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Abstract Linear algebraic systems involving linear dependencies between in-
terval valued parameters and the so-called united parametric solution set of
such systems are considered. The focus is on systems, such that the vertices
of their interval hull solution are attained at particular endpoints of some or
all parameter intervals. An essential part of finding this endpoint dependence
is an initial determination of the parameters which influence the components
of the solution set, and of the corresponding kind of monotonicity. In this
work we review a variety of interval approaches for the initial monotonicity
proof and compare them with respect to both computational complexity and
monotonicity proving efficiency. Some quantitative measures are proposed for
the latter. We present a novel methodology for the initial monotonicity proof,
which is highly efficient from a computational point of view, and which is also
very efficient to prove the monotonicity, for a wide class of interval linear sys-
tems involving parameters with rank one dependency structure. The newly
proposed method is illustrated on some numerical examples and compared to
other approaches.
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1 Introduction

This paper deals with the solution of linear algebraic systems involving depen-
dencies between interval-valued parameters.

Denote by R™*™ the set of real m x n matrices. Vectors are considered as
one-column matrices. A real compact intervalisa = [a™,a"]:={a € R |a™ <
a < at} and IR™*™ denotes the set of interval m x n matrices. We consider
systems of linear algebraic equations having affine-linear uncertainty structure

A(p)z = a(p), pepelRX,
K K (1)

Ap) = Ao+ > prAr,  a(p):=ao+ Y _ prax,
k=1 k=1

where Ay € R"™*" qp € R", k = 0,..., K and the parameters p = (p1,...,
pi) " are considered to be uncertain and varying within given non-degenerate!
intervals p = (p1,...,Px) ' . Nonlinear dependencies between interval valued
parameters in linear algebraic systems are often linearized to the form (1) and
methods for the latter are applied to bound the corresponding solution set.
The united parametric solution set of the system (1), which is considered most
often, is defined by

ini = Zuni(A(p), a(p),p) := {z € R" | (Ip € p)(A(p)z = a(p))}.  (2)

For a nonempty and bounded set ) C R", its interval hull (0% is defined by
08 :=(|{x€IR" | & Cx}.

Since obtaining exact bounds for the solution of an interval linear system is an
NP-hard problem [20], a variety of interval methods are developed to deliver
efficiently an interval vector x O X* . and the quality of the latter enclosure is
measured with respect to the sharpest enclosure OOX* . which is the ultimate
goal.

The focus of the present research is parametric united solution sets (2)

which possess the so-called endpoint property.

Definition 1 A parametric united solution set (2) possesses the endpoint
property if the vertices of its interval hull are attained at particular endpoints
of the parameter intervals.

Graphical presentations of solution sets with this property can be found in
[16, Example 5.2] and Fig. 1. The endpoint property is possessed partly if the
vertices of the interval hull solution (X . are attained for particular end-
points of some (not all) parameter intervals. Graphical presentations of such
solution sets can be found in [16, Examples 4.1 and 4.2]. Note that the end-
point property of the solution set is possessed (fully or partly) by a very wide

class of interval parametric linear systems. This property is proven in [11] for

1 An interval a = [a~,a™T] is degenerate if a~ = a™.



parametric linear systems involving rank one uncertainty structure. More gen-
erally, this property follows if the boundary of a parametric united solution set
has a linear shape. Furthermore, the boundary of a united parametric solution
set may involve hypersurfaces which are nonlinear and the endpoint property
might hold true, see [16, Example 5.1]. If the endpoint property of a solution
set holds true with respect to all (or some of the) interval parameters, one can
obtain the best interval solution enclosure JXP . if the endpoint dependence
is known (or a solution enclosure which is sharper than the enclosure obtained
by methods not accounting for the endpoint property). In other words, it is
possible to obtain a better solution than usual if the endpoints that generate
the lower/upper bounds of the interval hull (component by component) are
known. The ultimate goal of most scientific and applied problems (an interval
solution enclosure which is most close to X7 .) highlights the importance of
the basic problem considered in this work: to prove that the vertices of the
exact interval hull of a parametric united solution set are attained at partic-
ular endpoints of the parameter intervals and during this proof to find which
endpoints of the parameter intervals generate the lower/upper bounds of the
interval hull components. Usually, the endpoint property and the endpoint
dependence are considered simultaneously by interval numerical methods.

J. Rohn was the first who proposed to exploit monotonic influence of the
interval parameters on the parametric solution set for its sharper interval en-
closure, cf. [18]. This approach was further developed in [3], [10]. In [1], Gane-
san et al. developed analytical methods to find the monotonic dependence of
the solution components on the rank one interval parameters involved in the
system. Both the numerical approach, initially proposed by Rohn, and the
analytic one in [1] are based on determining the sign of the partial deriva-
tives of X . with respect to interval parameters. The numerical proof of the
endpoint dependence is in general an iterative process, it may involve prov-
ing both global and local monotonicity and at each iteration requires solving
interval parametric linear systems, cf. [10]. An essential part of proving the
endpoint dependence is the first iteration, where the initial monotonic depen-
dence of the solution components on some interval parameters is proven. The
efficiency of the initial monotonicity proof in the first iteration has various as-
pects discussed with more details in Section 2. An essential improvement in the
computational complexity of the initial monotonicity proof is proposed in [12].
Recently, an attempt to compare three approaches for the initial monotonicity
proof is done in [22].

The goal of the present work is two-fold:

1. to propose a new approach for the initial monotonicity proof (finding the
endpoint dependence), which is highly efficient, both computationally and
for proving the monotonicity, for interval parametric linear systems involv-
ing true rank one interval parameters2;

2. to provide enhanced analysis and comparison of the methodologies for prov-
ing the initial monotonic dependence.

