Provided for non-commercial research and educational use.
Not for reproduction, distribution or commercial use.

Mathematica
Balkanica

Mathematical Society of South-Eastern Europe
A quarterly published by
the Bulgarian Academy of Sciences — National Committee for Mathematics

The attached copy is furnished for non-commercial research and education use only.
Authors are permitted to post this version of the article to their personal websites or
institutional repositories and to share with other researchers in the form of electronic
reprints.
Other uses, including reproduction and distribution, or selling or licensing copies, or
posting to third party websites are prohibited.

For further information on Mathematica Balkanica visit the website of the journal
http://www.mathbalkanica.info
or contact:
Mathematica Balkanica - Editorial Office;
Acad. G. Bonchev str., Bl. 25A, 1113 Sofia, Bulgaria
Phone: +359-2-979-6311, Fax: +359-2-870-7273,
E-mail: balmat@bas.bg




Mathemalica
Balkonlcc

New Series Vul. 12, 1008.1-‘:.:«- 3-4

Homogenization of Integral Functionals
with Extreme Local Properties

Dag Lukkassen

Prescnled by Bl Sendov

We consider homogenization of sequences of integral functionals, where the integrauds
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Introduction
Many problems in the homogenization theory are devoted to the study
of the asymptotic behavior as h goes to oo of integral functionals of the form

Fa(u) = /n f(hz, Du(z)) dz, @ C R®

defined on some (subset of a) Sobolev space H'"?(Q2), where the function f is
periodic in the first variable and satisfies natural growth conditions of order p
in the second variable. Such functionals appcar naturally in connection with
boundary value problems described by some minimum cnergy principle of the
form

L), = min {.ﬂ.(u) + /nguda: tue H'P(Q), u=¢don 7 C Dﬂ} .

In several important cases it happens that the “cnergy” Ej, converges (as h goes
to 400) to

Epom = min {fhom(“) + /g gudz :u € H'P(Q), u = ¢ on ;70} ’
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where F, hom 18 of the form

From(®) = /n Fhom(Du(z)) dz.

Hence, Ej,,,, approximates E), for cases where the characteristic length of the
oscillations is small compared with the size of Q. Concerning this fact and other
basic information in homogenization theory and some of its applications we refer
to the literature e.g. the books [3, 4, 14] and the paper [12].

The nonlinear extension of the classical Hashin-Shtrikman bounds yield
important information of the range of effective properties achievable through
homogenization of structures with predescribed volume-fractions. Explicit for-
mulae for these bounds are not available for nonlinear problems.

In this paper we consider cases where the integrand f(-,€) is relatively
large on a subset V C R™ and derive estimates for the nonlincar bounds of
Wiener and Hashin-Shtrikman type. For such problems these bounds are often
far to wide to give accurate information of f,,,,. Therefore, we also study some
sharp new nonlinear bounds which are particularly useful in cases where V or
R™\V is a disperse set. An other type of bounds is proved for chesshoard type
structures (for which neither V nor R®\V is disperse). These bounds show
that the macroscopic behavior corresponding to the chessboard type structure
is similar to that of structures where V is disperse if p < n and that of structures
where R®\V is disperse if p > n.

The paper is organized as follows. In Section 1 we have collecfed some
necessary preliminaries and notations. In Section 2 we state and prove a few
results connected to some classical and new nonlinear bounds. In Section 3 we
consider in more detail the special case when f(z,-) grows quadratically and we
present some numerical experiments which illustrate our theoretical results. The
bounds connected to the structure of chessboard type are presented in Section
4,

1. Preliminaries

Let us start with some notations. If Y is a cube in R we consider the
usual LP(Y), [LP(Y)]" spaces of measurable functions defined on Y with values in
R and R", respectively, and the usual Sobolev space II'"P(Y) of real measurable
functions defined on Y. The real number p €]1, +oo[ is fixed and we let p’ be
the number such that 1/p + 1/p' = 1. Morcover, we denote with C32(Y) the
space of C* Y-periodic functions, and with HL%(Y) the closure of C32,()) in
HP(Y). With |E| we denote the Lebesgue measure of a measurable set E. Let
f:R"™ x R® — [0, +00[ have the following properties:
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e f(-,£) is a measurable function for all { € R";
¢ f(z,-)is a convex function for all x € R";

- @ the function f(-,€) is Y-periodic, i.e. we have that

f(z + Y% en, €) = f(=,€)

forallz e R £ € R*and h =1,...,2n (e1,...,€y, is the canonical basis
of R*);

o f satisfies natural growth conditions of power p, i.e. there exists a constant
C such that
I€IP < f(=,8) < C(1 + [€I°)

for all z € R®, £ € R™.

