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Some Properties on a Parallel Method
for Factorization of a Polynomials !

Shiming Zheng !, Nikolay Kjurkchiev *

Prescanted by Bl. Sendov

Iu this paper we introduce the concept of bisymmetric fanction at first and then
give some properties of a parallel iteration for factorization of a polynomial into quadratic
factors, which was presented in [9]. The results can be applied to consideration of the global
convergence of the iteration processes.
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1.Introduction
The Bairstow method is a well-known method for (lctormiuing a real

quadratic factor of a polynomial with real cocfficients F(z) = Ea, v

computations we have to ﬁud all fa.ctors of the F(z) = P(x) + I\Q(.c), where
P(x),Q(x) take the form n(z r:), or H(.c’—v,;.r —vj2)) and K, 7, v;, vjg are

=1
real numbers. Zheng [9] glvee a useful detalled review about parallel iterations
for finding all factors of a polynomial simultancously. We denote by R”" the
real n - dimensional space. Let P be a set of polynomials with rcal coefficients,
P" = {f € P| the degree of f is not greater than n }, F = {f/g| [,¢4 € P}.
For u = (u1,u2)T € R?, we write Q(u) = Q(u,z) = 22 — w32 — uz and denote
by L(f) = L(f;u,¢e;2) = Li([fiu,e)(z — ¢) + {3([; u,¢) the lincar interpolation
polynomial for f € F with nodes 1, a3 are the roots of Q(u,z) andc€ R! is a
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number independent of f. It is clear that finding L( f) is equivalent to find I( ) =
I(f;u,¢) = (L(f;u,c),laf;u, ¢))T. We see that I(fg;u,¢) = A(Sf;u,0)l(f;u,c),
where
(w1 = 2c)a(f5u,¢) + 1(f3u,¢) UL(f;u,¢)
A(f; u, c) = .

(uz2 + e — e2)y(fiu,e) I2(f;ua,c)
and det A(f;u,¢) = f(ay)f(az). It is clear that
1(f;u,0) =1/ u,¢) - (0, 14(f;u, )"
Therefore, we always suppose ¢ = 0 in the following and write
L(fywz) = L(f; w,¢;2), (S 0) = I(f;,0), A(f;u) = A(S;u,0).

Suppose p; = (i1, pi2)T € R?, Q(Pi) = Q(pi, z) = 22 — pynz — pig is the i-th
factor of F(z) = Q(pi, ) Fi(z). If uj = (ui1,ui3)T € R? is an approximation of
pi and «;y, a;; are the roots of Q(u;,z) = 2% — uyx — ugy, Fi(ai)Fi(aig) # 0,
then we obtain (Q(pi); wi) = uj — pi. But Q(p;) = F(x)/Fi(), so

pi = w; = I(F/F;; w).

n
For example, if F(z) is given by F(z) = ) a;zV~*, comparing the coefficients,
i=0
we see that for any u = (u;,u3)” € R?,

F(z) = (2? = mz — w2)G(2) + by—1(z — uy) + by,
N-2 '
where G(z) = zbi”N-z—’ and bj, = 0,1,..., N are determined by
=0
bj = aj + uibj—1 + uzbj—z, bo = ao.

If u is a good approximation of pj, then by, by—; are close to 0, and we may
approximate Fi(z) by G(z). This is just the Bairstow iteration. In the following
we suppose that F' € R?". Then there are p; = (pi1,pi2)’ € R?, i = 1,...,n
such that '

F(z) = “oﬁQ(PJ,x) = ao[](+? - pj1z - pja)
J=1 =1

= Q(p1, 2)Fi(z) = Q(p1. ¥)ao [ [Q(p;, 2).
J#i
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Except when otherwise stated, we always suppose that parameter ¢ is a natural
number, and that subscripts ¢, 7,k are evalnated 1,2,...,n in order and we
denote by m = 0,1,... the numbers of iteration steps and by p = 1,...,q

the numbers of substeps from m-th to (m + 1)-th step. Let uj(""”‘%l) be
the (m + ";—')-th approximation of pj. To obtain the (m - ‘qi)-th of pj, we
approximate F;(z) by

&™) (@) = w][ Q™+, 2).