2 True rank one parameters are defined in [13].



The paper is organized as follows. In Section 2 we discuss several aspects of
the initial monotonicity proof. This motivates different approaches for imple-
menting the latter, that will be compared in Section 4. Section 3.1 recalls three
different methods for obtaining a parameterized enclosure of a united para-
metric solution set. These methods will be part of the numerical comparisons
done in Section 4 and provide a background for a novel initial monotonicity
proving method presented in Section 3.2. The new approach efficiently utilizes
a parameterized solution in a single monotonicity proving procedure, which
fully accounts for the dependencies on the interval parameters in the partial
derivatives. In Section 4 we propose various measures for the efficiency of the
initial monotonicity proof of a given approach. In this section we discuss five
monotonicity proving approaches, some of them in two versions, and compare
them on some numerical examples. The article ends by some conclusions.

2 Aspects of the initial monotonicity proof

We consider the system (1). If A(p) is invertible, then the solution of the
parametric system, z(p) = (A(p))” " a(p), is a real-valued function of the pa-
rameters p. If, in addition, A(p) is nonsingular for each p € p, then the solution
set X . is bounded, respectively the range of z;(p) is bounded on p. If a so-
lution component i of a bounded solution set is monotonic with respect to all
parameters p, then the lower and upper bounds of (OX? .). are attained at
respective endpoints of p corresponding to the type of monotonicity. Proving
monotonic dependence of X . with respect to a parameter py, k = 1,..., K,
can be done by enclosing the united solution set of the following interval para-
metric system of partial derivatives

Oz(p)  da(p) OJA(p)
Alp) opr  Opx Ok

o)) S
o [B0] 55 ). @

z(p), peEDP. (3)

Let

Ifo ¢ [%fz} , then z;(p) is monotonic with respect to py in p, and sign(z,;)
2 ox(p)
Opk
cannot be proven, although it may exists. Due to overestimation in the inter-
val enclosures (4), monotonic dependence of some solution components with
respect to some interval parameters might not be proven. As discussed and
illustrated in [10], proving endpoint dependence (called there global and local
monotonicity) is an iterative process. Therefore, we call the first solving of

systems (3) initial monotonicity proof.
Since z(p) in (3) is not known, it is usually estimated by an outer interval
enclosure x 2 XP .((1)) of the initial interval parametric system (1). The

uni
quality of the enclosure for x determines the quality of the enclosure for z, thus,

gives the type of monotonicity. If 0 € [ ]_, the monotonic dependence
2



influences the proof of monotonic dependence. Also, in x the dependence on the
parameters p is implicit, which may lead to an overestimation in the enclosure
provided by zj resulting in a failure of the monotonicity proof. Therefore,
various modifications and alternative approaches aiming at a sharp interval
aglgf ), that eventually could prove monotonicity, are proposed,
cf. [4], [22]. These approaches have different computational complexities and
different efficiencies in the monotonicity proof.

It was proposed in [4] and studied in [22] that an interval enclosure for the
following interval parametric linear system

A 0 T

for each k = 1,..., K, provides a better assessment of the monotonic depen-
dence than the other considered methods.

Usually, the interval methods (providing interval enclosure of OX? .) gen-
erate numerical interval vectors that contain the solution set and its interval
hull. A new type of solution, x(p, r), called parameterized or p-solution, is pro-
posed in [5]. This solution is in the form of an affine-linear function of K +n
interval-valued parameters

enclosure of

z(p,r) =2 +V(P—p) +r, peEp, rer=|[-717, (6)

where #,7 € R", p € p, V € R**K will be precisely defined below for each
method. Some representations move Z into the interval vector r and consider
the parameters p, r varying independently within the interval [—1,1]. The pa-
rameterized solutions have the properties

xpi S{zp,r) |pep,rer}, (7)
Dzﬁnz g fl?(p, I’), (8)

where z(p, r) is the interval evaluation of z(p, ). There are various approaches
to find a parameterized solution depending on K + n parameters, see, for ex-
ample, [21] and the references given therein. Theorem 1 in Section 3 recalls
the simplest single step method for obtaining the p,r-solution to an united
parametric solution set X .. In [22] the authors consider proving the initial
monotonic dependence by solving the derivative systems (3), where x(p) is
replaced by a parameterized solution (6) depending on K + n interval param-
eters. In [22], both the initial parameterized solution z(p,r) and the interval
enclosures of the derivative systems (3) are obtained by the computationally
heaviest methods based on affine arithmetic. In this work (Section 4) we com-
pare the initial monotonicity proving approach based on three different forms
of parameterized solutions, none of them applying affine arithmetic.

For all kK = 1,..., K, the interval parametric systems (3) have the same
interval parametric matrix. Therefore, it is proposed in [12] that the initial
proof of monotonic dependence be done by solving one interval parametric
matrix equation

A(p)Z(p) = B(p), pEDP, (9)
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where Z(p), B(p) € R"*X and ag;f ), ag}gf ) 3(‘%;: ) 3:(p) are the k-th columns of

Z(p) and B(p) respectively. Thus, solving one matrix equation will save K — 1
inversions of the same matrix when solving separately K systems (3). A nu-
merical example in Section 4 will demonstrate the huge difference. Therefore,
in this work all initial monotonicity proving methods, except the one based on
(5), are implemented by solving one interval parametric matrix equation.

Since all the proposed approaches for proving monotonic dependence re-
duce to solving (other) interval parametric linear systems, the efficiency, in
terms of the width of the enclosure, of these approaches will depend on the
quality of the numerical interval methods used for solving interval paramet-
ric linear systems (or matrix equations), referred here as interval parametric
solvers. The different interval parametric solvers have different computational
complexities and the quality of the enclosure they provide often depends on
the structure of the parameter dependencies. In this work we illustrate the
application of two kinds of parametric solvers: one based on the single-sided
strong regularity condition (11), and another based on a more general double-
sided strong regularity condition (15). A comparison between the two kinds of
parametric solvers is done in [13]. In Section 4 we only discuss the application
of these solvers in the initial monotonicity proof.