We recall the minimal energy principle

Thom(&) = 7, f@ 6+ Du(@)ds, € € B2,

min
u€ H:u':’ (Y)

where f},,,, is the homogenized integrand corresponding to the functions fj,
h=1,2,3,...,defined by fy(z,€) = f(hz,£). We also recall the minimal principle
of the complementary energy:

M Tiom®= it 7 i [, @+ v)de, €€ RY.

Here,
VP (Y) = {v e [LP(v)]": /Y vdx = 0 and /Y v-Dpdx =0Vp € u,',;,';(Y)} :
and f* is the Legendre-Fenchel dual (convex polar) of f defined by

[(z,n) = p. {E-n- f(=,E)}.

2. Nonlinear bounds

In this section we present and discuss a few results connected to some
classical and new nonlinear bounds.
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Let @ be a m-tuple of the form « = (a,,...,a,,) such that

m
0<a; <1 and Zu,- = 1.

=\
Similarly. let g = (g1, ..., 9n), Where g; is a convex function g; : R™ — [0, 4+~
AT < g () S AT € +1). 120, 9:(0) =0,

and A7, AF > 0. We let S, , denote the family of functions f of the form

F@ ) =3 0(6) xai(a),

i=1

where UA; = R", A;iNA;j =B fori # j, and such that the characteristic function
of the set A;, xa, is Y-periodic and «; = Jy xa;dx. 'We recall the well known
nonlinear Wiener bounds:

Jw- (f) < fhonz (6) < fw+ (f)v

where

Siv-(6) =/Yf‘(z,£)¢la:and fw+ (&) = /Yf(:c,f)d:r.

In the case when f(+,€) satisfies the property of cubic symmetry, we have the
following sharper nonlinear bounds of Tlashin-Shtrikman type (denoted the 1715-
bounds):

Trs-(€) £ From (6) < Jrisy (6)

where |
Jirs- (€)= inf {hpgy (6) : he I},
Ty (§) = sup {hhmn & : he ‘3:."2’} ,
3.‘.‘3’ = {h € Qa4 : (-, &) satislies the property of cubic symmetry }
We recall that f(-, €) satisfies the property of cubic symmetry il

J(2,8) = [(ox,§),
where o is the rotation by /2 in the plane of coordinates z;,z;, i # j, i,j =
1,..,n.

Remark 1. By the definition, the /IS-bounds are best possible among
the bounds that can be obtained for the class Sﬁ‘g’ without taking into account
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other geometrical properties than the volume-fractions {a;} . For the simple case
of linear two-phase problems it turns out that the FIS-bounds coincide with the
well known Hashin-Shtrikman bounds. Generally, explicit formulae for these
bounds, in terms of {«;} and {g;}, are not available.

Definition 2.1. We say that V C R" is Y -periodic iff the characteristic
function of V is Y-periodic.

Definition 2.2. Let V C R" be a Y-periodic set. We say that V is
a disperse set if is the union U2, 0; of mutually disjoint components 0;, each
being the closure of a smooth bounded domain O;, and such that at most a
finite collection of these components intersects Y.

In order to be able to make further study of the nonlinear Wiener and
Hashin-Shtrikman bounds, we now present the following statement of indepen-
dent interest.

Theorem 2.3. Suppose thal [ € S, is of the form

f(a"vf) = Zyi (&) Xai(2),
i=1
such that for a fized j € {1,...,m} we have that the closure of R™\Aj is a
disperse set. Then,

;c- Ielp < fhom (£) < ’\;’c-‘- (K'p +1),

where 0 < ¢~ , et < 400 are only dependent on A; and p.

Proof. Let R"\Aj = U, 0; and let U3, 0; be a Y-periodic union of
mutually disjoint components ?7,-, each being the closure of a smooth hounded
domain O} such that 0; C O!. Let u; € l[l‘,':,.(Y), s > 1, be such that u; = 0 on
R"\ U2, O} and Du; = 1 on UR,0; (the extension uilg, — '“ilz)': is possible
according to [1, A. 5.12]).

