) and (4.7), (4.8) (in the case of (5.7h)). Thus,
in the case of a Dirichlet problem for (5.7a) and (5.7b), the difference scheme
(5.2), (5.4) converges e-uniformly.

5.3. The a-priori estimates of Theorem 5 (for k' = ) implies the e-
uniform convergence of scheme (5.2), (5.4) under conditions (4.16), (-1.17). In
the case of the grid Gjs.q), if

(5.8) M; > (m49)7" i=1,2,
for the solution of the difference scheme we have the estimate
(5.9)  lu(@,1) - 2(2,0)| < M [N"'In N + N In No| , (x,0) € G

The following assertion is valid.

Theorem 8. Let the solution of boundary valuc problem (2.2), (2.1)
satisfy the estimates of Theorem 5 (for K = 4). Then the solulion of differcnce
scheme (5.2), (5.4) converges to the solution of the boundary value problem ¢-
uniformly under conditions (4.16), (4.17). For the solution of scheme (5.2),
(5.4), (5.8) estimate (5.9) is valid.

Remark. The singularly perturbed differential equation

L(5.lo)u(:t,t)E{€2[ _zl:za,(:c.t)‘,j)—.:; - p(.'z:,t)gﬂ —c(z, ) }u(x, )= f(2,1),

(z,t) e G, ¢€(0,1]
(5.10)
is equation (2.2a) in which the parameters satisfy (4.16) and (4.17) (with My 1) =
M4 47y = 1). Thus, in the case of a Dirichlet problem for (5.10), scheme (5.2),
(5.4) converges ¢-uniformly.
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5.4. Let us study the convergence of difference scheme (5.2), (5.4) if
the parameters ¢; satisfy only (4.16); the fulfilment of (:4.17) is not assumed.
Suppose that the solution of the boundary value problem satisflies the estimates

of Theorem 6 (for K = 6).
It follows from (4.24) that scheme (5.2), (5.4) converges provided that
N, Ng — 0o, (€1 +¢€2)(€1 + €2 + €3)~! — 0. Under condition (5.8) we have
(5.11)
lu(z,t) — z(x,t)] < M(e1 + €2 + €3)~2 [(e. +e2)24+ N ' InN+N;'n No] ,

(:c,t) € 6,., —(;h = ?;l.(s.«l)-

By estimates (4.27) (estimates (4.30)) scheme (5.2), (5.1) converges as
N7 NO — 00, 51(81 +é&2 +€3)-1 -0 (as N, Ng — o0, S'I(SI +e2 +53)—1 e 0)’
if the parameter €3 (parameter ¢;) is kept fixed. On the grid -(7,,(5_4) under
condition (5.8), the solution of the difference scheme satisfics the estimates

(5.12a)  |u(e,t) = 2(2,t)] < M(er+e2+e3)72 [e3+
+E1+e2+e3)’ N HIn N + 65%(eq + 2 + £3)’ N(T‘] ;

(5.12b) lu(z,t) = 2(z,t)] < M(ex+e2+€3)2 [s§+

+e7 (e1 + €2+ €a)°N ™" + (61 + €2+ €3)?Ng ' In No| , (i,1) € G,

The difference scheme (5.2), (5.4) converges for fixed values of the param-
eters €;, €2 with an error bound given by (5.3). Thus, it follows from (4.27)
(from (4.30)) that, in the case of the parameters satisfying (-1.16). scheme (5.2),
(5.4) converges (€1, 3)—uniformly ( (£2,c3)-uniformly) for fixed ¢, (fixed &y). In

the case of scheme (5.2), (5.4), (5.8) the inequalities (5.3), (5.12a) and (5.3),
(5.12b) imply the estimates

(5.13) |u(z,t) — z(z,t)| < M [(IV'1 In N)?B 4 e5%(er + €2+ €3)*°N5 ' In No] ,

|u(z,t)—z(2,t)| < M [51'1(51 +e2+e3)N"'InN 4 (Ng'hn No)'/2] , (z,1) € Gy
It follows from (5.11) and (5.13) that ' ‘

(5.14)u(z,t) — 2(z,t)| < M [(N-1 InN)>3 4 (N;'In NU)'/2] , (x.1) € Gy.

Thus, difference scheme (5.2), (5.4), (5.8) converges s-uniformly under condition
(4.16).
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Theorem 9. Let the solution of boundary valuc problem (2.2), (2.1)
satisfy the estimate of Theorems 3 and 6 for K' = 6. Then lhe solution of
difference scheme (5.2), (5.4) converges to lhe solulion of the boundary value
problem e-uniformly under condition (4.16); for the solution of diffcrence scheme
(5.2), (5.4), (5.8) the estimates (5.13), (5.14) are valid.