3 New approach for finding monotonic dependency
3.1 Background

For a = [a™,a™], define its mid-point @ := (a~ + a¥)/2, the radius a :=
(a* —a™)/2 and the magnitude |a| := max{|a~|,|a™|}. These functions are
applied to interval vectors and matrices componentwise. The inequalities are
understood componentwise. The spectral radius of a matrix A € R™*" is de-
noted by o(A). The identity matrix of appropriate dimension is denoted by I.
For Ay € R™™™ 1 <k <t, (A1,...,A;) € R denotes the matrix obtained
by putting side by side the columns of the matrices Ag. Denote the i-th col-
umn of A € R™*™ by A,; and its i-th row by A;,. For an interval matrix A =
[I — AT+ A] € IRV™ with o(A) < 1, [19, Theorem 4.4] determines the in-
verse interval matrix H = [H, H] = [min{A~! | A € A}, max{A~! | A € A}]
by

(hij) = (I —A)",

T I
(hij), ﬁij:{—hij ifi # 7, QEM;J—l 1fz:]}.

(10)

[SSESY
[

The following theorem, modified from [6, Theorem 1], recalls the simplest
single step method for obtaining a parameterized solution enclosing X7

uni*

Theorem 1 ([6, Theorem 1]) Let A = A(p) be nonsingular. Denote & =
-1 o —1
(A) “a(p), F=(a1,...,ak), G=(Aid,...,Axi), B"=(A) (F-G).



Assume that p
(Sl

The united p, r-solution x(p,r) of the system (1) exists and is determined by

ﬁi) <1 (11)

z(p,r)=2+V(p—p)+r, pep,re|[-r7eclR", (12)

where V = HB?, # = H |B°[p, and H, H are the midpoint and radius matrices,

respectively, of the inverse interval matric H = [H, H] obtained by (10) for
g — 1 .
A=Y (A7 A b

In [13] the condition (11) is called single-sided strong regularity condition.

We consider another form of the parametric system (1). Let £ = {1,..., K}
and 7, 7" be two subsets of K such that 7’ N#” =0, 7’ Ur” = K, Card(x’') =
K. The indices of the parameters that appear in both the matrix and the
right-hand side of the system are involved in 7/, while 7" involves the indices
of the parameters that appear only in a(p) of (1). For pr = (Dry,-- s Pax)s Dpn
denotes a diagonal matrix with diagonal vector p,. For every parameter pg,
k € 7', we consider a full rank factorization of its coefficient matrix Ay € R™"*"

Ap = LRy, L e R"% R € RXM ~p = rank(Ayg). (13)

Also, prAr = LiDg, (p,) Rk, where gi(px) = (Pks--.,pr)" € R™. We define

T
K
Y= Zk=11’7kv g(pW’) = (g;—(pw’l)v-'-vgl-l;l(pﬂKl)) , L = (le"'vLK1) €

R™  R=(R{,..., RIT{I)T € RY*™ | A numerical vector ¢t € RY is chosen so
that > wen Prak = LDy, i, (for example, by solving the latter equation with
respect to t), and F' € Rn*Card(m”) g such that a(p) = ao+ LDy yt+ Fpgo.
Then, the system (1) has the following equivalent form

(Ao + LDg(p",)R) x=ao+ LDy Ht+ Fprr, pEDP. (14)

For each parameter g; = (g(px’)),, its coefficient matrix A; = L4;R;e has rank
one. Although the coefficient matrices Ay, in (1) may not have rank one in gen-
eral, some sufficient conditions for regularity of an interval parametric matrix
are based on its approximation by another matrix with rank one uncertainty
structure, cf. [13]. The latter means that each instance of the parameter p; is
cloned as a separate parameter, in the diagonal matrix D, and each of these
clones is considered independently. We assume that (14) provides an equiv-
alent, optimal, rank one representation (cf. [13], [14, Definition 1]) of either
A(pyr) — Ao, or of AT (pgr) — Ag . Every interval parametric linear system (1)
has an equivalent, optimal, rank one representation (14) and there are vari-
ous ways to obtain it, cf. [9], [13]. The representation (14) of the system (1)
is closely related to the monotonicity properties of the parametric united so-
lution set and is a background for the newly proposed monotonicity proving
approach.



Theorem 2 ([13]) Let (14) be an equivalent, optimal, rank one representa-
tion of the system (1) and let the matriz A(p) be nonsingular. Denote C' =
(A(p))~" and & = Ca(p). If

o (|(RCL)Dy(p,, —p,.,)

) <1, (15)
then

(i) Xuni (A(p),a(p),p) and the united solution set Xyni((16)) of the interval
parametric linear system

(I = RCLDy_,—p.))y = RE — RCF (prn — prv) — RCLDgg5 ,—p )t
pep (16)
are bounded,

(i) y 2 Xuni((16)) is computable by methods that require (11) (cf.[13]),
(iii) every x € Xyn; (A(p),a(p), p) satisfies
@ € & — (CF)[=prr,brv] + (CL) (Dy(j=p, pmly —t) . (17)
The condition (15) is called in [13] double-sided strong regularity condition.
Its proof is based on the Woodbury formula [23]. Note also, that equation (16)
is obtained from equation (14) by the substitution y = Rz. Theorem 2 is a
background of Theorem 3 which presents two different parameterized solutions

to the system (14) and summarizes the results of [14, Theorem 4] and [15,
Theorem 3].

Theorem 3 Let (14) be an equivalent, optimal, rank one representation of
the system (1) and let the matriz A(p) be nonsingular. Denote C' = (A(p)) ™"
and & = Ca(p). If the condition (15) holds true, then

(i) there exists an united parameterized solution of the system (1), respectively
the system (14),

z(p) =& — (CF) (pxrr — prr) + (CLDjy—y)) g(Br — Pxr), PED, (18)

where y 2 Xuni((16)) is computable by methods that require (11);
(ii) there exists an united parameterized solution of the system (1), respectively
the system (14),

I(p, T) =I— (CF)(ﬁﬂ” - pﬂ”) + (CLDﬂ—t)g(ﬁw’ _p7r’) +
pep,rer=I[—77+, (19)

where § = RE, y O Xuni((16))is computable by methods that require (11),
and 7 = |CL|Djy_59(Px)-

(iii) with the same'y used in (17), (18), (19), interval evaluation x (p) of z(p)
(18) is equal to the interval evaluation x (p,r) of x(p,r) (19), and to the
interval vector x obtained by Theorem 2.