Thom (€) £ z\}'c"' (J€)1” +1): Put s = p. It follows that the function u =
— oI, &u; has the property Du+£& = 0 on R"\Aj, and hence f(-, Du+§) =0
on R"\A;. Moreover, on A; we have

|Du + €| = Ie -3 &Du| <

i=1

< 1+ Y 1€l |1Dus] < [ (1 +Y |D"i|) .

=1 =1
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Therefore,

n P
Sy Du+€) S AT (|1Du+ P +1) < A} (I&I” (1 + IDuel) + l)

i=1

on Aj. These facts give
Thom(§) < /), f(z,Du+§)dx = /A,- f(z, €+ Du)dx <

by /A, (1Du+ € + 1) dz < Xre* (6P +1),

IA

where ¢t = | 4, (14 Yo | Dui|)? dz, and the upper bound for f},,,, is proved.
Aje” |£|” < fhom (§) : Put s = p'. First, we note that if & [£|? < h(£),
where k > 0 and ¢ > 1, then

) B(6) < = (ah) ™ Jel7
Indeed,
h*(&) = sup {E-E—-h(E)} < sup {E-£-k|E|"} =
EeR» EeR»

1 '
sup {|E|-[¢] = k|EI"} = - (ak)™=5 [¢]"".
|E|eR®
Hence, for each = € A; we have that

F(2,6) < (pAk) il

For each i € {1,...,n} we choose k # i and define

Thus v; € [LP'(Y)]" » Jy vidz = 0 (by the periodicity of u;) and -

) _ [ Qudp  Ou dy
/Yv.-Dq:dz-/ Oz 0z; Ox; Oxp de =0

Vo € Cpe(Y) (the last identity being due to Green’s Theorem), hence for any
¢ € HLB(Y). Thus v; € V':OI(Y) and we also have that v; = e; on Y'\A;. For
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any vector £ € R" we let v = — Y1, &v;. Continuing similarly as above, we
find that ' , '
Thom(€) < ko €17,

where

1 _ + n v
ko = p (P'\,')' P ./A,- (1 +Z|Du,-|) dz.

i=1

Thus, using (2.1) once more, we deduce that

Fhom(€) = fi(€) > "—,(p'ko)r-’? IEP = Ape™ lélP,

= (/A’ (1+i|Du;|);ﬁdz)ﬁ;

where

i=1
and the lower bound is also proved. The proof is complete. &

Corollary 2.4. For every k € {1,...,m} it holds that
fw-(©) < fs_ (&) S Afet (I€EP + 1)

and
X IEP < Fsy (6) < Sy (6) |
Jor all £ € R®, where 0 < ¢, ct < +00 are only dependent on p, n and a.
Proof. By letting f € Q, 4, defined by

F(26) = 320 (6) xas (),
i=1

be such that for a fixed k € {1,...,m} Y\ A, is a cube, and the other sets {A;},,,
are constructed such that f(-,£) satisfies the property of cubic symmetry, we
get that

fw-(©) < fus- () < from (&) < Fhsy (6) < Fyw, (6).

Hence, the reéult follows directly from Theorem 2.3. a

Remark 2. According to Corollary 2.4. we have that

lim 4 _ofw_ (§) =lim 4+ _ofgs_(€) =0
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and
lim = lim =
N I8 Twy (6) o f 11,5} (€)

Hence, from Theorem 2.3 we conclude that the nonlinear bounds of Wiener
and Hashin-Shtrikman type, fyy, and fyq. , are not well fitted for estimating
Shom in the case when R™\A; is a disperse set and A; is relatively large or A
is relatively small for a fixed & # j. In such cases the bounds defined helow turn
out to be much more suitable.

We close this section by discussing some other type of bounds for the
homogenized integrand fj,,, for the special case when

(3) C f(=,6) = C(a, [ED [P, € € R™.

Here, C is of the form C(-,2) = "™, Ai(t)x 4, and satisfies the property of cubic
symmetry, i.e. f € SSUP, where

/Y Xa; dz = a; and gi(€) = \i(J€)) €I .

