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In this paper, we study a generalization of the /K -transform. For the kernel-function
~TK, ,,,.,(t) we show that it is a solution of two differential equations of fractional order. A new
real inversion formula is given and a study is realized on some spaces of generalized functions,

Fp,u and .F; u» by employing the adjoint method.
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1. Introduction

The integral transform defined by
(1.1) JEKP f(t) = /0 (tr) VK, (tr) f(r)dr

was introduced by J. Rodriguez [11]. Here K, ,(z) denotes the function
2\*

(1.2) K, (2)=2"""1y|p,v+ 1; (T i

where 7 [p, 3, z] is the function

(1.3) n(p, B, 2] i ./ooo T_pe—-r—;r—pdr,

with p > 0 and |arg 2| < /2. This function has been studied in [5] and [6] and
it generalizes the modified Bessel function of the third kind: :

Ko(s) = ) / r=1e~~Fdr, (Res? > 0).



412 D. I. Cruz, J. Rodriguez

The asymptotic behaviour of the function t=7K,,(t) is obtained from
[5): for t — 0%, ‘

¢r ov—1

L(v/p)t™""" if Rev>0
2v-l '
YK ()= { 5 TW/PWTTT 427 (=0T if Rev=0,v#0
—t= h,% ‘ | A
| 271D (=v)tv— if Rev<O0;
(1.4)
and for ¢t — oo, - p e
= v + 2
(1.5) VK, (8) ~ 20t P L Nt P

p
1/2 ——(2v+1) .,
where Ay = (;—E—i) 2r+1 p’“’*b and A2 = (1 + 1/p)23%p#f.

The ,,K.(,” )_transform includes as a particular case for p=1l,9=-1/2
the K- transform [14],[15] and for p = n € N,y = —1/2 a variant of the
K -transform [10].

The paper is organized as follows. Section 2 is devoted to a new real
inversion formula for the ., K {#)_ transformation. In Section 3 we obtain that the
function t~7K, ,(t) is a solution of two differential equations of fractional order:

9~ 14+2pv—v=2p+1 Dtﬁp-ﬁwpg'w t"""'y(t) +pyt) = 0
(1.6) 27 %Her=7=2041 pyl=2o o=l P 1y(3) — pPy(t) = 0,

where D§,, = (-1)"D3I;.* (n = 1+ [Rea],a € C), D, = d_td'"- = m;‘tl‘"‘D

and

(L7) 12, f(t) = ﬁ% [ * (€™ — tmyE-1em=1f(6)dE, (Rea > 0, m > 0)

is the Erdélyi-Kober operator of fractional integration (see e.g. [4], [12]).

The Mellin transform is obtained in Section 4 for the spaces F,, [7].
Moreover, we define the ., K ,(,’ ) f-transform on spaces .7-';'”, using the adjoint
method.

Finally, in Section 5 we investigate compositions of the , K () [f-transform
with some differential operators and fractional calculus operators on spaces F, ,

and ;;0‘"
For other related results on the subject one can see [2], [3].
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2. A real inversion formula for ,,I\'.(,")-transformation

Nasim [9], in his studies on the convolution transforms, proved an inver-
sion formula for the Meijer transformation. The method employs differential
operators of infinite order. Here we use a similar procedure to obtain an inver-
sion formula for the , K .(,p )_transform and as special cases, inversion theorems
for Laplace and Meijer transformations [1].

Theorem 2.1 Let f € Ly(RY) such that F(s) = M{f}(s) € L4 (% — 100,
+%ioo) and :
1
/ == | f()] dt < .
(]

Given G(y) = -.,K.(,p){f}(y) and § = a:;;l—x, define

H@=)=p [ ~ (y2) ™, (z9)G(y)dy,

where
z2\* .1 v41 ¢ i 3
I,,(2) = (-) =y g ], HpBiz) = Y  —m———.
Gt 3) 9 e 2 T B)
Then,

Zein (3047 +1-8) ) = f(a)

for almost all x > 0, provided —1 < Rer < % — Re1.