Remark. The singularly perturbed differential equation

2

: 0 0
(5.15) A(5_15)u(z, t) = {3? Z ag(x, l)-‘-)-—2 - F% Pz, t)b?'u.( w,l)—
s=1,2 s :

—c(z, t)}u(z,t) = f(z,1), (x,0)€G, Te(0,1],i=1,2

is equation (2.2a) in which the parameters satisfy (4.16). Thus, in the case of a
Dirichlet problem for (5.15), scheme (5.2), (5.4) converges (%y, £2)-uniformly.

5.5. It follows from the results of Subsections 5.2, 5.4 that scheme (5.2),
(5.4) converges e-uniformly under the estimates of Theorems 4, 6 (for K = 6).
On the grid Gp5.4), Where

(5.16) M, > (m?(,,_lg))“, M; > max [(m‘(’,,.u))"l, (mg(q_m))—'] :

the solution of the difference scheme satisfies (5.13), (5.14).
The following theorem is valid.

Theorem 10. Let the estimates of Theorems 3 -6, for K = 6, be fulfilled
Jor the solution of boundary value problem (2.2), (2.1) and for ils components.
Then the solution of difference scheme (5.2), (5.4) converges c-uniformly to
the solution of the boundary value problem; for the solulion of difference scheme
(5.2), (5.4), (5.16) the estimates (5.13), (5.14), and also under conditions (4.7)
or (4.16), (4.17), the estimate (5.9) are valid.

6. Grid approximations of boundary value problem (2.4), (2.5)

6.1. The solution of problem (2.4), (2.5) satisfies (4.1). One can derive
this estimate according to the estimation plan for problem (2.2), (2.1). Here we
suppose that the data of the boundary value problem satisfy (.5), (1.2a) and
provide the fulfilment of (4.2b).

For the solution of problem (2.4), (2.5) the estimate (4.4) holds. Let us
give the estimates if the parameters ¢; satisfy (4.7). In the case of (4.7), (4.8)
we represent the solution in the same form as in (4.9). The additive components
from (4.9) satisfy (4.11), where

-2 -2 3
w1y = mlgr) = (14 Mamy) ™ (14 M)~ 72a0(p) ™" maxd;?, s = 1,2,
(6.1) |
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Under conditions (4.7), (4.12) the function V{433)(x,1) can be written in
the form

(6.2) V(e,t) = Vi(2, 1) + Va(a,t) + Via(a, 1), (e,0) €.

The functions Vj(z,t) are the restrictions on G of the functions \-"J-(j)(.-r, L), (x,1) €

ﬁ(j), where VJ-(j ) (x,t) is the solution of the problem

LRVt = 0, (z,0)eGY),
(5) _ y ok (7)) s
V;-" (z,t) = Y)(z,t) - U™ (x,t), (z,t)€ SO j=1,2.
Here the doma.ih GU) is an extension of G beyond the set ¥ in the direction of

the axis z;, the operator Lg?“) and the function p()(z,1) are continuations of
the operator Lz 4) = L(3.3) and the function ¢(z,1), el (x, 1) = @(x,1), (z,t) €
s ns; U**(z,t) = U(‘;M)(a:, t). The function Viy(z,1), i.e., the corner bound-
ary layer, is defined by
L(2.'l)‘/12($, f) = 0, ((L’,t) € G,
Vig(z,t) = o(z,t) — (U(z, 1) + Vi(z,t) + Va(2,1)), (x,0)€S.

The components of the solution u(x,t) from representations (1.13), (6.2)
satisfy (4.15a) and also the estimates

9k+ko .y 2—ka_ —
(6.3) m‘/j(z‘, t) < M.‘,‘l J [] + 8: 3 J] exp (—171,.5' ',-(;If. FJ)) .
1 2
ak+k° >=ky—ky - =1 ™
WV]Q(&', t) S M&'l 812111'\ [CX[) (—HISl 7 (:l | ,))] ’

(z,t) € G, k+2ky <K, j=1,2,

where m = my4,5), I'j is that part of the boundary T' which is orthogonal to
the axis z;.

Thus, if the parameters ¢; satisly (4.7), for the components of the solu-
tion from representation (4.9) (representation (4.13), (6.2)) the estimates (4.11),
(6.1) (estimates (4.15a), (6.3)) are valid under condition (1.8) (condition (4.12))
respectively.