Moreover, the function C' : R® X R4y — Ry has the following additional prop-
erties: a < C(2,t) < B for all 2 and ¢ for some constants 0 < « < 3, C(x,1)
is [0, 1]"-periodic and Lebesgue measurable in = and differentiable and non-
decrcasing in t. Moreover, C'(z,t)t? is convex in ¢ and

P ACED) ¢ g

for all z and ¢.
For every t > 0, let c*(¢) and ¢~ (t) be the numbers

e =a "¢t (5) 0

S
0 = a2 (ot (5) 7
Here, 22 1 ‘
~-22 1 L ifp<2
S gy LTp
1 7'2131932“{ l_}_p’l,g,_ﬁ if2<p
and 5

(o) = (),
P = (T m)),
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where
1
&

1
M) = (/o p‘dmn) ,
1 1 %
r_gf](p) = (./o ./o p‘d;r:g---(lw,,) H

We recall the following bounds (for the proof we refer to [7], see also [8, 9]):

(5) IEIP € (1€D) < From (6) < IEP <t (l€D)

for all £ € R®. The inequalities in 5 are sharp and equalities occur in many
interesting cases (see [7, 8, 9])

Remark 3. By using the theory of power type means (sce [2, 5,
11, 13]) it is possible to prove that c;(¢) and t’,’!’(i) are continuous and non-
decreasing in p and ¢.

Remark 4.- Consider a fixed integer j € {1,2,...,m}. Il Y\A; is a
genuine subset of Y then

k=27 S () S g () S KFAT

whére and 0 < k&, k¥ < 400 . Morcover, k= and k*are only dependent of
A;j and p. Hence, according to Corollary 2.4, we can in this case conclude that
¢, (+)|[” is a much sharper lower bound for [, than the Wiener and Hashin-
Shtrikman lower bounds fyw- and fys- when A[ is relatively large and & # j.
Similarly, we see that ¢} (-)|[” is a much sharper upper bound for f},,, than

the Wiener and Hashin-Shtrikman upper bounds fiyy and fysy when z\,"’,’ is
relatively small.
8. Further results for the case p = 2

In this section we discuss in more detail the case when f is of the form
(3) and p = 2. Moreover, we assume that

A1(0) < A2(0) < -+ < Am(0)

and
A1(00) < Az(00) < + -+ < Ap(0).

We define the following constants:
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q@ = c;(t)’ q;" . c2+(t)1 :
-1
vy = ( /Y (€ 1) dz) L wt = /‘ C(- 1) d,
_ 1 -
hy = —(n=D}(0)+ (/y C(-0)+ (n— 1),\,(0)"“) ’
_ : 1 =
hY = —(n—-1)An(c0)+ ( v Cloo) ¥ (n l)A,n(oo)dx) ,

v (4 (L= am) m(0) = Xe(0))
g = Mm(0) (1 2 (0) + 6 (,\,(0)-;,,.(0)))’
- _ ' n(1—a;)(Am(c0) — Ay(00))

te = M(eo) (’ T (o) + 61 (m(20) -lxl(oo)))'

Remark 5. According to Remark 3, it yields that

In many cases g5 and ¢, happen to be sufficiently close to each other to give a
sharp estimate of fp,,,. The general bounds (5) also show that

% 1€1° < Snom (€) < aF I€F
for small values of |£| and
4% €17 < fpom (6) < 4k 1€

for large values of |¢].
The main result of this section reads:

Theorem 3.1. There ezist functions g, h € S such that
hg 1€ < FHS.(€) < ghom(6) < b3 112,

hd K1 < hpom(€) < Frrss () < b 1P

Jor all £ € R®, where ho"' = max {qg ,tg } and h, = min {¢%,13 ). In addition,
it holds that
wi [€1° < Fwq (6) < wk |1,

wy € < fw. (€) < w3 [€
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Jor all £ € R®.

