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Four Inequalities From PDE
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Iu this note, we carry out some elementary computations concerning four inequalities
associated with the function |z|” on R™ and the functional fﬂ | 7 u|? dz on the Sobolev space
Wg3P(92) and then apply those inequalities to establish the existence of mull.lplc solutions of
quasilinear elliptic boundary value problems.
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1. Introduction

In the study of nonlinear partial differential operators and equations, one
meets quite often the functions [¢|” on R™ and the functional [ |7 u|?dz on
Wl"'(ﬂ) The purpose of this note is to establish some inequalities about the
two functions above, and its application in quasilinear elliptic boundary value
problems.

2. Inequalities in R"

In this part, we study the convex function |z|P = (23 + 23 + ...+ 22)#/?
in R", where p,n 2 1. The following inequalities have been known in thc study
of p—Laplace operator A,, which is defined as A,(u) = +{|Vu|[?~2Vu} (see (2,
6, 8]).

Theorem 1. Given constant p > 1, there exists a constant v, which
depends only on p,n such that
.a) If p2> 2, then

D(z,y) 2 7|z — y|?’, Va,y € R".
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b) If2> p> 1, then
D(zoy)s7lz—y|pv Vz,y € R",

where D(z,y) = (|z|P~%z — |y|P~2y) - (x — y) and ’ - ’ denotes the standard inner
product in R™,

In [8] Neta found the best constant 4y = 227 in Theorem 1. Our first
result is abount the lower and upper bound estimates of D(z,y) with the best

constants.

Theorem 2. The following inequalilies hold with best constants.
a) If p > 2, then for all z,y € R"

(2.1) 2¥Plz — y|P < D(2,y) < (- Dz — y)*(ly] + |= - y|)* 2.
b) If1 < p < 2, then for all z,y € R"
(2.2) 227Plz — y|? > D(=,y) > (p— Dz — yl*(lyl + | — y])"2

Proof. We will show only (2.2) ((2.1) can be treated in similar way).
By a change of variables, we see that the inequalities in (2.2) are equivalent to:
For all z,y € R",

22771z 2 (ly + 2P 2y + 2) — WP~ %) - = 2 (p — Dl2*(J=] + ly))*~?,
By rotation and the homogeneity, we sce that they are also equivalent to
(23) 2P 2 (ly+elP~*(y+€) = |ylPy) - e 2 (= (1 + [y))*~?, VyeR",

where e = (1,0,...,0).
Consider the function

fow)=(y+el”*(y+e) - |yI"?y) - e
over R". Note that if y = (y1,¥2,...,¥s) then

@) = Q+n)1+2n+ 2+ 42T (B +...+ 1)
= (14+t)142t+ %) —tr2 = f(r,1)

where r = |yl = \/yf + ...+ 92, t=w, 2¢=p—2<0. The inequalities in
(2.3) are equivalent to

(24) s f(r,t)2 (p—-1)(1+ %, M, t)eD
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where D = {(r,t) € R?; |t| < r}. Obviously, f(r,t) is continuously differen-
tiable in the interior of D, and :

(2.5) Si(r,t) = 2¢{(1 + 2t + )7 'r(1 + t) — P21 14},

(2.6) fir,)=2¢(14+2t+ )" "1+ )+ (1 4+ 2t + r3)1 — r%,
We sce from (2.6) that if 1 + 22 > 0, then fj(r,t) < 0 and consequently

J(r,t) 2 f(f,r):gl-}.r)l’-l_;.p—l
= G- [C+ortaz (- 10+

If 14t <0, then f(r,?) is increasing in ¢ and therefore
Fr )2 fr,=r) =P = (r= 1P 2 (L4 )P = 0P
Finally, for t € (-1, —0.5), then (1 + 2t + 72)7 > 27 and
)2 A+ — 10 = P72 > (p—-1)(1 + )72,
which gives the inequality in the right-hand side of (2.4). Observe that
p=1 _ pp—1 1 p=-2
8:?)(” ==L (G5 =

as r — 400, we see that the inequality is also sharp. :

The left-hand inequality in (2.4) has been proved in [8], but we present
here a different proof for the completeness. We calculate the maximum of f(r, )
on D. Dividing D into subdomains: Dy = {(r,¢) € D;14+ 2t > 0},D; = {(r,1) €
D;—-1 <t £ 05},D3 = {(r,t) € D;t < -1}, we deduce from (2.6) that on
Dy, fi(r,1) £ 0 and thus

(Jnax f(r,1) = max{ max f(r,~r), max f(r,~1/2)} = 27% = 2%-»,

On the other hand, f(r,t) is increasing in ¢ on D3, so we have .

29
(rl'l‘l)z){,a f(r, )= mg.x r 1.