6.2. Now we estimate the solution if the paramecters ¢; satisfy (4.16),
(4.17). I'or this we use representation (-1.18a). The function V(,1) from (4.18a)
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can be written in the form

2
(6.4)  V(x,0) =D _Vi(x,t)+ D Vii(x, 1)+ Via(x,1), (1) €G.
=0 i,7=0,1,2,
i<j
The functions Vj(z,t) are the restrictions on (7 of the functions ‘,-j(.i)(.,.’ 1) defined
by

L(J)

(24)V(J)(3' ) = 0, (z,)eGY),

V]_(:)(z,t) = oU(a,t) - U*(2,1), (x,0)e SV, j=0.1,2,

where G(9) is an extension of the domain G beyond the set Uk Sky £ =0,1,2, k #
i (S; =T x(0,T), j =1,2); U)(x,t)— U*(x,t) =0 for (x,1) € U\ s,‘-"’,
pU)(z,t) = p(z,t) for (z,t) € SN S, j=0,1,2. The functions V;;(z,t) are
the restrictions on G of the functions V(” )( @, 1), which are the solutions for the
problems ‘

LE;J‘)I)VI.?J)(:”J) = 0, (‘v’t)eG(ij)’

Vil(a,t) = ¢, 1) - (U2, 0) + VO (@, 0) + V) (,1))
(z,8) e S, i,j=0,1,2, i<j,
where G'(¥) is an extension of the domain & beyond the set Sy, k =0,1,2, k #
i¢,7, and also
e (z,1) = U*(2,1) = 0, (2,1) € ST, o@D (a,t) = p(,1), (x.1) € SN S,

i, 5, k=0,1,2, i<j, k#1ij].

The function Vpy2(2,t) is the solution of the problem
L(2.4)‘/012('7:’ t) = Oo (.’lf,f) € (;’,

2
Voua(e,1) = (@, t) — (U(z,0) + Y_ Vi(z, 1)+ D Vij(x, 1)), (x.1) € S.
i=0 i,j=0,1,2,
i<y
The components of the solution {from representations (4.18a), (6.4) satisfy
(4.19a) and also the estimates

9F+ko

6.5 D —
(6:5) D1 D52 Dtko

Vi(s,t)] < M [1+&] 7 5] x
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X exp (—11115'1']1'(;1,-, Fj)) , J=1,2,

L N . .
—————Vo(z,1)| < MEF¥ (1487 exp (-mdi?),
e L ) ol [ I ] I ( 26y )
_—_—ak‘f'ko f ~—k ~2-2ko .
am’:lafl"-’;zatko V12($,t) < 1\18 [l +¢ r ];2“]2 [(s;\p (—m, | ,(1 T ))] R
gtk -k 2k 2—ka_;
e —— VA >Ry >=2ko | > a—j
awf’ aa:g"atko Voj(e,t)] < M& 7 &, [1 +& ] X
X min [exp (—m]g{lr(m,I‘j)) , exp (—771,252_2!)] . j=1,2,
—————Vou(z,t)| < MeETFETe x
Da¥1 9ak2 gtko o12(2,1)

X min [ m{n [exp ( nz,§1-17-(;1-’ bs)) ], exp (—11125'.2"21)] R

J—,

(z,8) €G, k+2ko < K,1=0,2, mj =m(q19). 1 = 1,2

6.3. In a similar way we construct proper representations of the solution
and find estimates for their components under assumption (4.16) and in the case
of one of conditions (4.20), (4.25) or (4.28). In the case of (11.20) the solution
can be written in the form

2
w(a, )=U%, t)+Y_VP(e,00+ Y. Vi, O)+Via(e )+o(r.t), (2,1) €G.

=0 1,J=0,1,2,
i<y
(6.6)
For the components of the solution we have the estimates
ak-l-ko
(6.7 —_— %z, )| < M,
) L I )
Qktko 0 i 2=k
j < ! £ = ey - g—l.‘,’ i), i=12
b ok 8t"°VJ (z,t)] < [l + & ]("(p( my &7 r(a [‘J_)) ji=1,2
Ftko .
VO(z,t)| < Mo oxp (—mayd; %
0:”?‘02:25&"0 o(e,t)f < 2 ] ( 28 ),
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ak+k° ~=k . cramy f