Although it is obtained by a better enclosure method, the parameterized
solution (19) is similar to that of Theorem 1. For parametric systems involving
only rank one interval parameters the parameterized solution (18) depends
only on the initial K interval parameters, while (19) depends on K +n interval
parameters, thus the latter one is greater than the former one.



3.2 Main result

Proposition 1 With the notation of Theorem 3, if (15) holds true, then
DZuni((16)) €y (p,r) = 5 (p), (20)

where yM) (p,r) is the parameterized solution of (16), obtained by Theorem 1,
and

v (p) =i+ H (B® (bx — px))

=i+ (H|B) (br —pr), DEDP,
where B® = RC (—F,LDy_K), n = (z", '), K € RY*Card(®) js defined by
0 /
Ko = 99(pr) ), for every i € 7', (21)
Opi

and H = (I —|RCL| Dygs_)) "

Proof We apply Theorem 1 to the interval parametric system (16). The matrix
BO for this system is

B = I (—RC (F,LD,K) + RC (0, LD;K)) = RC (—=F, LD;_,K) .

For A = |RCL| Dy _,), by (10), we obtain the corresponding inverse interval
matrix [F, H ] Theorem 1 implies the existence of

y(l)(p’ r) =9+ (HBO) (Px —Dx) +7,  Px € Py € [F, 7], (22)

where 7 = H ’BO ’ Pr, with properties (7), (8). From the interval evaluation of
(22), that is y™(p,r) = § + [~§, ], where

j = H|B®|px + H|B°|pr = H|B°|pn,

we obtain
y P (p) = g+ H (B® (br — pr)) = §+ (H|B°|) (br —Px), DPr € Pr
and the relation (20). O

We use the relation (20) when evaluating partial derivatives of z(p). Con-
sider the function in (18)

as(p) =T - (OF) (pﬂ” _pw“) + (CL) (Dg(ﬁ,r/—p,,/) (y(p) - t)) , beED,
where y is replaced by y(p) = ¥ (p) from Proposition 1,
y(p) = g+H((RC(_F7LD@—tK)) (ﬁw _pw))v pEPp.

We find the expressions of the partial derivatives of z(p) with respect to each
parameter p;, i € m and evaluate these expressions at p.
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For i € 7",
92() _ (cFye; + (CL) (D HRCFe,
“op (CF)es + (CL) (Dy., —p..) e) s
where ¢; is the i-th coordinate vector in RCard(*") T matrix form
9z(p)
Opor =CF+(CL) (Dg(ﬁ",_pﬂ,)(HRCF)) .
The interval evaluation of the latter is
9z (p)

%B@| _op 9,
apﬂ'” pEDP

where V' = |CL| (g(px) o |HRCF|) = |CL|Dy(p.,,|HRCF| and o is the com-
ponentwise Hadamard product.

For i € 7/,
%) _ oy (-p ) - D HRCLD;_ Ke;
api - ( )(_ Koi(y(p) - ) —Lygp,1—p.r) gt ez) )
where e¢; is the i-th coordinate vector in R€d(™) In matrix form
ox(p
apﬂ,) — —(CL) ((y(p) = t) o K + Dyy_, . HRCLDy_K) .

In order to minimize the number of interval operations in the interval evalua-
tion of the last expression, we rearrange it so that

9z (p)

= —CLDy K +[-V', V'], where
6p7r’ pEP

V' = |CL|((|HRC(—F, LDy ¢K)|pr) o K + Dy, |HRCLDg_tK|)
= |CL|((|HRCF|prr + |[HRCLDy_ K| prr) o K + g(pr) o [HRCLDy_,K|).
Thus, we have proven the following theorem.

Theorem 4 Let (1) be an equivalent, optimal, rank one representation of
the system (1) and let the matriz A(p) be nonsingular. Denote C = (A(p))~".
If the condition (15) holds true, define interval matriz M € IR™ ¥ by

M= C(F, _LD?J—tK) + [_V’ V]a

where K, H are defined in Proposition 1 and
V= |CL| (g(ﬁﬂ«) o |[HRCF|, (|[HRCF|pr» + |HRCLDy_+K|pr) o K+
g(ﬁﬂ./) o |HROLDg_tK|> .

Then, fori =1,...,n, j € 7, sign(M;;) # 0 gives the type of global mono-
tonicity of Xunii((1)) with respect to pr, .



11

In the special case of rank one interval parameters K = I and
V' = |CL|(({IHRC(~F,LDy )| px) o I + g(pr) o [HRCLDy )
= |CLI(DigRe(-F,LD; - )lpe + Dg(p,) HRCLDy4) .

The following example presents in details the numerical computations based
on the theoretical results of this section.

Example 1 Consider the following parametric linear system

1+ p1 — po, —p1 + D2, 14+ p1 1
2+4+p1+p2,—1-—p1—p2—p3, —1+p1—2p3 |x=|1 (23)
1+ p1, —3—p1—2p3, 6+p1+4ps3 1

with p; € %[—1, 1], ¢ = 1,2, 3. In this system the coefficient matrices of p1, p2
have rank one, while the matrix of p3 has rank two. An equivalent, optimal,
rank one representation (14) of the system is obtained for 7’ = {1,2,3}, 7" =0
implying F = 0 and omitting the terms involving it, g(pr) = (p1, D2, 3, p3) "
ao=(1,1,1)T,t =0 € R* and

i

10 1 1-10 0 ijé
Ag=|2-1-1), L=|11-1-2), R=| "¢
1-36 10 -24 00 1

The spectral radius of the matrix in condition (11) is g(11) =~ 0.976, while
that in condition (15) is o(15) ~ 0.582, showing that (15) will hold true for
parameters varying in wider intervals than the condition (11). We apply (as in
the proof of Proposition 1) Theorem 1 to the parametric system (16), which
involves only column dependencies in the matrix. By § = R.& = ﬁ (9,6,5,3)7,

