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1. Introduction

The theory of impulsive partial differential equations (PDE) marked

rapid development in the last years [1]-[7]. The impulsive PDE can be suc-
cessfully used for mathematical simulation in theoretical physics [9], population
dynamics [6], optimal control [8] and in other processes and phenomena in sci-

ence and technology.
The present paper is concerned with the oscillation of solutions of im-

pulsive nonlinear hyperbolic differential-difference equations subject to certain
boundary conditions. The oscillation properties of the solutions are investigated

via averaging technique.

2. Preliminary notes
Let § C R® be a bounded domain with a smooth boundary 9Q and

0 = QUIN. Suppose that 0 =19 < ¢ < t2 < ... <l < ... are given numbers
and tgy; = tx + 0, k = 0,1,..., where ¢ = const > 0 and [ is a fixed natural
number.
Define Jimp = {tx}31, Ry = [0, +00). E® = [-0,0]xQ, E = (0, +00) xR,
E* =Ry X 0, Eimp = {(t,2) € E:t € Jimp}, Ejmp = {(1,2) € E*:1 € Jimp}.
Let Cimp[E° U E*,R] be the class of all functions u: E°y E* — R such

that:
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(i) The restriction of u to the set E°U E*\ EY,,  is a continuous function.
(ii) For each (t,z) € E},,, there exist the limits

lim u(qg,s) = u(t™,2), lim u(g,s) = u(t*,2)
(g.8)—(¢,x) (g.8)—(t,x)
a<t 9<t

and u(t,z) = u(tt,z) for (t,z) € Ej,,

The class of functions Ciyp[E*,R] is defined analogously as £* is written
instead of E° U E* in the above definition.

Let C},,[E®° U E*,R] be the class of all functions u € Cinmp[E° U E*,R]
such that:

(i) ue: E*\ Ej,, — R and it is a continuous function.

(ii) For each (t,z) € E},,, there exist the limits

lim uu(q,8)=u(t™, 2 lim  u(q,s) = w(tt,z
(a.0)=(t:2) t(g,8) = w(t, 2), (@9)—(t,2) (4, 8) = w( )
q<t q<t

and u(t, z) = u(tt, z) for (t,2) € E},,,.
Consider the nonlinear hyperbolic diflerential-difference equation

(1) uu(t,z) - Au(t,z) + p(t,2) f(u(t —0,2)) =0, (t,2) € E\ Eimp,
subject to the impulsive conditions

(2) u(t, ) — u(t~,z) = g(t, 2, u(t",2)), (t,2) € Elnp

3) w(t, ) — w(t=,z) = h(t, z, u(t",2)), (t,z)€ Ef,

and the boundary conditions

(4) -g—z-(t,z) + v(t,z)u(t,z) =0, (t,2) € (Ry \ Jimp) X 09,
or
(5) Wt2) =0,  (6,2) € (B \ Jimp) X ON.

The functions p: E* — R, f:R — R, g: £}, xR = R, h: E},,., X R — R,
7: Ry X O — R are given.

Definition 1. The function u: E°U E* — R is called a solution of
problem (1) — (4) ((1)~(3), (5)) if:

(i) u € C},,,[E° U E*,R], there exist the derivatives uy(t,x), g,z (t,2),
i=1,...,nfor (t,z) € E\ Eijmp and u satisfies (1) on E \ Ejpp.

(ii) u satisfies (2)-(4) ((2), (3), (5)).
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Definition 2. The nonzero solution u(t,z) of equation (1) is said to
be nonoscillating if there exists a number g > 0 such that u(t,z) has a constant
sign for (¢,z) € [p, +00) x Q.

Otherwise, the solution is said to oscillate.

For the function sign the following definition is adopted:

1 if z>0,

signa = 0 if 2=0,
-1 if 2<0.

Introduce the following assumptions:

Hlo P € C"mp[E‘,R.’.]- A

H2. g(t,z,€) = Li, h(tx,2,€) = i€, x € R, E€ER k=1,2,..., L > 0 are
constants. |

H3. 7 € Cimp[R4 x 0Q,Ry].

H4. f € C(R,R), f(v) = — f(—u) for u > 0, [ is a positive amd convex function

in the interval (0, +00).
In the sequel the following notations will be used:

P(t) = min{p(t,z): = € O},

-1
V(t) = /u(t,z)dz (h/d:t) :

Q

3. Main results

We give sufficient conditions for oscillation of the solutions of problem
(1)~(4).

