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1 Introduction

Consider the linear algebraic system

A(p) - = = b(p), p= . pm), (1)
m m
aij(p) :== aijo + Z i, uPus bi(p) :==bi0+ Z bi Py, (2)
pn=1 v=1
aij,uabi,u€R7 w=0,....m, t,7=1,...,n.
The parameters p,,, = 1,...,m are uncertain and varying within given intervals

p € [pl= (Pl [plm) " (3)

A set of solutions to (1)—(3), called united parametric solution set, is

P =3 (A(p),bp), ) = {zeR"[3Ipelp],Alp)z =0bp)}- (4)

Characterizing the solution set (4) by inequalities not involving the interval parame-
ters is a fundamental problem useful for visualizing the solution set, exploring its prop-
erties and for computing componentwise boundaries. Apart from quantifier elimina-
tion, the only known general way of describing the parametric solution set is a lengthy
and non-unique Fourier-Motzkin-type parameter elimination process presented in [1].
The special cases of symmetric and skew-symmetric solution sets

Yoym = {2 €ER" | Az =b,A=AT Ac[A],be[b]}, (A=—AT for Yspen)

are studied most exhaustively, see [1, 2] and the references given therein. Following a
different approach than the Fourier-Motzkin-type parameter elimination, M. Hladik
provided in [2] explicit descriptions of the symmetric and skew-symmetric solution
sets which have the smallest, known by now, number of characterizing inequalities.
Basing on an improved Fourier-Motzkin-type parameter elimination process [3, The-
orem 3.1] and some sufficient conditions (proven therein) for detecting superfluous
characterizing inequalities, here we study the parameter elimination process and its
properties for linear parametric systems involving 3 x 3 symmetric matrix. The con-
sideration answers the open question, see [1], about the uniqueness of the parameter
elimination process for the symmetric solution set. The obtained explicit description
of the 3D symmetric solution set involves two times less number of characterizing
inequalities than that reported in [2].
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Let R™, R™>™ be the set of real vectors with n components and the set of real n x m
matrices, respectively. A real compact interval is [a] = [a7,a"] == {a € R | a~ <
a < at}. By IR", IR™™ we denote the sets of interval n-vectors and interval n x m
matrices, respectively. Define mid-point @ := (e~ +a™)/2 and radius a := (a*—a™)/2.
These functionals are applied to interval vectors and matrices componentwise.

Definition 1. A parameter p,, 1 < u < m, is of 1st class if it occurs in only one
equation of the system (1).

Definition 2. A parameter p,, 1 < p < m, is of 2nd class if it is involved in more
than one equation of the system (1).

The elimination of 2nd class parameters from two inequality pairs is studied in [3].

Theorem 1 ([3]). For two arbitrary inequality pairs (o) and (3)

m—+s m—+s
foa(x) + Z Jur(@)p, <0< foa(w) + Z Fux(@)p, A €{a, B},
p=1 p=1

involving m+s interval parameters p,, such that f, x(x) #Z 0 for all X € {o, B}, p € M,
Card(M) =m and f,x(x) # 0 for exactly one A € {c, B}, p € S, Card(S) = s, the
elimination of all parameters yields the inequalities

m-+s m-+s
Jor@) + 3 fur@pu] < Y fur@lpe. Ae{ast ()
p=1 n=1
m+s m-+s
Aogi(r) + Z Au,i(x)pu < Z |Au,i(x)|ﬁua i€ M, (6)
n=1,pAi n=1,p#i

where Ay () = fu,a(T)fo,8(x) — fu.s(x)fo,a(T).

The proof of Theorem 1 was constructive showing which combination of inequalities
is superfluous/redundant! and with respect to which cross inequality.

Corollary 1 (constructive). For two inequality pairs («), (5) involving the parameter
p1 in both inequality pairs and the parameter ps in only one, the elimination of p;
generates the cross inequality (o, 8) involving pa. Then, in the elimination of ps

a x (a,B) is superfluous to the inequality (8) if pa is involved in ()
B x (a, ) is superfluous to the inequality (o)  if p2 is involved in (53).

The above cross inequalities are redundant to (5), resp. («), if more than one 2nd
class or 1st class parameter have been eliminated before the elimination of ps.