Finally, we see from (2.5) that on fi(r,1) £ 0 on D; and

max f(r,t) = J(=t,1)

(rt)€D2 1/22» -1
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= max{(1-2)*"' 4 1/2<1 <1} =227,

The proof is complete. 5]

Theorem 3. For any p € (1,00), then there is a constant ¢ = c(p) such
that the following inequalities hold with the sharp constants,
a) if p € [2,), then for any z,y € R"

(2.7) co(@ly* (I + 91"~ > C(, ) > c(p)lyl*-
b) if p € (1,2], then for any z,y € R",
(2.8) co(P)IyI*(1z] + [91)"~2 < C(2,p) < e(p)|yl”,

where C(z,y) = |z + y|P — |z|P — plz|P~2z -y, co(p)=p(p—1)/2 and

= (B0~ oS ey, 1<y
min{(1 -7 =P +prP"10<r<1/2}, ifp22.

R e m ar k. i) The right-hand side inequality in (2.7) with a constant
¢ = 1/(2"~! — 1) was obtained in [7] and a similar inequality as in the left hand
side of (2.8) was also discussed in [7]. But our proof here is different from that
in [7].

ii) It can be shown that

V2+V2/V2, ifp=3/2,

=31 ifp=2
e(p)=4{ L ’
(?) 2 -2, if p=3,

1/3, itp=4,

Proofl. We shall give only a proof of (2.7). Similarly as in the proof of
Theorem 2, we see that inequalities in (2.7) are equivalent to

(2.9) co(@)(1+ r)P~2 > h(r,t) 2 e(p), Y(r,t) €D,
where h(r,t) = (1 + 2t + #2)?/2 — v — ptrP=2, An casy calculation shows that

(2.10) Ri(r,t) = p{r(1+ 2t 4 r3)P=2/2 _ pP=1 _ (p — 2)rP=%},

(2.11) fryt) = p{(1 + 2t + p2)(P=2/2 _ pp=2}
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First we show the left-hand estimate in (2.9). It follows from ( 2.11) that if
142t >0, then h} > 0 and

h(r,t) < h(r,r)= (1 + ,.)p — prP-!

wp-1) / / (r+or)v-’adr
< -2-p(p—1)(1+r)""-

On the other hand, if £ < —1/2, then hj(r,t) < 0 and thus

h(r,t) < h(r,—r) = |r = 1|P = 1P 4 prP~!

The estimate in (2.9) follows from the following

Claim: |r—-1" -

™ 4+ pr? = h(r,—r) S h(r,r) = (14 7)’ =P — prP~ L,

The sharpness of the inequality follows from the fact: as r — 4-o0c.

r+0r

(14 r)*Ph(r,r) = p(p - 1)‘[:0110.[)l ( T )p.2 dr—-'p(p_- 1)/2.

~ Proofof the claim. We study the twocases 1) r 2 1,2)0<r <1
separately. If r > 1,then we see that

h(r,r)— h(r,-r)

A+ 7)P = (r=1) = 2prP?
/ ((r + 0)"~! + (r — 0)"~1) dB — 2pr»~?

p(p - 1) /o 046 /o ((r + T8)P~2 — (r — 70)P~2) dr
p(p—-1)(p-2) /01 0%de /01 rdr /ll(r +0rs)P3ds >0

If » € (0,1), then by the assumption p > 2 we get

h(ryr) = h(r,-r)

2

A+ = (1=r)P = 2pr?!
(1+r)P- (1 —r)’ - 2pr

o(p—1)r / 846 / ((1+rropP~' — (1 - r‘ra)”"))dr
p(p - 1)(p - 2)r? /o 9’«10/0 rdr /_1(1 + Orsr)*~3ds > 0.
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To show the right-hand estimate in (2.9), we need to find the minimum
of h(r,t) on D. On the subdomain DP° = {(r,t) € D;1 + 21 > 0} of D, h(r,t) is
increasing in ¢ and

= mm{ (‘; = ¢(p).

On the subset Dy = {(r,1) € D;1+ 2t < 0}, h is decrcasing in t and thus,

<
m"“po h(r’ t) min min ’)(1‘, —1‘), 0<

(rit)e

{ min h(r,-1), 1

(rfgnen h(r,t) = mm h(r, —-) p2'-r

Therefore, the inequality follows dnrectly.
3. Inequalities on W'?(Q)
Given a subset 2 C R", let LP(2) be the space of p—integrable vector-

valued functions from @ to R™. In this part, we shall discuss some incqualities
on LP(2) or on the Sobolev space W1?(().