Lemma 1. Let the following conditions hold:

1. Assumptions H1-H4 are fulfilled. :
2. u € C¥(E\ Eimp)NCY(E*\ E},,,) i8 @ positive solution of the problem

(1) = (4) in the domain E. : GEli e
Then the function V(t) satisfies for t > @ the impulsive differential in-

equality

(6) Vi(t) + PR)f(V(t— ) S0, t# b,
(7) V(te) = (1 + L)V(LE),

(8) Vi(te) = (1 + L)V'(t5)-
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Proof. Let ¢t > o. Integrating equation (1) with respect to 2 over the
domain 2, we obtain

(9) ::2 / u(t, z)dz — / Au(t, z)dz

+/p(t,z)f(u(tA— o,2))dx =0, t#t.
-2

From the Green formula and H3 it follows that

(10) / Au(t,z)da:— Ot o= -
Q

8 /'y(t,:v)u(t,x)dS <0, t#t.
N

Moreover, for t # tx, the Jensen inequality enables us to get

(11) / p(t,2)f(u(t — o, 2))dz > P(t) / f(u(t - a,2))dz
Q Q

-1 .
> Pt)f u(t — a,z)d:t'( dm) ) de = P)f(V(t-o0)) | da.
[fre-ee(f#))] /

In virtue of (10) and (11) we obtain from (9) that

Vi) + PO)f(V(t-0) <0,  t#t.
For t = t;, we have that

-1
V(te) = V(t;) = Lk ( /d:c) /u(t;,w)dw = LiV(1}),

Q Q
that is,

V(te) = (1+ L)V(F),
and analogously

V(te) = (1+ Le)V'(15).

Definition 3. The solution V' € %, [[-0, 0JURy, RINC?(UFZy(tk, ths1), R)
of the differential inequality (6)-(8) is called eventually positive (negative) if

there exists a number ¢* > 0 such that V(¢) > 0 (V(¢) < 0) for ¢ > t*
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Theorem 1. Let the following conditions hold:

1. Assumptions H1-H4 are fulfilled.

2. The differential inequality (6)-(8) has no eventually positive solutions.

Then each nonzero solution u € C*(E\ Ejn,p) nCl(E‘\E:mp) of problem
(1) — (4) oscillates in the domain E.

Proof. Suppose the conclusion of the theorem is not true, i.e., u(t,2)
is a nonzero solution of problem (1)-(4) which is of the class C%(E \ Eimp) N
CY(E*\ E},,) and it has a constant sign in the domain E, = [u,+00) X Q,
p > 0. Without loss of generality we may assume that u(¢,2) > 0 in E,. Then
from Lemma 1 it follows that the function V(¢) is a positive solution of the
differential inequality (6)—(8) for ¢t > u + o which contradicts condition 2 of the
theorem. : =

Theorem 2. Let the following conditions hold:
O

1. P € Cimp[R4,Ry], /P(r)dr = 400 for each t* > 0.
t‘

[o o]
2. Z Ly < 400, L, >0,k =1,2,..., are constants.
=1
3. f(u) > Mu,u >0, M >0 is a conslant.
Then the differential inequality (6)-(8) has no eventually positive solu-
tions.
Proof. Suppose that the conclusion of the theorem is not true and

let V(t) be a positive solution of differential inequality (6)—(8) in the interval
[t*,+00), t* > 0. Then we have for t > t* + 0

V'(t)+ MPt)V(t—0) <0, t#t,
V(te) = (1 + Le)V(L),
V() = (14 Li)V'(15),

and since V”(t) < 0, t # tx, t > t* + o, we obtain for each #; > t* + o that

(12) viys I (4 LoV'(h).

t-l <t <t
We will prove the inequality

(13) V/(t)>0 for t>1*+o.
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Suppose that there exists a number #; > t* + o such that V/({;) = —c < 0. Then
for any t > 3 the following inequality holds

Viy<—- I (+ Lg)e.

i<t <t
Integrating the last inequality over the interval [f5,1], we get
vy JI 4+ ZoV(d) - et - ),

f2<ty <t

which leads to a contradiction with the fact that V() is eventua]ly positive.
Therefore (13) holds and it implies that

(14) [I (+Lyv+o)<V(R).
t*+o<tp <t

Direct calculation gives us
viys JI QA+ LVt +o)-M II 1+ Li)P(r)V(r - o)dr.
t* o<ty <t 4o T<tSt
From (14), conditions 1 and 2 of the theorem we conclude that for ¢t > t* + 20

(15) Vi) - JI Q+Lov(+o)+
t* o<t <t

t
+MV(t. +6) ( / P(T)((T ) H (1 + LL) <o.

t*420 [lr-oct<r(1 + Li) t* o<ty <t

Inequality (15) implies in virtue of (12) that

P(7)dr
n‘r—a<tk5‘r( 1+ L)

< 400
t*+20

and consequently

P(r)dr < 400,
t*+20
which is a contradiction. l
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Coarollary 1. Let the following conditions hold:
1. Assumptions H1-H4 are fulfilled.
o0

2. ) Ly < +oo.
k=1
0
3. /P(r)dr = 400 for each t* > 0.