LA cross inequality which is equivalent to another cross inequality is called superfluous, while a
cross inequality which does not contribute to the boundary of the solution set is called redundant.
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Corollary 2 (constructive). For two inequality pairs («), (3) involving the parame-
ters p1,p2 in both inequality pairs, the elimination of p1 generates the cross inequal-
ity? (a1, 1) involving ps. Then the elimination of ps generates three more cross
inequality pairs: (a1,01)2, a12 X (a1,01)2, P2 X (a1,01)2. The cross inequality
pairs aq 2(a, B1)2/ fia(z) and Bi2(oa, Bi)2/ fig(x) (where fia(x), fig(x) are the co-
efficient functions of p1 in the inequalities («), resp. (8)) are equivalent and therefore
one of them is superfluous with respect to the other. The cross inequality pair (o, 51)2
is either superfluous or redundant to oy 2(a1,01)2/ fia(), resp. O12(a1,B1)2/ f18(x)
which yields only one active cross inequality (6) in the elimination of ps instead of 3.

2 Parameter Elimination in 3D Symmetric System

Consider the the following slight generalization of the classical linear system with
symmetric matrix, considered in [1, 2].

A(p)z = b(p),  where (7)
Ap) = A+ B(g). A= (ay) - diag(a) € R, A= AT (8)
Blo) = BO + 3" B, RV, b(g) = b0 + 3" 4¥g, e R 9)
v=1 v=1
q=1(q1,---:qs) = (@11, -, Qnn,qn+1,-- -+ 4s), (10)
every q,, v = 1,...,s, is involved in exactly one equation of the system and
p=(P1,--,Pm) = (A12, - -, Gn_1 0, G1,-- - Gs), p€ ([pil,---,[pm]), (11)

where m = n(n—1)/2+ s. The system (7)—(11) can contain in the diagonal elements
of the matrix and in the right-hand side vector numerical values and an arbitrary
but fixed number of 1st class parameters g,. We call this system quasi-symmetric
and search for a description of its solution set by the improved Fourier-Motzkin-type
elimination of parameters.

Consider a 3 x 3 quasi-symmetric system and assume that all 1st class parameters are
eliminated from the trivial set of inequality pairs characterizing the solution set. Since
all 1st class parameters behave the same way, without loss of generality we assume
that each equation involves only one 1st class parameter ¢; whose coefficient vector
is gi(x), i =1,...,n. Let N = {1,2,3} be the index set of the three characterizing
inequality pairs. For any i € A" and N; = {1,...,n}\ {4}, the inequality pair (e;) is

fiol@) + gi(@)di F lgs(@)|di + D wjas; <0<+, (e:)
JEN;
where fio(z) = Aje0x—bip and “- - -” denotes the whole expression in the left inequality

with the bottom sign of F. For arbitrary «, 3,7 € N we perform the elimination

2The subscript in the notation of the cross inequalities denotes which parameter is eliminated.
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GaB; Gavy, 0. The elimination of a.g generates the following cross inequality pair
fana - fﬁoxﬁ + gaTafa — gﬁxﬁQﬁ + |gaxa|(ja + |g,8x,3|qAﬁ
+ > Tamjaa;— Y, apwjag; <0< (€(a,p))
JEN\{B} JENB\{o}

and updates the initial characterizing inequalities (en), (eg) by combining the latter
with the end-point inequalities for the parameter aqg-.

The parameter ao is involved in the updated inequality (e,) and the inequalities
(€4), (é(a,3)). So, in the elimination of a,- we have to consider all cross inequalities
between these three inequality pairs. The cross between (e, ), (e,) gives

faoTa — fy02y + gaZada — GyTyGy F |9aZalla F [9+2]Gy + Taptap F [Tatslias
+D L Taljtaj— ) Ty@jay; <0< (€(am)
JENA{B} JeN\{a}
The cross between (en), (€(q,3)) is redundant to (eg) by the constructive Corollary 1.
Eliminating aq-, the cross between (ey), (e(a,3)) gives
froty = faoTa + 305 + 91754y = Jaada + 95T4s F 1977514y F [9aTalda F 19576lds
+ Z LTy Cryj — Z Taljlaj + Z rgrijag; <0< - (6%’(0‘75))
JeENZ\{a} JEN\{B} JENs\{a}