Before continuing our discussion and proving the theorem, we present
the following numerical experiments:
Let g; : R® — Ry be defined by

ky |£|2 fori=3
ko + k- 2 ..
gi(€) = ————-—21 T Iz:ﬂ [€)? fori=2 .
kq |€)? fori=1

Here, {k;} are positive constants with £y < k3. Furthermore, let ay = 0.970,
az = 0.015 and a3 = 0.015. Hence, {¢;} and {«;} defines a family 8;"'_,}’ Now,
consider the concentric cubes By, B, and B3 with volumes 0,970, 0,985 and 1,
respectively, such that B3 =Y =10, 1[3. Furthermore, let A;, ¢ = 1,2,3, be a
Y -periodic set such that Ay NY = By, A, NY = B,\By and A3 N Y = B3\ By,
and let

F(2,8) = g1(E)xa, (%) + g206) o () + g3(E) N aa ().

Thus f € S of the form

f(x,€) = C(x,€]) |€]* .

In particular we note that C'(-,0) (resp. C(+,00)) is equal to ky, ky and Ly (resp.
ky, by and k3) on Az, A2 and A,, respectively.

In the table below we have listed the constants appearing in Remark 5
and Theorem 3.1 for four different combinations of {k;}.

case 1 case 2 case 3 case 4

ky 1 1 101 107

ko 1.1 10% 10¢ 6-10°

ks 1.5 103 10° 8-10%

ky 10% 101 1 L
tg | ts |9561 [ 197 | 9561 | 197 101 | 1.10 | 101 | 1.10
% | % 102 | 104 | 191 194 102 | 102 | 160 | 162
Io | 9% | 116 | 118 {194 | 196 | 111 | 112 | 180 | 182
hy | hz | 100 | 118 | 190 | 196 | 1.09 | 1.10 | 1.09 | 1.10
h{!’ hY, 19561 | 9561 | 9561 | 9591 | 102 | 115 | 160 | IR7
wg’ w;'; 9703 | 9703 | 9704 | 9717 | 152 | 165 | 239 | 268
wy | wy, | 35 40 67 66 1.03 | 1.03 | 1.03 | 1.03
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Remark 6. First of all we observe that for the four cases we obtain
very sharp estimates of fj,,., Sy and fyp. It is interesting to note that
the bounds ¢y ||* and g |-|? play an important role, not only for estimating
Shom> but also for estimating the nonlinear Hashin-Shtrikman bounds. Partic-
ularly we see that for all four cases Ag is close to hZ, and h is close to hY,.
Hence, according to Theorem , we find a very good estimate of homogenized
integrands gp,p,, and hpop, (9,7 € SEP) that are close to fg_ and f 1184
respectively. Hence our approach yields important knowledge of the extreme
effective properties of the class 8‘3‘};’.

Remark 7. In the definition of f we have that Y\ A3 is a genuine
subset of Y. Moreover, by Remark it holds that g5 < ¢ (|¢]) < ¢} (¢]) < q,
and, thus, we observe in particular that the numerical results fit very well to
the theoretical results of the previous section (see Remark 4).

Remark 8. We see that for case 1 and case 2 Shom 18 very close to
fHs-- This shows that fj,,, is nearly lower optimal in the class S5UP. Corre-
spondingly, we observe that fj,,, is very close to f HSy for case 3 and case 4.
Hence, in these cases fho_m is nearly upper optimal in ‘\‘fﬁ?y".

We note that f(-,€) = A2(|€]) |€] in Aa, where ), (+) ranges over the
whole interval kg, k3[ . Therefore, the Euler equation corresponding to the mini-
mum problem for finding fj,,,,(£) is highly nonlinear in the region A;, especially
for case 2 and case 3. For a fixed £, any direct numerical treatment of this Fu-
ler equation leads to severe problems. In fact, if we for example choose the
finite element method we will need a large number of finite elements in the very
small subset of the unit-cube where f(-,£) varies non-quadratically hetween |¢|?
and 104 |£|2 . Moreover, the table values show that the properties of f(-,£) on

Ay are significant. Hence, any kind of averaging in this region will be mis-,

leading. Besides, in contrast to the case when f(2,-) is a quadratic form, the
values {from(€i)}, i = 1,...,n, alone will give no general information of fj,,,,-
Therefore, we would have to compute f},,,,,(§) numerically for a vast namber

of vectors £ € R? in order to get a good picture of f, ...
As discussed in the introduction, our ultimate goal is always to find the

homogenized energy within £2, _
E(fpom) = min {/n Thom(Du) dz +/ngu dz :u € H'P(Q), u = gon v C ag}
(6)

which approxiinates the energy FE(f)) for large values of h, where fj(z,€) =
f(hz,£). Since g5 |'|*> £ fhom < 4% |1, it follows that

E(g5 I'?) € E(flom) < E(ad 11*)s
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and, thus, we obtain estimates of the homogenized energy.