Proof. Note that the integral defining G(y) = K (0 {/Hy) is absolutely
convergent due to the hypotheses and the behaviour of K, ,. Further, H(2) can
be rewritten as follows:

HE@) = p [ @2 Lu(e)Glo)dy

p [ ey putan) [0 Kyt Sty

P /:° f(t)dt ,[)oo(y‘)_ql"p,v(.'It)(!lw).ﬁl[p.V(-"’y)dy-

The interchange in the order of integration is justified by the absolute
convergence of the corresponding double integral.
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Now, by virtue of [11, p. 310, (2.5)], if Rer > —1, by making a simple
change of variable one has,

H(z)= /0 1 f(Ok(x )t

uu+'7+1 2
where k(u) = T € L*(R*)if Rev + Rey < §.
Hence, according to Parseval equality for Mellin transform (see [13, p.

60]), we obtain -

H) = == [ Fa)K(s)zd
(.’t) = '2; 1/2ico (8) \(8)1‘ Sy

with K(s) = M{k}(s) = JcosecF(s+ v +7+1)[1, p. 309].
Moreover, if (K(6))~" is understood as the differential operator of infinite
order

(K(6)™' =

1__(1/+')'+1--6)2
4k2? ’

!
. T "
sin 2(u+‘7+1—6) a= lllrgo(u+7+1—-6)g

RN

then, since F(} +it) € L1(R), by applying the dominated convergence theorem
we can conclude

[24i00
KO @)= 5 [ Fo)a~tds = f(a)

for almost all z > 0.

3. Solution of some differential equations

In this section, we show that the kernel =K, () of integral transfor-
mation (1.1) is a solution of the differential equations (1.6). For this, we begin
with the following lemmas which can be found in [11].

Lemma 3.1 ([11, p.307, Prop. 1]) Let « € C (Rea > 0) and at? > 0,
then . :
(3.1) (e ) =a"%"",

Lemma 3.2 ([11, p.307, Prop. 3]) Define N, ,(t) = t*K, ,(t). Leta € C
(Rea>0),v € C,n=1+[Rea] and p > 0. Then

(3.2) I;,;aNp,u(t) = 2n—aNp,u+u-a(t)-
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Lemma 3.3 ([11, p.308; P-rop. 4]) Let « € C (Rea > 0), v € C and
p>0. Then

Corollary 3.1 Let a € C (Rea > 0),8 € C(R»eﬂ > 0),» € C and
p>0. Then

(3 4) (D2,w p,v) (t) 2= p,u+ﬂ-a(t)9

(3.5) (BuD5u Now) (1) = 2°7°N,uip-alt).

Corollary 3.2 Letve€ C,p>0and m=1,2,.... Then
(3.6) .D{_."N,,,,,(t) = (-1)"27" Npp-m(?).

Corollary 3.3 Leta, § € C (Rea > 0,Re > 0), v € C and p > 0.
Then ’
'D‘z”ng,wN pw(t) = Dg,w’Dg.wN pw(l) = Da+pN pw(t)-

Theorem 3.1 If we denote L, = 271+2°pv=7=20+1 Dy20-2plh v+,
where v,y € C and p > 0, then

3.7 . Lot Kpu(t)) = —pt™ K, (2).

Proof. By.deﬁnition, we have
C: (t'_"y Kp..,(t)) = 2—l+2ptu—;y—2p+l Dt?p-Zung'w v K,,,,,(t)
9-14+2pv=v-2p+1 Dtu-”pg'w Np,u(t)
= 2277 [(p- v)D},, - *D5Y | Nou(t).
By (3.3), [11, p.308,(1.15)] and integrating by parts, we obtain
Ly (K, (3)) = —2¥rr? /0 < 'diz- (z" "’e‘g‘) e (1) dz

= _pt-u—‘yNP’y(t) = _pt—‘va'y(t)n
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Theorem 3.2 Let Jy = 2-2iepv=1=20+1 Dl=20 Dy1p=2D2 1v47 | where
v,y € C and p > 0. Then,

(3.8) T (7K, (1) = p*U77 K, (2).

Proof. By the definition we have
Ty (K, (1) = 29777 (v = p)(v = 20)D30, FH77K (1)
~(1= 22+ 3p)8DP VK, (1) + DY UK, (1))
= 20777 (v = p)(v = 20)D3 Npu(t)
~(1 =204 3p)PDF N, (1) 4 £'DYF N, (1))
= 297 (v = ) = 2002 Npu-y(1)
~(1=20 4 3p)° 277 N, gy () + £127%72N,, g0 (1))