7784 9156/5 2408 3808/5
1 (1636 9432 2956 1840
~ 6081 | 1556 20292/5 9056 5836/5 | °

826 1848 868 7798

H =T = (I~ |RCL| Dy_)

100 81 24 —49
_lo10 e 1 |54 T2 —s4
E=1001]" B _RC(LD@’K)_@ 45 —108 49 |’
001 27 —48 35

we obtain the parameterized solutions y(*) (p,) and y® (p) of Proposition 1

yD(p,r) ~

% 0.434041 0.128605 —0.262568 0.245396
1|4 0.31531 0.420413 —0.490482 (r — pr) + 0.329458 or
1 0.257367 —0.61768 0.280244 oo 0.350839 ’
v 0.144774 —0.257376 0.18767 0.177327

pr €EPmm=n,1 € [-1,1,i=1,....4,
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y@(p) =g+ (H|B°|) (5x — pr)
9 0.720135 0.516231 0.570432
16 0.691804 0.944675 0.907557 |
als| T | o6s7974 11441 0.756577 | Pr—Pr)
3 0.349285 0.520967 0.428877

Q

7T:7T/7p€p’

and the relation (20). Then, applying Theorem 4, we obtain

V = |CL| (IHRCLDyK | pr) 0 K + g(pnr) o [HRCLDyK|)
1487336 747981 875411

1560140 2074047 1504139 | ,
800508 928444 795130

—-99 36 35
—CLDyK = ——— | —45108 —49
—27 48 =35

~ 2979690

Thus, the interval matrix M = —CLDyzK + [—V, V] of Theorem 4

[—1.00426, —0.00594407] [—0.067353,0.4347]  [—0.115221,0.472364]
M ~ [~0.753183,0.2904]  [—0.145041,1.24708] [—0.754797,0.254797]
[~0.40641,0.1309]  [—0.0666928, 0.556489] [—0.445421, 0.0882785]

has zero involving intervals in all its elements except for M1, which has neg-
ative sign and shows monotone decreasing dependence of the first solution
component with respect to p;. For the same parametric system (23) with nar-
rower intervals for the parameters Theorem 4 gives the monotonic dependence
of more solution components with respect to more parameters, see Example 3
and Fig. 1.

4 Numerical comparisons

In this section we compare the following approaches for finding initial mono-
tonic dependencies:

Mdx Finding initial monotonicity by solving one interval parametric matrix
equation (9), where x(p) = x is an initial interval enclosure of the consid-
ered system (1). Two versions of this approach are considered — parametric
solvers based on: the single-sided regularity condition (11) and on the more
efficient double-sided regularity condition (15).

MK2n The approach based on the systems (5). The abbreviation MK2n reflects
the requirement of this approach to solve K interval parametric linear
systems, each of dimension 2n. The efficiency of this approach in proving
monotonic dependencies depends on the quality of the method for solv-
ing interval parametric linear systems. Since the parametric matrix A(p)
appears twice in the systems that have to be solved, the MK2n method
cannot use the advantage of the parametric solvers for matrices with rank
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one uncertainty structure. Therefore, the MK2n method seems to have the
best proving efficiency for systems with matrices whose radius of single-
sided strong regularity is less than the radius of double-sided strong regu-
larity. Another deficiency of the MK2n method is its high computational
complexity since the approach of solving one matrix equation for all the
parameter dependencies [12] cannot be applied. Thus, for each parameter
dependency one has to solve a separate interval parametric linear system
of twice bigger dimension.

MpKsol Proving initial monotonicity by solving one interval parametric matrix
equation (9), where z(p) = x(p,r), p € p, © € r, is an initial parameterized
solution (6) depending on K + n interval parameters for the considered
system (1). Obtaining z(p, r) (6) is considered in two forms: one based on
Theorem 1 using regularity condition (11) and another based on Theorem
3.(ii) using the more efficient double-sided regularity condition (15).

MpPsol Proving initial monotonicity by solving one interval parametric matrix
equation (9), where z(p) = x(p,q), p € P, ¢ € q, is an initial parame-
terized solution of the considered system (1) obtained by the method of
Theorem 3.(i) using the double-sided regularity condition (15).

Mds The newly proposed method of Theorem 4. This approach combines the
two steps of the methods MpKsol and MpPsol into one procedure, which
fully accounts for the dependencies on the interval parameters in the partial
derivatives.

The first three approaches above are the same as those considered in [22]. Here
we apply the computationally more efficient approach [12] of solving one ma-
trix equation for all the parameter dependencies instead of solving K separate
parametric systems involving the same matrix, applied in [22]. This difference
in the computational efficiency is demonstrated by Example 4. The second
difference is in the parametric solvers that are used. Contrary to [22], ap-
plying the heaviest parameterized method based on affine arithmetic, we use
only interval methods that do not require affine arithmetic. The latter also
implies a better computational efficiency. The third major difference is in the
presentation of the numerical results. In [22] the results of the initial mono-
tonicity proof are not presented but only the solution enclosures, obtained
after applying proven monotonic dependencies, are given. Below we propose
several quantitative measures for the efficiency of the monotonicity proving
approaches.

Similarly to the radius of applicability of a solver of an interval parametric
linear system, we introduce two radiuses (r;(Mth) and ro(Mth)) of the effi-
ciency of an initial monotonicity proving method, denoted by Mth. We consider
system (1), where py, € pr = [-1,1], k=1,..., K. Let M € {0,1,—1}"*¥ be
the sign matrix resulted from an initial monotonicity proving method. We de-
fine a radius r;(Mth) of the initial enclosure (monotonicity proving) efficiency
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of the approach Mth by

r1(Mth) := argmax{M;; # 0 for exactly one (ij),
i=1,...,n,7=1,...,K and for p € rp}.

r1(Mth) corresponds to the maximal radius for the parameters such that ex-
actly one sign in M is known, which means that the monotonicity of one solu-
tion component with respect to one parameter is determined. Next, we define
an ro(Mth) radius of the initial enclosure (monotonicity proving) efficiency by

ro(Mth) := argmax{0 & M for p € rp}.

ro(Mth) corresponds to the maximal radius for the parameters such such that
all signs in M are known, which means that the monotonicity is determined
for each solution component with respect to each parameter. In practical ap-
plications, the exact values r1(Mth) and 7 (Mth) are usually approximated
by corresponding floating point radiuses r = rprec, Where “prec” denotes the
number of decimal digits in the mantissa of rprec. Thus, for a given interval
parametric linear system (1) and a specified precision, one can find approxi-
mations of r1(Mth) and ro(Mth) by subsequently changing the value of rpyec.
Below, in the numerical examples, we use prec = 4.