J#i
Therefore we have Parallel Iteration P(q) (see Zheng [9]):
e=1 :
ui("“":‘) = w™ - A(G,-(m+ ) ;ui("'))'ll(F; w™),

m=0,1,...,ﬂ= 1,...,q.

(1) p(t) = :vn_:a,,tz"-", a =1
v=0

be a monic polynomial of degree 2n with real coeflicients. Then p(t) can be
factorized as n
(2) p(t) = T[] (2 - pjt - q),

i=1
where pj,q;, 7 = 1,2,...,n are real. Weierstrass-Durand-Dochev-Kerner’s met-
hod is a well-known parallel iteration for finding all zeros of the polynomial (1)
(see [7], [1], [2], [8]). Dvorcuk [3] and Zheng [9] presented a parallel iteration
and a family of parallel iteration methods P(q) with parameter ¢ = 1,2,...,
respectively, for factorization into quadratic factors of (1). Both Dvorcuk’s and
Zheng’s method can perform the calculation in real arithmetic only. Kjurkchiev
[5] and [6] gave some properties for Weierstrass-Durand-Dochev-Kerner’s and
Dvorcuk’s method, respectively.

2. Main result

Suppose that (u;, v;)T and (u},v})T are the k-th and &+ 1 -th approxi-
mation of (pi,¢), ¢ = 1,...n, respectively, produced by parallel iteration P(1)
in [9]. In this paper we introduce the concept of bisymmetric function at first
and then some properties for the parallel iteration P(1). .

Definition. Let u = (u;,vy,...,u,,v,)T € R?. We denote bisymmet-
ric functions by
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(3) Plan = Z“J'! Ujy oo U0 Vhy oo Vs L, 20,1 <14+ m < 0,

where the summation is taken for 1 < jy < ja < - < i <n, 1 <k <ky <

o < by €0y {Grydase a0 {ki, kay e oo k) = @, ie., every term in @, ()
is a product of ! u; 8 and m v s and their subscripts are different each other.

Naturally,
$0,0 = l’
‘ Plo=3 %j %, ... 45, 1 <1< n,
(1)
 Pom = L Ok Vky - Vkyy, 1S m <o,y

Piomn=0,1<00orm<0orl+m>n.

Theorem 1. Let u = (u;,vy,..., u,,, v,,)T € R*, and

n(t - ujl —v;) = Zb (u)t®™—v,

Jj=1

The cocfficient b,(u) can be expressed as
(5]

(5) bv(“) = Z (-1)y+m¢u—2m.m(“)q v=0,1,2,...,2n.
m=0

Theorem 2. Suppose that
u=(U1,01,..., %, 0)" € R
ut = (“T,”;..v- ;‘;9 ”+)T € R™
are the k-th and k + 1-th approzimation of p = (Pryq1,P2,42, - - ., Pur1a)T € R*",
respectively, produced by parallel iteration P(1). We denote

T -2
~Diu = (“l’”lvv-’ui—lv"i-lvui-i-l’”l'-rl"--9“us ‘D«,.) € R2" 2, i=1,...,n.

Then ut satisfies the system of linear equations

n o [55] o 5]
2“+ 2 (=1)"@p—2m-1,m(Din) + Z”;.. z: (=)™ @y—2m,m-1(Din)
(6) .::l[;] i=1  m=1
=Y (v —m=1)pp_gmm(v) + (-1)a,, v =1, 2 . 2n,

. m=0
%.€.,



Some Properties on a Parallel Method ... 333

=1
n n n
2oufdui=d o= 3 wiu,ta
i=1  j#i i=1 1<51<i2<n
n n n n
P H{GEED'D UATED SO ED AP
i=1 1 S jl < j2 S n J# =1 J#Fi
Jujz#t
n
=2 Z Uj, U, Ujy — Z“jvk - ag,
1<1<ja<jasn J#k
n
'Zu?-( Z UjyUjp Ujy — E “j”k)
=l 1<hi<ja<jasn 1<j,k<n :
11’129.13#’ ]#k; ]1k¢’
n n
+Z”§r(— E uj, uj, + ka)
gt 1<ii<j2<n s
jlvj2 # i
=3 Z Uj, Uj Ujy Uj, — 2 Z ujvr + z Vg, Uk, + a4,
141 <j2<js < <n 15 k<n; ik 1<k <ka<n

i"?ﬁq‘ =(n- 1)ﬁ‘lj + (-=1)"azqn.