2 ’
= Q~v=1+4py=y-v /oo ((u -p+ t;) z""z”e'g) e~()"de.
0

The integration by parts gives

00 2 2 -v
TR ult) = 27 30 | (u gy f-) e (1 o,
0

2\’ 2
From the formula (z""e‘%) = (V ol 5 '-:-) 2"=?=1¢=% we obtain

00 2 /
T = 9 [ (srree) A8,
0

Again, the integration by parts gives

Ty (77K pu(1))

1 e s / Yot Se (B ay
0
PN, (t) = pP7 K, (2).
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4. K () _transform on spaces of generalized functions

A. McBride [7] defined ¥, , as follows: let u € C,
Fow = {‘P € C*(RY): z"-‘%(m‘“(p(z)) € L’(R*),Vk € N} ;
with 1 < p < oo and
Foop = {(p €C®(RY): z"di:,;(z'“cp(z)) — 0, where 2 — Oand x — oo,Vk € N}

if p = oo. From In 8] it is seen that the space ¥, , is closely connected to the
Banach space L, , of Lebesgue measurable functions f(z) such that

W= (170 2) " < o

Proposition 4.1 Let 1 < p< oo, p € C,v € C,7y€ C,p > 0,
1/p+1/p =1 and .
(4.1) Rep > —;,-+|Reu|+Re7.

Then .,K.(,” ) is a continuous linear mapping from Ly into Ly 9,y and from
Fou into Fpopppy-
Proof. By (1.4) and (1.5) the integral

o0
/Ooxaep—l/p |IC(a:)|dz=/ xnen—l/p|Ku'p(z)|dx
o 0

converges provided that (4.1) is satisfied. Then Proposition 4.1 follows from [7,
pp. 158-159, Th. 8.1 and Cor. 8.2] and the proof is over. B

The Mellin transform (Mg)(s) of a suitable function (1), t > 0, is
defined by

o0
(4.2) (Me)(s) = /0 =1 (1) dt.
Lemma 4.1 Letp> 0, v€ C,v€ C, s€ C and
(4.3) Res > Rey + |Rev|.
Then

(44) MK, (0)(s) = p~12°=7-2T (" " :,,_ ") r (’ = 7) e
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Proof. The asymptotic behaviour of K,, guarantees (4.4). By (4.2)
and (1.2) we have after changing the order of integration '

s [* e (B
MK, () s) = 27 / P / r=le=re \¥) drat
0 0
2\°P
= 2~v1 /oo p=ie=T /oo t"'lt""'e-(i_") dtdr
0 0

= 271 /“ r="le~"(2p)™! (41')"1%_'1 r (——8 v 7) dr.
0 2p
The relation I'(z) = [5° 7*~1e~"dr (Re z > 0) yields
M(t77K,,(t))(s) = p~12°~27"T (" 2 ;’p‘ 7) r (" - ;' 7)
and (4.4) is proved.
The Mellin transform M for ¢ € Fp,, is defitied by
‘ ) )
(4.5) (M) (s) = /o #*~lp(t)dt, Res=1/p—Rep.
By [8], we have for 1 < p < 2 and € C that M is a continuous linear mapping
Proposition 4.2 Let 1 <p<2,40€C,veC,v€C, p>0and
(4.6) Reu > —1/p + |[Rev| +Rev, Res=1/p + Rep.
Then, for ¢ € F,,,, the Mellin transform of K" ¢ equals -

(@ (;KP) (9 = p72r (LT 1 (222 2T) (M) (1 - o)

where s = },—Rzp+it.
Proof. By Fubini’s theorem and (4.4), for a sufficiently good function
¢ € C°(RY), we have

M (KL o) (s) = /o = /o Z () K . (t7)p(7)dr dt
./o 5 e(r)dr ./o ¥ gt (tr)™ K, (tr)dt
Lo [Ty Ky
M (y7K,,,(y)) (8) M) (1 - 8)

= e (S (S22 (Me) 1 - )
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and (4.7) is proved for ¢ € C°(R*). By [7, p.18, Cor. 2.7], C3°(R*).is dense
in F,, and hence, the relation (4.7) holds for ¢ € F ,..