For problems of high dimension, involving many interval parameters, we
propose the following quantitative measure for the efficiency of a given ap-
proach. For an interval parametric linear system (1) with a given radius of
parameter uncertainties r, such that py € px = [-nr,7], £k = 1,..., K, the
quality of an initial monotonicity proving methodology Mth is denoted by
g(r, Mth). Let #¢ be the number of zero components in the sign matrix M of
the monotonic dependencies, proven by Mth, and # is the total number of the
elements in the matrix M. Then,

_# %o

e(r, Mth) := 7 € [0,1].

The measure ¢(r, Mth) can be also applied to a row of the sign matrix M.
This means that the measure can be applied to problems that require finding
monotonic dependence of only one (or some) components of the parametric
solution. Obtaining &(r, Mth) is exact and does not require additional compu-
tational effort.

Ezample 2 Consider the following interval parametric linear system after [22,
Example 3]

2p1 p2—1 —p3p2+3ps 1+ 2ps
pa+1 0 p1 pa+1 v = —pg + 2 pke[O. —5,1.1—1—5],
2—p3dp2+1 1 —ps 3pa+ps | k=1,...,5.

-1 2ps+2 1 2p1+ps p1+p2+2ps
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In [22, Example 3], Mdx, MK2n and MpKsol are applied for § = 0.01,0.02, 0.03,
0.04,0.05. Here we have additionally applied the three proposed measures for
the efficiency of the considered approaches. Since the system involves parame-
ters whose dependency structure has rank greater than one, all interval para-
metric solvers are based on the single-sided regularity condition (11). Both
Mdx and MpKsol are applied by solving one interval parametric matrix equa-
tion (9). It should be mentioned that Mdx yields the same initial monotonicity
result for different 6 = 0.01,0.02,0.03 and the same result for 6 = 0.04,0.05,
the latter is mentioned in Table 1. Similarly, MK2n yields the same result for

Table 1 Example 2: efficiency of the considered approaches for finding monotonic depen-
dencies.

method r1(Mth) ro(Mth)  £(0.01, Mth)
Md 0.19 0 19/20
6 =0.04,0.05,0.06 &= —0.15
MK2n 0.2 0.01 1
§ =0.05,0.06,0.07 &= —0.14
MpKsol 0.2 0.01 1

5 =0.05,0.06,0.07 &= —0.14

4 = 0.02,0.03,0.04 and the same result for § = 0.05,0.06,0.07. MpKsol yields
the same initial monotonicity result for § = 0.02,0.03, 0.04 and the same result
for 6 = 0.05,0.06,0.07, the latter is mentioned in Table 1. It is clear that for
the particular parametric system and the considered parameter uncertainties,
the three compared approaches have similar proving efficiency.

Ezample 3 Consider the parametric linear system (23) with starting parame-
ter intervals p; € [—1,1],4 = 1, 2, 3. Note, that none of the conditions (11), (15)
holds true for these parameter intervals, which implies M = 0 € R™*¥ . Table
2 clearly presents the initial monotonicity proving efficiency of the three ap-
proaches, where the corresponding parametric solvers are based on the single-
sided regularity condition (11), which holds true for parameters with smaller
interval radiuses. The differences between the three approaches is more pro-
nounced than those in Example 2.

Table 2 Example 3: efficiency of the considered approaches based on the single-sided reg-
ularity condition (11).

method  71(Mth) ro(Mth) e(1/9,Mth) e(1/11, Mth)

Mdx 0.098 0.070 0 2/9
MK2n 0.148 0.095 6/9 1
MpKsol 0.123 0.089 2/9 8/9

Since the considered parametric system involves rank one interval parame-
ters, we apply monotonicity proving approaches based on the more efficient
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double-sided regularity condition (15). The estimated efficiency of these ap-
proaches is presented in Table 3. For the traditional approach Mdx, both the
initial interval solution enclosure and the solution enclosure of the derivative
matrix equation are based on (15). When applying the approaches MpKsol
and MpPsol, the respective two kinds of initial parameterized solution enclo-
sures are based on (15). In the corresponding derivative systems the initial
rank one uncertainty structure is changed due to the parameterized solutions
in the right-hand sides. This implies that their solutions obtained by methods
based on (15) will be overestimated. Therefore, the derivative matrix equation
is solved by methods applying (11). Comparing the results in tables 2 and 3
we see that any of the methods based on (15) has a better enclosure efficiency
than any of the methods based on (11). Table 3 clearly presents the best mono-
tonicity proving efficiency of the newly proposed method of Theorem 4, which
fully utilizes the parameter dependencies.

Table 83 Example 3: efficiency of the considered approaches based on both regularity con-
ditions (15), (11).

method  r1(Mth) ro(Mth) e(1/8,Mth) &(1/9,Mth) (1/11, Mth)

Mdx 0.126 0.092 1/9 2/9 1
MpKsol  0.159 0.101 3/9 8/9 1
MpPsol  0.186 0.103 7/9 8/9 1
Mds 0.251 0.138 1 1 1
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Fig. 1 Projections of the parametric solution sets of system (23) with parameters varying
in 0.25[—1, 1] (dashed lines) and with parameters varying in 0.45[—1, 1] (solid red lines). The
nonlinear parts of the boundary of the second solution set are better visible on the xax3
projection.