Theorem 4. On LP(R), the following inequalities hold
a) If 1 < p < 2, then for any u,v € LP(NN),

(3 ]) 22-P"u - ,,”p 2 fﬂ(lulr-zu t 't,lp—lv) (u oy '0) dx
. 2 (p = Dllu = ol3(lully + lln = v|},)*=2,
) cwllolly 2 llu+ollz = [l = p o JuP=2u - vds
2 Collvllp(llullp + llell, 2.
b) If p 2 2, then for any pair u,v from LP(S2),
27|lu—olfp < fo(lulP~u — [o]"~20) - (u = v)de

3.3 -
5 < (o= Dllu = ollZ(lally + 1w = oll,~2,
i (Nl S N+ ol ~ lallp =~ o Ju~2u - vds
< collvll,,(llullp + vl »
Here the constants co(p) and c(p) are given in Theorem 3 and ||ul|} =
Ja lu(z)|P dz.

Proof. We consider only the inequalitics in (3.1). The left hand side
inequality follows directly from Theorem 2 by integration. To show the second
one, it suffices by Theorem 2 to prove that

@5) [ 1@+ @) dr 2 llolloll + Nl
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Notice 2/p and 2/(2 - p) are conjugate to cach other, so it follows from the
Holder and triangle inequalities that

2=p

[ ez < ([ 1ot@)Poe) + |u(x)|)"-"«u)§ ([aota+ luenyas) *

. Y L
; 4 ! da 2
< ([ It + tuey=ae) el + )

which is equivalent to (3.5). This completes the proof. [

In the following, we work on the Sobolev space WyP(R) and use the
norm ||u||’ = fq | 7 u|P dz. As an immediate consequence of Theorem 4 and the
Sobolev imbedding theorem, we have the following strong monotonicity result
of p—Laplace operator.

Corollary 1. i) If p > 2, then for any u,v € Wo™P(Q)
(3.6) [ (wute), wo(a))de 2 etpu- ol

it) If 1 < p <2, then for any pair u,v € Wo(R)
@0 [ Dgua), vole))ds 2 ca)llall + llollP~?lu - ol

Corollary 2. For any ug,v € Wy"*(Q), we have the following cstimate
a) If1 < p <2, then

(3.8) co()lolIP(I1vll + lluoll)*~2 < Eo(v) < e(p)llv]lP
b) If p 2 2, then

(3.9) co@el(lloll + lluoll)*=2 > Eo(v) > e(p)||v]|”,

where

Ey(v) = /ﬂ(l V (v + w)l” = |V uol” - p| 7 uol”? 7 up - ¥v) d.
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4. Applications
In this section we study the quasilinear clliptic boundary value problem
on a hounded domain,

{—A,,u = f(z,u), in R,

(4.1) u=0, on 99.

To establish the existence of solutions of (4.1) by. the variational method, we
study the functional

B =3 [ Ivwrde- [ Feude, Fau= ["f@oa,

on the Sobolev space Wy'*(R) [3, 9, 10). The critical points of E(u) are the
solutions of (4.1). We assume that f(z, u) is measurable in z and is continuous
in u and satisfies ]

(4.2) |f(z,u)| < a(z) + blu|®,a(z) € L",b> 0,p < g+ 1 < p*,r 2> p*/(»* - 1),
where p* is the critical Sobolev exponent.

Theorem 5. Let K be any closed convex subset in W(} (), up € K and
8o > 0 be a constant such that E(u) — E(ug) > 0,Vu € K,0 < ||u — uyl|| < bo. If
the assumption (4.2) holds, then for any & € (0,8), there ezxists a p = p(6) > 0
80 that E(u) — E(ug) 2 p, if u € K and é < ||u — ug|| < 8.

Proof. Suppose that there were a scquence {u,} such that é < ||u, —
ug|| < o, but E(u,) — E(ug). Since a closed ball in WJ”’ (R2) is weakly compact
[11] and Ko = K N {||u — uo|| < 8o} is weakly closed, therefore there exists
a @ € Ko such that u, — @ weakly. By the Rellich-Kondrachov compact
embedding theorem, we see that E(u) is weakly lower semi-continuous under
the assumption (4.2) [5] and consequently, & = ug. On the other hand, we have

Ey(u) = [ 1900~ ¥ 0" (it = o) dz = 0,1 — ox.

Ey(u,) = -/n(F(z'“") - FP(x,up))dz — 0,n — oo.
Whence,
Eo(un — w0)/p = E(uy) — E(ug) — Ey(u,) = Ea(un) - 0,n — oo.

However, we obtain from Corollary 2 that Fo(u, —ug) > 7(8) > 0 il ||u, — ue|| >
é. This is a contradiction and the claim is proved. a
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Next we consider the nonhomogeneous problem,

. =Apu = g(u) + Ah(z), in Q,
(4.3) { pu =0, on 99,

where h(x) # 0 and A > 0 is a parameter. We are mainly intercsted in the
existence of multiple positive solutions. We assume that g(u) = 0,u < 0, and

-

P
pt—1

for some a; > 0,¢; € (p,p*),i = 1,2, and let ug = (—=A,)~(h), i.c., ug solves
the following boundary value problem

{ -Apu = h(z), inQ,
u=0, on 9N.