Propositionti.sForl5p5m,;¢€C,u€C,7€C,p>0and
Rep > —1/p' + |Rev| + Rey, we have

(4.8) L GEDS) @)z = [~ fz) (KPg) (2

holds for ("~} € fp’”, f € ]:p"”_l_'_z/p' a“d P € LP,II’ f € Ly"“-l-f-Q/p"

Proof. By Proposition 4.1, .,Ksp)f and .,K.(.")cp exists for f € J-'P:.“_l_._z/’,
and ¢ € Fp 4, respectively, provided that (4.1) is valid. It is easily seen that the
equality (4.8) is true for functions of Cg°(R*). Then, to prove (4.8) for ¢ € F, ,,
fE€Fy ur4ayy 30d Q€ Lpyy f € Ly 1.0, it is sufficient to show that both
sides of (4.8) are bounded linear functional on L, , X Ly 142 /o' Applying the
Holder inequality and the definition of the norm of L, , we obtain

/o (KD ) (2)p(a)] dz = /o "l e(@)| e (KD ) (2)] do

IA

o~ 1/p [ oo o\
-4 P " (0) P
( /D e~ (z)| dz) ( /o | (+K91) ()] d:c)
(0)
"‘P"p,p Il‘YKu fllp',-p .
By Proposition 4.1 with p replaced by p’' and u by p=-1+2/p,

&P, _, < BN ergagy > 0)

and hence

) Y
U™ GEOS) @)z < el 11yt oy

This shows that the left hand side of (4.8) is a bounded linear functional
on LpuXLy , 1.9 /o' The same result for the right hand side of (4.8) is proved
similarly. ’Iph}s completes the proof of Proposition 4.3.

Proposition 4.3 allows to define the generalized ., K {#) ¢_transform on b A
when 1 < p < o0, p,7,7 € C, as follows. For every f € ]-';,m the generalized

4K () f-transform is defined through
(4.9) < KW f,0>=< f, KPP >
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with ¢ € F, 2/p— 1.
Then by Proposition 4.1 and by (4.9), we arrive at the following result.
Proposition 4.4 LetlSpSoo,pGC,uGC,7éC,p>0
and Rep < 1/p— |Rev| — Re7. Then the operator K is a continuous linear

mapping of .7-';,',, into p2/p—u—1"

-(p)

5. Composition of the , K,"”’-transform with some operators

Next, we investigate the composition of the K ,(,") [- transform with some
differential operators and fractional calculus operators on McBride’s spaces F,, ,

and }-;»I‘

Proposition 5.1. Suppose 1 < p < o, p,v,y € C, p > 0. For every
¢ € Fp,u we have
(a) DI (:c""'" K(‘”(t'z"‘go(t))(z)) = (=1)m2-mgrtv-m I‘(-m (=™ (1)) (2)
Jor m € N and Rep > —1/p' + |Rev| + Rey + 2m.
(1) &= KL (4 (27 DT 1)) (2) = 270 o K2, (87 (1)) (2)
for m € N and Rep > —1/p' + |Rev| — Rev + 2m.
(c) Ig (¥ + .,K“’)tp)(z) = g¥tria .,I',(,ﬁ_)a(t“"v(t))(z) when Rea > 0 and
Repu > —1/p" + Rev + |Rev| + 2 Reo.
(d) DY (247 , KL p(z)) = (~1)1+llz= 04D potr—a KO (15p(1)) () when
Re @ > 0 and Rep > —1/p' + Rev + |[Rev| + 2 Rea.
Proof. We shall prove (a) and (c). The equalities in (b) and (c¢) can be
proved in a similar way. According to Proposition 4.1 and [7, p.21, Th. 2.11 and
p.26, Cor. 2.15] the left and right hand sides of the equality of (a) are continuous

linear mappings from Fp , into F, 3/, y4v4+-1 Provided that thecondition of (a)
holds, applying (1.1) and (3.6), we have

Dy (/:o z""””(zt)""lx’,,,.,(:t:t)t‘z"‘w(t)dt)

D3 ( /o : ::“t"K,,,,,(a:t)t'”"’t"z"‘q:(t)dt)

o0
= /o t™AM DR N, ()™ p(t)dt

s P D Y \
/o ¢~m (2— z" 5) N, (zt)t~=7 p(t)dt.
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Changing the variables 2t = u, we obtain
“DpN 2)" o (u)z) T
= [T DP N, (W) ot/ T
0 A
= (_1)m2-—m/ Np,u—m(-'”)'—u_’ltp(t)dt
o .

(o]

(=12~ / (@)™ K gy ()"~ (1)
0

= (=1)ymgmartr-m /o T @)Ky ()™ ()

which proves (a).