In the next examples we consider interval parametric linear systems based
on a finite element model of a one-bay 20-floor truss cantilever presented in
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Fig. 2, after [7]. The structure consists of 42 nodes and 101 elements. The bay

20@0.75L=15L

Fig. 2 One-bay 20-floor truss cantilever after [7].

is L = 1m, every floor is 0.75L, the element cross-sectional area is A = 0.01
m?, and the crisp value for the element Young modulus is E = 2 x 10%kN/m?.
Twenty horizontal loads with nominal value P = 10 kN are applied at the
left nodes. The boundary conditions are determined by the supports: at A the
support is a pin, at B the support is roller. It is assumed that the modulus
of elasticity Ejy of each element and the external loads are independent inter-
val parameters. This problem is often used as a benchmark problem for the
computational efficiency and scalability of various interval methods applied
to mechanical structures with complex configuration and a large number of
interval parameters, see, e.g., [8], [17], [14]. Since the interval parametric linear
system for the unknown displacements at each node has rank one uncertainty
structure, by [11, Theorem 2, Proposition 1] the vertices of the interval hull
of the unknown displacements are attained at particular endpoints of the in-
terval parameters. Similar properties are verified for interval models of linear
DC electric circuits [2,3,11]. However, finding OX* . by the combinatorial
endpoint approach requires solving prohibitively many 2191420 ~ 2.66 x 1036
point linear systems for the model of truss cantilever. Therefore, it is of partic-
ular practical interest to have computationally feasible methods for obtaining

For any interval parametric linear system where some parameters are in-
volved only in the right-hand side, the monotonic dependence of OX? . on
these parameters can be proven first. Thus, these parameters are removed
from the subsequent considerations. By the next example we demonstrate the
computational advantage of considering one matrix equation for the partial
derivatives instead of solving a number of interval parametric linear systems.
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Example 4 Consider the interval parametric linear system for the displace-
ments in the model of truss cantilever presented in Fig. 2. It is assumed 6%
uncertainty in the modulus of elasticity Ej of each element (F3% from the
corresponding mean value) and 10% uncertainty in each of the loads. The goal
is to find the monotonic dependence of the unknown displacements with re-
spect to each of the 20 interval load parameters that appear only in the right
hand side of the system.

For proving monotonic dependence of the solution with respect to 20 in-
terval parameters in the right-hand side of the system we solve one inter-
val parametric matrix equation (9) where, due to the lack of dependence,
B(p) € R¥*20 ig a numerical matrix. This matrix equation is solved by an
interval method based on the regularity condition (11). Monotonic dependence
of every solution component is proven with respect to each interval parameter,
except for five solution components with respect to the first interval parameter.
Then, we solve an interval parametric linear system for the solution derivatives
with respect to the first parameter by the method of Theorem 2, which finds
monotonic dependence for all the solution components. For the sake of com-
parison of the computing times, we solve 20 separate interval parametric linear
systems for the solution derivatives with respect to each of the parameters by
the same method used to solve the corresponding matrix equation. Solving
20 separate systems was about 15.6 times slower than solving the interval
parametric matrix equation.

Example 5 In this example we compare both the monotonicity proving effi-
ciency and the computational efficiency of the newly proposed method Mds
(Theorem 4) with those of the method MpPsol. The latter method showed the
best monotonicity proving efficiency in Example 3 compared to the meth-
ods Mdx and MpKsol. Consider the interval parametric linear system for
the displacements in the model of truss cantilever presented in Fig. 2, and
considered also in Example 4 with more interval parameters. Here it is as-
sumed 6% uncertainty in the modulus of elasticity Ej of each element while
the twenty external loads are considered deterministic at their nominal value.
Thus, we have an interval parametric linear system involving 101 rank one
interval parameters Fj in the matrix and a numerical right-hand side vector
of dimension 81. The newly proposed method showed monotonicity proving
efficiency £(0.03, Mds) = 6875/8181 ~ 0.8404. We denote the computing time
of this method by Mds;. The method MpPsol, applied as in Example 3, showed
monotonicity proving efficiency £(0.03, MpPsol) = 5663/8181 ~ 0.6922 and a
computing time MpPsol; =~ 2.6 Mds;. Thus, the newly proposed initial mono-
tonicity proving method of Theorem 4 demonstrates essentially better com-
putational efficiency and monotonicity proving efficiency in comparison with
the methods based on explicit parameterized solutions.
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5 Conclusion

Proving the dependence of the unknown variables in interval parametric lin-
ear systems on particular endpoints of the intervals for the model parameters
is a computationally heavy problem of particular importance for many scien-
tific and applied problems. An essential part of this iteration process is the
initial proof of monotonic dependence. In this work we analyzed both theoret-
ically and by numerical examples various aspects of different methodological
approaches aiming at the initial monotonicity proof. The computational effi-
ciency of some of the considered methods is also analyzed. Some quantitative
measures for the efficiency of different monotonicity proving methodologies are
proposed. These measures are applied at the numerical comparisons between
a variety of initial monotonicity proving approaches and a newly proposed
method.

For parametric linear systems involving true rank one interval parameters,
which appear in a variety of application domains, we proposed a novel method
for proving an initial monotonic dependence of the solution components on the
interval parameters. This novel method, presented in Theorem 4, combines the
best computational efficiency with the best monotonicity proving efficiency in
comparison to all considered approaches.

In [14] the parameterized solution (18) is a basis of a new approach for
obtaining sharp bounds for derived quantities (e.g., forces or stresses) which
are functions of the displacements (primary variables) in interval finite element
models of mechanical structures. A further research could expand the present
novel method of Theorem 4, which is also based on (18), in proving monotonic
dependence of secondary variables defined by classes of functions depending
on the initial interval parameters and the primary unknown variables.