Remark 9. We note that the Euler equations associated with the
upper and lower bounds

E(gg |-|*) and E(qX |-I*)

are lincar. Hence, these bounds can be computed numerically e.g. by stan-
dard FEM-algorithms, and since ¢y is very close to ¢, we get a good ap-
proximation of E(f}o.,)- Moreover, this shows that the Euler equation associ-
ated with Ep . (f) is almost linear. Similarly we can obtain good approxima-
tions of the optimal bounds for the homogenized energy Fou, = F(fpg_) and
Eine = E(f]IS.'.)' .

The constants ¢g and ¢ are very close to each other in all four cases
discussed above. This is however not a general property for all f € %ﬁ"g’. In
fact, let the concentric cubes B;, By, B3 have volumes 0,015, 0,985 and 1,
respectively, and let A3NY = By, AyNY = By\B; and A, NY = B3\ B;. For
the function f(z,€) = 3 gi(€)xa;(x) it turns out that ¢ / ¢F = 193 / 200 and
9% / ¢& =1091 / 1095 when the constants {k;} take values as in case 2. In
order to estimate E(fpqy,) in this case we have to apply the general bounds

E(f_) < E(fhonz) < E(f+)7

where
F7C) =g () P and S*(¢) = F (DI

It is straightforward to express c; (t) and c§(¢) in terms of ¢,{k;} and {a;}.
llowever, the Euler equations associated to the minimum problems for finding
I(f7) and E(f1) are highly nonlinear and therefore more complicated to solve.
Nevertheless, due to the facts that ¢y is close to ¢§ and ¢Z is close to ¢t we
observe that the bounds E(f~) and E(f*) are close to each other, particularly
when the variations on the boundary conditions ¢ and the values of the source
¢ in (6) are such that the gradient of the solution, Du, is either large or small.
In the latter case we can just use E(gg |-|*) as a lower bound for E( Jhom)- As
an upper bound for E(f},.,) We can use the value E(f*+)’ defined by

E(f+)’=‘/nf+(Du')da;+./ngu'da:,

where v’ is the solution corresponding to the linear minimum problem for finding
E(q |*?). Clearly, if | Du] is small enough, then’

(7) E(af 1) = E(/*Y,
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i.e. we find that
E(g5 I'1*) € E(fhom) < E(SYY ~ E(qf |'1?),

and, hence, we obtain a sharp estimate of the energy E(f},,,,)-
Proofof Theorem 3.1. Let ¢ € I of the form

o(z,€) = |¢I Z Ai(l€Dxa; -

i=1

We define the following functions associated with ©:
#7(2) = Am(0)XAm(2) + A1(0)XRo\AL (2),

w*(2) = M1(00)X A, () + Am(00)Xmo\A, (2),
(2,6 = I 32 MOXA» 5*(:6) = KIS Mool

=1 i=1

97 (2,6) = p~ () I* and g*(2,€) = put(2) |¢°.

Since,

57(2,6)  57(2,0) S 9(2:8) < 5*(2,6) < g¥(,).
we find that
(8) ' 9,-;0"'(6) < 350"‘(6) < ‘Phom(£) < szom(f) < g;;om(f)-

Due to the fu:t that these functions satisfy the property of cubic symmetry it
holds that ylwm and ’lwm are of the forms ghom(f) I‘Imm |€]* and ”Iwm(o

om [€]? for some positive constants I.* and /¥ hom (sce eg. [6, p. 39]).
ccording to the Hashin-Shtrikman boun(fn for lincar. problems we have that

hg < U om and If o < b, (see e.g. [6, p. 188]). Hence,
ho lflz < vhom(f) < h+ |£I2
and it follows by the definition that
hs €1 < frs- (€) < s, (6) S b I€1°.

" Moreover, if A, is the classical Hashin-Shtrikman coated sphere assemblages,
then it is well known that k} = tg. Combined with (8) this shows that

t3 1€ < Chom(€) < fHs, (6).
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Moreover, by Remark 5 and the definition of fgg, we have

% 1€? < From(€) < Frisy ().