WV z,t)] £ Mg 31_1_:1:112 [e.\p (—m]el 1(4:,1‘,))] Z
9k+ko i i

_— V(2. 8)] < s Rig—2ko

(?.v’flamlz‘zatko OJ(:L’ )| £ Mg 2

X min [eXP (—nné',‘lr(x, l‘j)) , CXP (—mzé';zl)] e g9

sl > kg

B et U L AR A S A LR X RN e kﬂ

9251 02 Otk Voro(2,t)| < METTE ¥

. . o N % ; ~—2
X min miu2 [exp (—mlsl 'r(:tr,l..,))] , eXp (—Hl-252 I)] 5

o] < M (5 +23),
(z,t) € G, k+2ko <K -2, m;=mia.19) R e
If (4.25) is fulfilled, then we consider the solution as a sum of the functions:

(6.8) u(z,t) = U, t) + Z Vj"(ar,t) + V5, t) + (), (x.1) € G.
=12

For these components we obtain the estimates

ak+k 0 ~=2ko

8"‘*"‘0 Sk k ~2 ka~;
e V2 )} € ME IS S E 1 x
Dt dak2dtko 7 (#,8)] < € [ ]

X exp (—nn?,’lr(a:.l‘j)) SO SRR
Qh+ko

—k x—2k =10 .
W‘/l"z(m,t) < Mg iy '°mm[e\p( —my & I(.L.],,))],

|v(z,t)| < 1\151 §
(z,0) € G, k+2ko <K, mi=mi4.19)

Under condition (4.28), for the components of such a representation for
the solution:

(6.10) (e, t) = U°(x,1) + V@, 1) + v(x,1), (2, 0) €C
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we obtain the estimate

ak-‘-ko

(6.11 _________UO :c,t S A/[é:'"k,
) dx¥1 9%z otk (2.1) .
ok+ko e B
925 9k otk VO(z,t)} < METFE 0 exp (—m-zs2 2l) :
1

[v(z,t)] < ME&Z,
(z,t) € G, k+2k <K, my= My(4.19)-
To derive (6.7), (6.9), (6.11), we suppose that the problem data in the
neighbourhood of corner points and edges of the sets 7o and 7y = {T; nn} X

[0, T] are such that the following inclusions are fulfilled for every fixed set of the
parameters g;, 1 = 1,2,3:

(6.12a) '

V6o Vaaes) € CH 0+ (G) , i,j=0.1,2,i<j for (1.16), (4.20),
(6.12b) Vs € CHO+2 (@) for (4.16), (4.25),
(6-12(:) U(oe'lo), VOO(B.IO) e Cll+(',(l+(v)/2 (‘a) f()l‘ ('1.16), ('.28),

where | > K, a > 0. The following theorem is valid.

Theorem 11.  For the solution of the boundary valuc problem (2.4),
(2.5) estimate (4.1) is valid. Let the data of the problem and its solulion satisfy
(4-2), (4.5). Then estimate (4.4) holds for the solution. If, besides this, the
parameters &;, i = 1,2,3 obey conditions (4.7), (4.8) (conditions (4.7), (4.12);
(4-16), (4.17); (4.16), (4.20); (4.16), (4.25) or (4.16), (4.28)). then the com-
ponents of the solution from representation (4.9) (representalions (4.13), (6.2);
(4.18a), (6.4); (6.6); (6.8) or (6.10)) satisfy estimates (4.11), (6.1) (eslimates
(4-15a), (6.3); (4.19a), (6.5); (6.7); (6.9) or (6.11) respectively). Condilions
(6.12a), (6.12b), (6.12c) are assumed to be fulfilled if the paramclers salisfy
(4-16), (4.20); (4.16), (4-25); (4.16), (4.28) respectively.

6.4. To solve problem (2.4), (2.5), we first study a classical finite difference
scheme on (possibly) nonuniform meshes. On the set 7 we introduce the grid

(6.13) ah = -17/. X Wo = Wy X Wy X Wy,

where Ty = Wo(s.1); @s are arbitrary grids on the intervals [0,d,], s = 1,2. By
Ny + 1 we denote the number of nodes in the grid T,, h = max,hy, s = 1,2;
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let h < MN-1, On the grid G, we use the finite difference scheme

(614) A(5.2)z(x’t) = F('L” te), (=, f) € G,
z(z,1) e(x, 1), (x,t) € Sh.