(4.4)  |g(w)] € ar|u]" ! + aglu|”?" w20, h(z)€ L**(R), p.=

(4.5)

Then we have the following existence theorem.

Theorem 8. Under the hypothesis (4.4), there is a Ag > 0 such that
if A € (0, o), then (4.3) has at least one solution uy, which is a local minimizer
of E(u) and is also non-negative under an ezxtra condition either h(z) > 0 or
up(x) > 0 and g(u) > 0 for u > 0. If additionally there is a go € (p, p*) such that
ug(u) > Cu® for large u, then (4.8) has at least two ordered posilive solutions
uy (), uz(2) and uy < ua.

Proof. Now we consider the associated functional

E(w)= /n (-:;| T ulP dz — G(u) - Mb(z)u)dz, G(u)= /o " g(0) d.

Let k = k(s) be the best constant in the embedding ||ul|3 < k|| 7 u|},n €
WoP(2). If ||u]| = t > 0 then by the assumption (4.4) :

E(u) > 3}; — Byt — Bal™ — ABst = t[e(t) — ABs],

where By = aik(m)/m,B2 = aak(q2)/a2, s = k(p*)l|hllp,. It can be easily
shown that e(¢) has a unique maximum at point ¢ = {g > 0, which is the only

root of equation
(p-1)/p=(q1 = 1)p1t" " + (g2 — 1)Bat™"

and c(tp) > 0, since e(t) > 0 for small ¢ > 0. So if we choose Ag = ¢(1g)/f33, then
for any A € (0, Ao] we have E(u) > 0, ||u]| = lo. Furthermore, F is bounded from
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below on {u;||u]] < 2o} and if p(z) € Wy™(2) such that Jo h(2)p(x)dx > 0,
then E(lp) < 0 for sufficient small ¢ > 0. Therefore, E(u) has a local minimizer
u; inside the ball {u; ||u]| < to}, which is a solution of (4.3) and £(u;) < 0.

To show that u; > 0, we note that when the assumption up(z) > 0
and g(u) > 0,u > 0 is satisfied, we deduce by the comparison principle that
uy(«) = uo(x) 2 0. I the condition h(z) > 0 holds, then we use ;7 = min{u;,0}
as a test function of (4.3), we see that

o< [1vuiP = [IvuP?vu-vurd
Q .

= e go}[g(ul)_+ A(2)]uT dz = /{unsﬂ) Ah(z)uy de <0,

which implies 7u; = 0 on © and consequently, u; = 0 since vy = 0 on 9. If
g(u) 2 0,u > 0, then uy; > 0 on 2 by the strong maximal principle.

To get the second solutions uz > uy, we use the truncation technique [1,
3] and consider the functional

Ey(v) = /n (%I 7 (v + w)|” — Gy(z,v))dz — E(up),

where

: TR o _ [ 9l + uo(z)) + M(z), ift>0,
Gy(z,v)= L g+(z,t)dt, g4(2,1)= {y(ttd(zf)-l- Mi(z), ift<o.

Then we sec that E+(0) = 0, and E+(v) > —I')(ul) > 0, il llv + u1” = 1p.
The mountain pass theorem [9, 10] imlpies that E, admitts a critical point
vo # 0 (sce [3] for details). Finally, we use Corollary 1 to derive vy > 0. Since
uy solves (4.3) and uz = vy + w, solves the equation —A,u = g4 (x,u), using
vy = min{0, vp} as a test function for both equations we obtain

/ D(7(uy + vy ), Vo1 )dzx = / (v ugl"‘2 Vu—|vy tql”"’ V ) - Yvgdz
Y {w <o}

= —(z, - - Ah = 0.
{von}(g (z,u1 + vo) — g(11) A(x))dz

But, according to Corollary 1,

e c(P)(llwr + vg || + llwalP=2|og |12, if p € (1,2),
L D(V(ul+vo )’ V"l) dz 2 {c(p)”v(','ll”, if » Z 2.

Thercfore vy = 0. Thus u3 = v + u; > u, is a solution of the original problem
(4.3). The proof is complete. =
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R emark. 1) The result in Theorem 6 remains valid if Iu is just a
bounded linear functional on W"" (2) (with the constant 83 replaced by the
norm of A in the dual space of Wl"’(ﬂ)) '

2) Further applications of Corollaries 1 and 2 will be given in the forth-
coming paper [5], where the Holder countinuity of the inverse of p—Laplace
operator is discussed. '
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