Thus,
h €1 < bpom(©) < frse (€) < bE €7,

where h = fif t} < g5, and h = il t§ > ¢5. Similarly, if A; is the classical
Iashin-Shtrikman coated sphere assemblages, we get that k;" om = Yoo and,
hence, by using (8) once more we obtain that

Ias-(€) < Ppom(€) S 3 IE1°.
In addition, Remark 5 and the definition of fy7g_ yield that

S5 (6) < From(©) < a2 161

Hence, .

hg 117 < S5 () < Ihom(€) < b3 lEF°,
where h = f if ¢}, <13, and h = ¢ if ¢t > t3. The final part of the theorem
follows directly by integrating the inequalities

C(z,0) I? < f(2,€) < C(z, ) KI?

and .
(C(,0)7" ¢]* > f*(x,€) 2 (C(z,00))" |€]?

over Y. This completes the proof. ]

4. The chess board structure

We introduce the following generalization of the classical chess board
structure: Let Y = [~1,1]" and let V be a Y-periodic set such that V NY =
[-1,0]" U [0,1]" . Furthermore, let j

(9) fchm(z, f) = kXcheu(z)fl(f) + (1 - Xchesa(z)) f2(€)’ k> o,

where X peqq i8 the characteristic function of V. We assume that f;(0) = 0 and
that f; is convex and satisfies the growth conditions

(10) c1 €I < fi(§) < ea(iEP” +1),

for some constants ! > 0, 0 < ¢;,¢3 < +00.
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Theorem 4.1. If ¢ pcss 18 the homogenized inlegrand cm'rrspomlm g
to the sequence of integrands { fopegs(h, €))7, , then

Cl(pv k) I£IP < V’ches.g(f) < C"Z(I’) (|£|p + l) )

Jor all £ € R, where limg—4oo Ci(p, k) = +00 if p > n and Cy(p) < 400 if
p<n.

Remark 10. We note that for the chess board structure neither V nor
R"\V is disperse. According to Theorem 2.3, the above result shows that the
macroscopic behavior corresponding to the chesshoard type structure is bounded
similar to that of structures where V is disperse if p < n and that of structures
where R®\V is disperse if p > n.

Proof. Since the case n = 1 is trivial we assume n > 2.

Pehess(€) < Ca(p) (Ti=1 [P +1) : According to the minimum energy
principle, the symmetry of V and the conditions on f; it is easy to sec that

1
Pchess(€) < ] L (l{l" 2" | Du + )P + 1)
for every u € H where H = {v € H E{Y):Dv+e =0o0n v} Hence, the

upper
bound will follow as soon as we have proved that Il is not empty. Let

I =[0,1) and I_; = [-1,0]. If (L4,...,,) is & n-tuple of integers /; € {~1,1} we
let Vi, ...1, be the set

VI,_...,I,. - {a: = (Z1,..y&y) € R":x; € I'l} )
In particular we observe that
Y = Ue-1,13V,cln

Let Z" denote the usual set of points in R® with integer coordinates and let us
define the function u on Y'\Z" by

L 2:-2 zi (1 = Lizi) (li = ) n

ot S wr (1= Ll © € Vient\ 2%
We observe that u is well defined and takes the same values on opposite traces
of Y\Z". Thus u can be extended to a Y-periodic function which is absolutely
continuous on all line segments in R"\Z", parallel to the coordinate axes. More-
over, the classical partial derivatives of u helong to LP(Y) for 1 < p < n. Indeed,
if 2 =(21,..y2,) € Z", 2; € {—1,0,1} then it is casy to show that

i)u(.'c) k]
ox; < |z — |

u(z) = 1-11+31+(1—113‘1)
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for all x € B, = {y : |z — y| < 1/2} and some constant k. Hence,
Ou(z)|?