i=1 ki j=1

Theorem 3. Suppose that the initial approzimation
u= (ul! Viyeoeylp, vn)T € Rzn
of p=(P1,q1, P2, 925+ -+ s Py @)Y € R?" satisfies the conditions:
1)
(5]
(7) Z (_1)m+1(’n s OF S V)¢U—2m.m(“) + (_l)yav =0, v=12,...,2n;

m=0
2) The zeros of t* — u;t — v; are not the zeros of 1? — ujt — v;, i,j =
1,2,...;0, 4% 1.
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Then the parallel iteration P(1) is not dcfined.
To prove the theorems we need some lemimas.
Lemma 1. Let

u= (“h V1yeeeyly, vu)T € R?n

Diu = (“ls”lv-' ey Wim1y Vimy ooy Uig1, Vi1, .. -v“’na"n)7 € llZn—Z’ i=1,2,...,n

and
(8) T12 - ujt - ;) = 2 bu(u),
J=1
2n-2

9) H(]z2 —uit —v;)= Y b(Diu)? 2, i=1,2,.

it v=0

Then
(10) by(u) = b,(Diu) = uib,—1(Diu) — v;b,_(D;u),
. t=1,2,...,n; v=1,2,...,2n,

where by(Diu) =0 ifv<0orwv>2n-1.
Proof. We see that from (8) and (9)

2n—-2
Zb (w3 = (£ = uit — v;) Y _ by (Dju)t?n—v-2
v=0 v=0
2n-2 2n—-2 2n-2
= Y b(Diu)t»v - Z wiby (D)=~ — 37 vib,( Diu)i2=r=2
v=0 v=0
n-2 2n-—-1 2n
= E bu(Diu)tzn—y Z u;b,—1(D; “)12"-" - Z”' v-2(D u)l""“’
v=0 v=2
2n
= Y [bu(Diu) — uiby_1(Diu) — vby—a( Diw))t?"=".
v=0

Comparing the coefficients of 12"~ of hoth sides above, we obtain (10).
The lemma is proved. -

Lemma 2. Let! >0, m > 0. Then

(11) 3 Pum(Dit) = (1 — | = ) m(u).

i=1
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P roof. It is clear that (11) is valid when ! +m > n because both sides of
(11) vanish. We now suppose [+ m < n. From Definition, ¢y, (#) is the sum of
all terms with form wj, uj, ... %0k Ok, .. .0k, and their subscripts are different
each other and in {1,2,...,n}. The number of the terms of ¢y ,.(u) is

n!
N(ptm(w) = C,.Coty = l'mY(n = — m)V

Similarly, the form of the terms in @y,(D;u) is the same to that iu @1,.m(u) but
their subscripts are in {1,2,...,i —1,i4+1,...,n} and the number of the terms
is

(n—1) o An~1

m)
i Im(n—1=m-—=1)! " n N(ptm(u)).

N(p1m(Diu)) = Ch_1.Cht iy

n
Therefore, by the symmetry, the form of the terms in Etpl,m(D.-u) are the same

i=1
to that in ¢y, (u) and their subscripts are also chosen from {1,2,...,n} and its
number of the terms is nN (@i m(D;iu)) = (n— 1 —m)N(@im(n)). This complete
the proof of the lemma. -

Lemma 3. ([9]). Under the conditions of Theorem 2 il holds

1) = Z[(u. - ul)t+ (v; - v"’)]l-‘[(t2 - ujt - v;) + H(t - ujl — v;).