By Proposition 4.1, [7, p.21, Th. 2.11 and p.56, Th. 3.23] and the
condition of (c), the left and right hand sides of the equality of (c) are continuous
linear mappings from Fp,, into F, 3/p_ y4vtvi20-1- For @ € C(RY), we get

2 a0 2ya—1 vty (»)
— [ U - 2 et K P o(t)dt

I;w(tuh ‘YKI(IP)‘P)(x) = I\(a) L

= f\(laj L ) i - 27! -/o oo(tr)_" Y K, (ir)e(T)drdt
= i‘_(za_j ./t°° i(t2 - '32)0-1 /o°° = (tT)pI\'p,y(tf)f_uw(‘l')drdt

2 o0 gt o0 s o 4 & f"
= _l‘(a)[, t(1? - 2?)~ 1‘/0 2 l/o e (‘_-)'e'("")pds'r""”gp(r)d‘rdt.

Invoking I§”',,,e‘:-1‘2 = (%’)-a e Za? and changing the order of integra-

= /ow ™7 9(r)dr 27! ./ooo - g .I-‘-(?;)- /:0 (2 - z’)""e'.“_:ﬁdt e~ (/0 4g
= /o i r ke /0 = 8¥ 'lr'z"s"e'u':ﬁ e~ (/9 qq

= [T () Nysalariir

= ./o 7 2 (1) (27) YK, pra(2T)dT

= grivie /o T @) Kpppalar)rog(r)dr = a4 KO (r-20(r))(2).

Since by (7, p.18, Cor. 2.7], C5°(R?Y) is dense in F,,, the result is
obtained for ¢ € Fp .. [
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For the next result we first recall the definition of the Erdélyi-Kober
operators of fractional calculus I3 f, (1.7), for f € .1-';,,,, given in (7, p.77, Def.
3.51 and Th. 3.52). ‘

ForacCand2—Reu#1/p —2,1=0,1,2,..., we define I3, f as

<I3ufyep >=< fialy o >

Moreover, I, is continuous linear mapping from F, ., into .1-',','“__2‘,.

P

Proposition 5.2. Letl < p < oo, pt,v,7 € C, p > 0. For every f €
and .7";,'“ we have

(a) =¥ K (742271 D=1 ym f(1)) (z) = 2-ma=m K, (17+™ f(1)) (=)
for m € N provided Rep < 1/p— 2m — |Rev| + Rev.

(b) Dpz+1,KP) (=3 f(1)) (z) = (~1)m2-mav+r-m KO (=™ f(1)) (z) for
m € N when Rep < 1/p — 2m — |Rev| — Req.

(c) KL (14 £(1)) (2) = 27 4K o (441 (1)) (2) when Rea >
0, Reu <1+1/p— |Rev|+ Rev,and Reu # 1+ 1/p+2l, | € N.

(d) LK (tu+‘r+l Izl"l"["]“”t—l(2—l D11+l f(t) (z) =(—1)1+lelg-1-lelge, g(0)
z*7=af for Rea > 0, Rey < 1/p— 2Rea + Rev — |Rev|,and Reu #
1/p+ 2(l-1-[a]), 1 € N.

Proof. As in the previous proposition, we shall prove (a) and (c) since
the equalities in (b) and (c) can be proved in a similar way. By the condition of
(a), [7, p. 32, Th. 2.22] and Proposition 4.4, the equalities of (a) are continuous
linear mappings from .7-';'” into };’2 Ipeptirto1

By (4.9) and (7, p.32, Th. 2.22] we have

< z”m K (27 DY, 0 >=< f,(~1)" Dt LK P Imy,
and by Proposition 5.1, (c) and [7, p.32, Th. 2.22] we get
=< f,(=1)memgrtv-m ge) pmmy sog gmmgmm g privemp o
This proves (a).
By the condition of (c), Proposition 4.4 and [7, p.32, Th. 2.22 and p.77,

Th. 3.52], the left and right hand sides of the equality of (c) are continuous

linear mappings from ¥, , into .7-';,'2 Y S
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By (4.9) and (7, p.32, Th. 2.22 and p.77, Def.3.51] we have
< .,K‘(,p)t"""'""l_[;”‘ fro>=<f, zlg.w 2 1gvtr+l 'yKa(;p)‘P o

and by Proposition 5.1 (c), (4.9) and (7, p.32, Th. 2.22 and p.77, Def.3.51] it
follows that

=< f,zz*trre KW (t72p(t)) >=< 27 K¥) 2ot [0 >
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