P L s
/ dx < ky /% (-1-) P ldr = kg/’ 1Py = My aran
.| Ox; o \r 0 (n—p)

for some constant ky, and thereby it follows that

/ du(z)|”

Bz.
Now, by [16, Theorem 2.1.4.] we obtain that u € H'P(Y), i.e. u € H}; perlY),
and, hence, since Du + e; = 0 on V, it follows that u € H.
Ci(p, k) KI” < Pehess(€) :  Let p > n, let C be a positive number and
let @) be the homogenized integrand corresponding to sequence of integrands

{gx(hz, )}z, » where
gk(sn) =k’ xv + (1 = xv) Il .
Furthermore, let Ax be the compact set in R® given by
Ar={§€R": [{|" =1, ¢k ({) < C}

[Ax is compact since @y is continuous in R"]. Let k = 1,2,3,...,. It is easy to
see that Ap41 C Ag. If we can prove that N§2, Ay = 0, then, because each Aj is
compact, this will immediately give us that there exists a positive number hg
such that Ay = @ for k > h¢ , i.e. that gp(€) > C for all [¢] = 1 and k 2> he.
Moreover, since gi(z,-) is p-homogeneous (that is gi(z,2€) = |t|” gr(z,€) ) we
also have that ¢ is p-homogeneous. Therefore, @i(€) > C |€]” for all £ # 0,
k> hc. Thus, because g < fopegs We get that

‘Pchess(f) > CEP St

for all £ > h¢, and, since C' was arbitrarily chosen, the lower bound will follow.

It remains to prove that N2, A;x = 0. Suppose on the contrary that
N2, Ax # 0. Then there exist a positive number C, a vector §£ € R", [¢| =
and functions u; € H: ,-(Y), =1,2,3,..., such that

dz < +00.

1
(&)= inf -—/ ,D 15—,—/ Dus 4 B Y £,
er(§) ven;l;s,m ] [, 9x(2, Do + £) dz T4 |, 9i(@, Dy + §) da

ie.,

_ 1 iy
(11) km/m, |6 + Duyl? de + m/v\v I€ + Dusl? dz < C.
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Hence, we obtam that Dui — —€ on V N Y and at the same time that {ug} is
bounded in H P{Y). Consequently, there cxists a subsequence {uy, } converging

weakly in II -(Y) to an element uo, With Duy, = =€ on V. This implics that
() = -2 &+ u(x)on V,

where  is constant on every unit-cube contained in V. We are going to show
that « has to be constant on V, which is equivalent by saying that w is constant
on VN (Y + 2) for every z € Z" with integer components. We prove this l}ut
for z = 0. The other cases can be scen similarly. Let w(-) = « and u(:) =

on [-1,0]" and [0,1]", respectively, for some constants a and b. Let O be tlw
set of all line-segments parallel to the vector ¢ = Y_I, e; with endpoints in the
plane sets {z € [-1,0]" : 1 =0} and {z € [0,1]" : 2, = 0}. Furthermore, we
let z,...z), denote coordinates relative to an orthonormal coordinate system
such that the zj-axis is parallel to £. For any scgment / € O we have that

r
inf / & = /
v l 1

where infimam is taken over all v € I1''P(l) such that » = « and ¢ = b at each
endpoint of I, respectively. This is easily scen by noting that the solution of the
corresponding 1-dimensional Euler equation is such that dv/dx} is constant.
Observe also that if ! has the endpoint (0,22,...,%,), then |l| = /az,. 1t is
obvious that we can find a spherical segment O, with center at 0 and a radius
ry such that O, C 0. We obtain that

a-—bP

——

i dzy,

o
oz

/ |Du|? dx > / (/ _(‘)_u' 5 d;c'l) daly -« - da), >
o teo \Ji |9z}

a-—DbJP

rl>

a-0b
ds’ .
d.zl) wy oo dal, / I %

(l:c > const/ — " Vdr = 400,
o ¥

2 foo U

2/. vz,

for p > n,i.e. u ¢ H'P(Y), unless a = b. lence, we have that « is constant on V.,
But this gives that u., is not Y -periodic, which is a contradiction, and we can
conclude that our assumption is wrong, i.e. that N, A, = @. This completes
the proof. ; =]

Remark 11. One of the problems in the above prool on the lower
bound was to show that the function u (which is constant on every unit-cube
contained in V) is constant on V. In the case p > n, this fact is a direct
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consequence of Sobolev Imbedding Theorem. Moreover, for the case p = n = 2
the lower bound is casily ;)rove(l since we by the well known chess board formula
have that p(€) = VE |€]2. Accordingly, the above proof on u is only necessary
when p =2 2 3.
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