J#i =1

3. Proof of the theorems

Proof of Theoreml. Clearly, it holds (5) forv =0 orn = 1.
Suppose that (5) is true for n — 1, i.e.,

n—1 2n—2
1 - ujt —v;) = Z DT
J=1

and

(5]
(12) by, (Dypu) = }: (=1)"*" ¢y _amm(Duu), v=0,1,...,2n - 2.

m=0
BEvidently, @y, —2m,m(Diu) = 0 for v < 0 or » > 2n —1 because of (¥ —2m)+m =
v=m2>22n—-1-(n—1)=n>n-1and (12) is valid in these cases. From
(10) and (12) we have for » = 1,2,...,2n :
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(5] [552]
bu(u) Z( l)ﬁm¢v—2m.m(Dnu) + Z ( 1)""’"‘u,,¢p,,_2,,, |,,,,(D,‘u)
m=0 m=0
SR
- 3 Z (_1)u+yu+1 ”n‘Pu‘—zm—Z,m(Dnu).

m=0 5 y
The third summation above is:

%] 1
E (- 1)v+m UnPrv-2m,m-1 (D,.u) Z (-1 )v+m VnPy—2m,m-1(Dnut).

m=1 m=0
It is clear that the superscnpt of the second summation of (13)
[ = (%], v odd,
-1, v even.
When v is even and m = ¥ ¢p,,..g,,._1,,,.(D ) = @_y m(D;u) = 0. So the second
'2
summation of (13) can be written as Z for any ». Therefore,

m=0
(5]
b,,('u) Z( 1)y+m[¢y—2m,m(Dn“) + uu¢u-—2m-l,m(Du“) + v @u_am ;m=1 (D “)]
m=0
(5]
o Z(-l)y+m¢u—2m,m(“)'
m=0
Thus, Theorem 1 is proved. (]
ProofofTheorem?2. Wehavefrom(l)a.ndLemma‘i :
2n-2
za {n=-v — Z[(u’ u"')t + (v - v+)] Z by (D;u)t?n-v=2 4 Zb,,(u)tz"’”
i=1 =0 v=0
.2n-l 2
= Z(u, - u}) Z by—1(Dsu)t?n-v 4 Z(v. - v"')Zb,_g(D.u)t’"‘"
a-l =1 v=2
‘+Zby(u)12n-u

& 212"_"[2%-1(0’“)(“: ul) + sz*2(D u)(v; = o) + b, (w)).
v=0 i=1
Comparing the coefficients of 12" of two sides of above equation we obtain

from (10),
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Eb,_l(D.u)u"' + Eb,_g(p u)of

i=1

= Z[bv-l(Di“)ui + b,—2(D;u)vi] + b (u) - a,

(14) Y
=Y [bu(Diu) = by(u)] + by(u) — ay
i=1
= ib,(D.-u) —(n-1b(v)—-a,, v=1,2,...,2n
=1

We have by Theorem 1 and Lemma 2
Zb,_l(D.u)u"' + Zb,-z(D.u)v“’

=1 i=1
n  [52]
= Z“T z: (-1)"*" o, _am-1,m(Diu)
i=1 m=0
n [4]
(15) +Z";"’ Z (-1, _gm-2,m(Din)
i=1 m=0
= Xn:u;" Z (-1, _am-1,m(Div)
i=1 m=0
» 3]

+3 0 Y (-1, g mea(Diw),

i=1 m=1

ib,(D.-u) - (n-1)b,(u)—a,

i=1

(5] = 5]
(16) Z Z( 1)u+m u—2m.m(D u)—(n— 1) 2¢v—2m,m(“) a,

m=0i=1
(5]
=Y (-1)*m(m+1- u)tp,-g,,.,,,,(u) a,.

m=0

Then we obtain (6) from (14)-(16). The proof of Theorem 2 is completed. =

Proofof Theorem3. Under the conditions of Theorem 3, the
system of linear equations (6) can be written as

Aut = 0.
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It can be proved that det(A) # 0 in this case but we omit the details. Therefore,
ut = 0. However, the condition 2) of theorem is necessary for parallel iteration
P(1). Theorem 3 is proved. ]
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