Scheme (6.14), (6.13) converges for fixed values of the parameters ¢; :
(6.15) |u(z,t) — z(2,t)] < M(ey + €3+ €3)[e7' N1+ e32(e1 + €2 + €3)N571 ],
(2,t) € Gp. |
6.5. On the set G we introduce the special grid
(6.16a) Gh =D}, x @y = B} X @ X Tg

which is condensed in the neighbourhood of the boundary and initial layers.
Here @5 16) = Wo(s.4)» the grid @ is the grid @y (5 4) With dy and oy being d,
and o7 respectively, tfle parameter o7 is defined by the relation

(6.16b)

o} = 0{(6.16) (€1, Ns) = min [4-1(1,, Mici(e1+e2+e3) ' InN,|, s=1,2

M}, M3} and M, from oy(gy, Ny) = ay(e2, No; M) that defines J(‘;(G_w) are

arbitrary numbers. The grid E,‘(sgm) has been constructed.

Estimates (4.11), (6.1), (4.15a) and (6.3) for the components of the solu-
tion imply the e-uniform convergence of scheme (6.14), (6.16) under condition
(4.7). Provided that

-1
(6.17) My > (m?ﬁ.,))
we obtain the estimate
(618)  u(z,1) - 2(2,0)] < M [N N+ N7 W N],  (2,0) € .

Iistimates (4.19a), (6.5) for the components of the solution imply the e-uniform
convergence of scheme (6.14), (6.16) under conditions (4.16), (4.17). The solu-
tion of the difference scheme on the grid G, (c.16) satisfies estimate (6.18) pro-
vided that

-1 -1 p
(6.19) My > (m?(4.19)) y My > ("'3(4.19)) y 8=1,2

Theorem 12.  Let the solution of lhe boundary valuc problem (2.4),
(2.5) satisfy estimate (4.4) for K = 2. Then the solution of the difference
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scheme (6.14), (6.13) converges to the solulion of lhe boundary value problem
Jor fized values of the parameters €;, i = 1,2,3. Assume thal lthe components of
the solution for problem (2.4), (2.5) satisfy estimates (4.11), (6.1) Jor K = 4
under conditions (4.7), (4.8) and estimates (4.15a), (6.3) for K = 4 under
conditions (4.7), (4.12). Then the difference scheme (6.14). (6.16) converges
e-uniformly under condition (4.7). If the components of the solulion salisfy
estimates (4.19a), (6.5) under conditions (4.16), (4.17). then scheme (6.14),
(6.16) converges e-uniformly under conditions (4.16), (4.17). For the solutions
of scheme (6.14), (6.13), and also schemes (6.14), (6.16), (6.17) and (6.14),
(6.16), (6.19) the estimates (6.15) and (6.18) are valid respeclivcly.

Remark. It follows from Theorem 12 that the difference scheme (6.14),
(6.16) converges ¢-uniformly in the case of a Dirichlet problem for Fqs. (5.7a),
(5.7b) and (5.10).

6.6. Let us study the -uniform convergence of scheme (6.1:1), (6.16) in
that case if (4.16) is fulfilled; the fulfilment of (4.17) is not assumed.

Taking into account (6.7), we verify that scheme (6.14), (6.16) converges
for N,Ng — o0, (€1 + €2)(¢1 + €2 + €3)™' — 0. From (6.9) and (6.11) we
find, respectively, that this scheme converges under condition N, Ny — oo,
e1(e1+€e2+¢3)~1 — 0, if the parameter ¢ is fixed, and under condition N, Ng —
00, £2(€1+€&2+¢€3)~! — 0, if the parameter ¢, is fixed. In addition, the scheme
converges for fixed values of the parameters 1 and £2 (see (6.15)). From here it
follows that scheme (6.14), (6.16) converges c-uniformly under condition (4.16).

The following estimate is valid for the solution of scheme (6.14), (6.16),
(6.19), namely:

|u(z,t) — 2(z,t)] < M (N" In N)z/3 +e7%(e1+e2+¢€3)*Ny ' In Nu] »

.
lu(z,t) — 2(z,t)] < M|eT'(e1+e2+&)N'InN + (No-l In No)ln] )

la(a,8) - s(2,9)] < M .(N_l i N)2/3 ¥ (1\’6'1 In No)lﬂ] ’

(6.20) (z,t) € Gh.