4. ‘f(u) > Mu, u >0, M >0 is a constant.

Then each nonzero solution u € C*(E\ Eimp) NC'(E*\ E},,,) of problem
(1) = (4) oscillates in the domain E.

Corollary 1 follows from Theorem 1 and Theorem 2.

Now we give sufficient conditions for oscillation of the solutions of prob-
lem (1)—(3), (5). Consider the following Dirichlet problem

Ap+ap=0 in 9,
(16)

Ploa = 0,
where a = const. It is known that the smallest eigenvalue ag of the problem (16)
is positive and the corresponding eigenfunction @o(z) > 0 for x € Q. Without

loss of generality we may assume that g is normalized, i.e., / wo(z)dz = 1.

Q
Introduce the notation:

Wt = [ ult,)eola)ds.
Q

Lemma 2. Let the following condilions hold:

1. Assumptions H1, H2, H4 are fulfillcd.

2. u € C*(E\ Eimp)NC'(E*\ E},,,,) is a posilive solution of the problem
(1)-(3), (5) in the domain E.

Then the function W (t) satisfies for t > o the impulsive differential in-
equality

(17) W"(t) + agW(t) + P(1)f(W(t —a)) <0, t#1,
(18) Wit) =01+ L;{)W’(l;),
(19) W'(tr) = (1 + Lp)W'(1}).
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Proof. Let t > 0. We multiply both sides of equation (1) by the eigen-
function @g(z) and integrating with respect to 2 over (2, we obtain

(20) %/u(t,x)goo(m)d:c—/Au(t,a:)qpo(z)d:v
Q Q

+ [t 2)f(u(t - 0,2))pu(a)da = 0, t# 1.
Q

From thé Green formula it follows that

(21) /Au(t,z)qpo(a:)dm = /u(t,m)Acpo(a:)d:c
Q

Q

= —ap / ult, 2)po(2)dz = —aoW(t), t# tr,
Q

where ag > 0 is the smallest eigenvalue of the problem (16).
Moreover, from the Jensen inequality

(22) [ at,2)f(u(t = 0, ))pol2)dz 2 P(1) [ (ult = 0,2))pole)dz
Q Q

> Pt)f ( /u(t - a,a:)<po(z)(l:v) =P(l)[(W(t-o0)), t# .

Q
Making use of (21) and (22), we obtain from (20) that
W' (t) + aoW(t) + P(t)f(W(t - o)) <0, t # tg.
For t = t;, we have that
W(te) - W(t5) = Li / w(t; 2 )po(2)de = LW (t5),
Q

that is,
W(ti) = (1+ L)W (),

and analogously,
W'(te) = (14 L)W'(t;).
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Analogously to Theorem 1 we can prove the following theorem:

Theorem 3. Let the following conditions hold:

1. Assumptions H1, H2, H4 are fulfilled.

2. The differential inequality (17)-(19) has no eventually positive solu-
lions.

Then each nonzero solution uw € C?*( L\ Einp) ﬂC](E"\AE,‘-"m,,‘ of problem
(1)-(3), (5) oscillates in the domain I. '

Theorem 4. Let the following condilions hold:

1. P € Cimp[R4, Ry ].
oo »
2. E Ly <400, L >0,k=1,2,..., are constants.

3. ’}_(:z) >0 foru>0.
_ Then the differential inequality (17)-(19) has no eventually positive so-
lutions.
The proof of Theorem 4 is analogous to the proof of Theorem 2. It is
omitted here.

Corollary 2. Let the following conditions hold:
1. Assumptions H1, H2, H4 are fulfilled.
o0

2. Z Ly < +o00.
k=1
Then each nonzero solution u € C*(E\ E;,,,)NCY(E*\ E},,,,) of problem
(1)—(3), (5) oscillates in the domain E.

Corollary 2 follows from Theorem 3 and Theorem 4. |
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