Both, the theoretical discussions and the numerical comparisons, involved
in this paper, clearly reveal what are the properties of the initial monotonicity
proving approaches. Thus, the end user can choose properly which is the best
approach for an application. The following general advises can be given.For
problems of small dimension or involving a few interval parameters with rel-
atively small uncertainties, any approach could be applied. If monotonicity
should be checked simultaneously for a big number of interval parameters,
solving one matrix equation for all partial derivatives [12] is computationally
more efficient than solving separate derivative systems. Applying initial pa-
rameterized solutions in the right-hand side of the partial derivatives improves
the efficiency of the proof. If parameters with rank one uncertainty structure
dominate in the considered problem, then the novel approach, proposed in
Theorem 4, has the best computational and proving efficiency. In any case,
choosing how to prove the monotonic dependence or the endpoint property
of a parametric solution should be guided by the properties of the particu-
lar problem at hand and by the properties (discussed in this work) of the
corresponding methodologies. In order to be informative, any comparisons of
the monotonicity proving efficiency of present or future methodologies should
involve some of the three quantitative measures proposed in this work.



20

Acknowledgements

The author thanks the anonymous reviewers for their thorough reviews and
the numerous remarks which helped improving the readability of the paper.

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

. Ganesan, A., Ross, S., Ross Barmish, R.: An extreme point result for convexity, concav-

ity and monotonicity of parametrized linear equation solutions. LAA 390, 61-73 (2004)
https://doi.org/10.1016/j.1aa.2004.04.031

. Dreyer, A.: Interval Analysis of Analog Circuits with Component Tolerances. PhD the-

sis, Kaiserslautern Univ. of Technology, Kaiserslautern (2005)

. Kolev, L.: Worst-case tolerance analysis of linear DC and AC electric circuits. IEEE

Trans. Circuits Syst. I: Fundam. Theory Appl. 49(12), 1693-1701 (2002)

. Kolev, L.: Componentwise determination of the interval hull solution for linear interval

parameter systems. Reliable Computing 20, 1-24 (2014)

. Kolev, L.: Parametrized solution of linear interval parametric systems. Appl. Math.

Comput. 246, 229-246 (2014) https://doi.org/10.1016/j.amc.2014.08.037

. Kolev, L.: A direct method for determining a p-solution of linear parametric systems. J.

Appl. Computat. Math. 5, 1-5 (2016) https://doi.org/10.4172/2168-9679.1000294

. Muhanna, R.L.: Benchmarks for interval finite element computations, Center for Reli-

able Engineering Computing, Georgia Tech, USA, (2004) http://rec.ce.gatech.edu/
resources/Benchmark_2.pdf (accessed 12 November 2018).

. Neumaier, A., Pownuk, A.: Linear systems with large uncertainties, with applica-

tions to truss structures. Rel. Comput. 13, 149-172 (2007) https://doi.org/10.1007/
s11155-006-9026-1

. Piziak, R., Odell, P.L.: Full rank factorization of matrices. Mathematics Magazine 72,

193-201 (1999)

Popova, E.D.: Computer-assisted proofs in solving linear parametric problems. In Pro-
ceedings of 12th GAMM-IMACS International Symposium on Scientific Computing,
Computer Arithmetic and Validated Numerics (SCAN 2006), IEEE Computer Society
Press, p. 35 (2007) https://doi.org/10.1109/SCAN.2006.12

Popova, E.D.: Improved enclosure for some parametric solution sets with linear shape.
Computers and Mathematics with Applications 68, 994-1005 (2014) https://doi.org/
10.1016/j.camwa.2014.04.005

Popova, E.D.: Enclosing the solution set of parametric interval matrix equation
A(p)X = B(p), Numer. Algorithms 78, 423-447 (2018) https://doi.org/10.1007/
s11075-017-0382-1

Popova, E.D.: Rank one interval enclosure of the parametric united solution set, BIT
Numer. Math. 59(2), 503-521 (2019) https://doi.org/10.1007/s10543-018-0739-4
Popova, E.D.: New parameterized solution with application to bounding secondary vari-
ables in FE models of structures, Applied Mathematics and Computation 378, 125205
(2020) https://doi.org/10.1016/j.amc.2020.125205

Popova, E.D.: On a class of parameterized solutions to interval parametric linear sys-
tems, arXiv:1906.00613 (2019) to appear in C. R. Acad. Bulg. Sci.

Popova, E.D., Krdmer, W.: Visualizing parametric solution sets, BIT Numerical Math-
ematics 48(1), 95-115 (2008) https://doi.org/10.1007/s10543-007-0159-3

Rama Rao, M.V., Mullen, R.L., Muhanna, R.L.: A new interval finite element formu-
lation with the same accuracy in primary and derived variables. Int. J. Reliability and
Safety 5 336-357 (2011) https://doi.org/10.1504/IJRS.2011.041184

Rohn, J.: Linear interval equations with dependent coefficients. Symposium “In-
terval Methods for Numerical Computations”, Oberwolfach, 1990. In: Rohn. J.: A
method for handling dependent data in interval linear systems. Technical Report
No. 911, Institute of Computer Science, Academy of Science of the Czech Repub-
lic, Prague (2004) https://asepactivenode.lib.cas.cz/arl-cav/en/contapp/?repo=
crepolékey=20925094170 (Accessed February 13, 2019)



21

19.

20.

21.

22.

23.

Rohn, J.: Explicit inverse of an interval matrix with unit midpoint. Electronic Journal
of Linear Algebra 22, 138-150 (2011) https://doi.org/10.13001/1081-3810.1430
Rohn, J., Kreinovich, V.: Computing exact componentwise bounds on solutions of linear
systems with interval data is NP-hard, STAM J. Matrix Anal. Appl. 16(2), 415-420
(1995)

Skalna, 1., Hladik, M.: A new method for computing a p-solution to parametric interval
linear systems with affine-linear and nonlinear dependencies, BIT Numer. Math. 57(4),
1109-1136 (2017)

Skalna, I., Hladik, M.: Enhancing monotonicity checking in parametric interval linear
systems. In: Martel, M., et al. (Eds) Trusted Numerical Computations (TNC’18), Kalpa
Publications in Computing, vol. 8, pp. 70-83 (2018) https://doi.org/10.29007/1vkp
Woodbury, M.A.: Inverting Modified Matrices. Memorandum Report 42, Statistical Re-
search Group. Princeton University, Princeton (1950)