Theorem 13. Let the components of the solution for the boundary value
problem (2.4), (2.5) satisfy estimates (6.7), (6.9) and (6.11) with K’ = 6 under
conditions (4.16), (4.20); (4.16), (4.25) and (4.16), (4.28) respectivcly. Then
the solution of the difference scheme (6.14), (6.16) converges to lhe solulion of
the boundary value problem ¢-uniformly under condition (4.16). For lhe solution
of scheme (6.14), (6.16), (6.19) estimates (6.20) are valid.
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Remark. It follows from Theorem 13 that scheme (6.14), (6.16)
converges (1, &2) —uniformly in the case ol a Dirichlet problem for Fq. (5.15).

6.7. The fact that scheme (6.11), (6.16) converges e-uniformly under
condition (4.7) (see Subsection G.1) and under condition (1.16) (see Subsection
6.6) implies e-uniform convergence of this scheme. Under the condition
(6.21)

M{ > (77"(1)(4.19)) e , 8=1,2, My > nm.x [(m'(’“_,))_l : (nrf_,'“.,,,))—]] 4

estimates (6.20) hold for the solution of scheme (6.14), (6.16).

Theorem 14.  Let the solution of the boundary value problem (2.4),
2.5) and its components satisfy the estimates of Theorem 11 for K = 6. Then
the solution of the difference scheme (6.14). (6.16) converges lo the solution
of the boundary value problem c-uniformly. For the solulion of the difference
scheme (6.14), (6.16), (6.21) the estimates (6.20) and also, under conditions
(4.7) or (4.16) and (4.17), estimate (6.18) are valid.

7. Remarks and generalizations

7.1. The conditions (4.2b), (4.23) for problem (2.2), (2.1) are suffi-
ciently restrictive. These conditions are fulfilled, for example, if the functions
J(z,t), o(x,t) vanish in the neighbourhood of the set 79. In that case when
the compatibility conditions on the set 7o, except (_4.‘221-), are not fulfilled (under
these assumptions, generally speaking, « ¢ C*'(G); (4.2b) and (1.23) are not
satisfied), difference schemes (5.2), (5.1) and (5.2), (5.4) do converge, respec-
tively, for fixed values of the parameters ¢;, i =1,2,3 and c-uniformly. However,
the accuracy of the discrete solutions deteriorates (the analysis of their conver-
gence is to be done with the use of the technique given in [11, Chapter I1].)

In the case of problem (2.4), (2.5) the convergence of scheme (6.14), (6.13)
for fixed values of the parameters and the g-uniform convergence of scheme
(6.14), (6.16) hold also if (4.2b), (6.12) are violated.

7.2. The issues arising in the numerical solution of singularly perturbed
equations with (small) parameters by classical finite difference methods remain
urgent in that case if finite element or finite volume methods [6] is used for the
construction of the schemes. :

7.3. The results obtained for linear equations allow us to construct e-
uniformly convergent finite difference scheme in the case of quasilincar equations.
On the strip 5(2.1), we consider the quasilinear singularly perturbed parabolic



212 - Gi. I. Shishkin

equation

(7.1) Liaayu(z,t) = (1 + €2 + €3)2g (2, L, u(z, 1)), (x,1) € G,
u(z,t) = o(a,t), (a,t)€S.

The function g{z,t, u) is sufficiently smooth on theset Gx R : g € ('"+*(G'x R),
!> K > 6, a > 0, moreover, —M&% < (9/du)g(z,t,u) < oo, (v, t,u) € G x
R. The coeflicients of L(33) and the boundary condition satisly the conditions
mentioned for problem (2.2), (2.1).

The estimates for the solution of problem (7.1), (2.1) are similar to those in
the case of problem (2.2), (2.1). To problem (7.1), (2.1) we put in correspondence
the finite difference scheme

(7 2) A(5.2)z(x7 t) = (51 +ée2+ 53)29('1:’ t,z(, t))’ (z,t) € Gy,
' z(:v,t) = (P(xvt)’ (z,t) € Sh.
Here G}, is one of the grids Zi,,(m) or 6’.(5_4).

The solutions of schemes (7.2), (5.1) and (7.2), (5.4) converge to the so-
lution of problem (7.1), (2.1), respectively, for fixed values of the parameters
€i, t = 1,2,3 and e-uniformly. The assertions similar to Theorems 7-10 are
valid for the solutions of these problems. The special schemes for problem (7.1),
(2.5) are being constructed in a similar way. Schemes (7.2), (5.1) and (7.2),
(5.4) are nonlinear; for their solution one can use iterative algorithms developed
in [9, 10].

7.4. The techniques examined in this work allow one to construct special
finite difference schemes for singular perturbation problems with mixed bound-
ary conditions and also with concentrated factors (e.g., sources; sce [9, Chapter
vII).)
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