The parameter ag, is involved in the inequalities (eg), (€+), (€(a,8))s (€(a,v))s (Eya(a,8))-
In the elimination of ag, we have to consider all cross inequalities between these five
inequality pairs updated by combining them with the end-point inequalities for ang
and aq~. The cross between (eg), (e4) gives

faors — fyomy + 987348 F 19875145 — 94Trdy F 194744y + TaTsasa F |Tazslaga

—Talylya F [Taly|dya + Z TpTjap; — Z Tyjay; SO <o (e(ay)
JeENs\ v} JeN\{a.8}

The cross between (eg), (¢(q,)) is redundant to (en) by the constructive Corollary 1.
Eliminating as., the cross between the updated (e ), (e(a,3)) gives

_fvoxw — faoZa + f,@Ox,B - gva(jv — gaTafa + gﬁxﬁﬁm (efyg(aﬁ))
Flgvay Gy F [9aalda F 1952808 — 200y iya F 2|Taly|dya
- Z Ty TjOnyj — Z TaZjla; + Z zgrjag; <0< -
JENY\{a,8} JENAN\{B} JENs\{av}

Eliminating as., the cross between the updated (es), (e(a,y)) gives

_f,BOx,B — fa0Ta + waxv - gﬁxﬁﬁm — JaTalfa + gva(jv

Flgpzslds F |9atalla F |9+2414y — 2Tazpias F 2|Ta®s|das (es, (o))
— Z TgTjag; — Z TaTjlaj + Z TyTjy; <0< eee
JeNs\{a} JENN{B7} JeN\{a,B}
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The cross between the updated (e,), (€(a,)) is redundant to (e,) by Corollary 1.
Eliminating as,, the cross between the updated (es), (e, (a,5)) gives

fﬁOxﬁ - f’yOx’y + fa0Ta + gﬁxﬁ(ﬂi - g'yx'y@y + gaTala
F3l9s7slds F 197214y F 9aTalla + 20aTsbas F 2|Tatp|das

+ > mamiagi— Y mzsay Y Taljla; <0<
JENs\{a v} JEN\{, 8} JENN\{B}

This inequality pair is superfluous to (—1)(eg, (a,y)) if there are no 1st class parame-
ters, or redundant to the latter otherwise (due to the extra positive term 2|ggx3|ds).
Analogously, eliminating ag,, we prove that the following cross inequalities are su-
perfluous (if there are no 1st class parameters) or redundant (otherwise). The cross
inequality pair between (e,), (e, (a,5)) 18 superfluous/redundant to (—1)(e,,(a,p))
by Corollary 2. The cross inequality pair between the updated (e, g)), (€(a,y)) 18
superfluous/redundant to (—1)(e(,)). The cross inequality pair between (e(q,g)),
(€va(a,3)) is superfluous/redundant to (e-,(a,3)) by Corollary 2. The cross inequality
pair between (€(a,y)), (€4, (a,8)) is superfluous/redundant to (s (a,))-

Thus, for a 3-dimensional quasi-symmetric linear system (7)—(11), we proved above
by Corollaries 1, 2 and by a direct evaluation that the improved Fourier-Motzkin-type
parameter elimination of ang, aa~, @gy yields 6 active characterizing cross inequalities
€(a,8)) C(a)r Cvala,f)) €(B,)) CBy(a): Cyp(a,f)s
and 6 superfluous/redundant cross inequalities. The active characterizing cross in-
equalities are two times less than those reported in [2]. Since «, 3,~ are taken arbi-
trary from the set {1,2, 3}, for different orders of parameter elimination the active
characterizing cross inequalities are the same (up to the order of their generation).
Exchanging the order of inequalities or the order of parameter elimination we have

€a,f) = € (12)
e _ €8, (or,) ifa< v (13)
Yala,f) —€8, (v,a) ifa>~y
(12) 13) | (=1)eq, s, if B <~
ersa8) = (Deypa) = { o) (14)

Cap(+,6) if 5> 1.
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Table 5: Elimination schema for the 2nd class parameters in a 3D system with sym-
metric matrix. Rows, labeled in the second column, represent the characterizing
inequality pairs. The occurrence of the parameters is represented column-wise: “v”
denotes the occurrence of a non-eliminated parameter in the corresponding inequal-
ity, “!” denotes the occurrence of an eliminated parameter, dashes denote lack of a

corresponding parameter.

ineqs  a12 a3 as3

(1) v v -
(2) v v
el.par.: (3) - v v superfluous inegs

ai2 (1,2) - \Y% \Y%
a13 (1)3) ! - v
31,2 - - v

15(1,2) by Corollary 1
ass (2,3) ! ! -
3,(1,2) - 1 -

32(1,3) by Corollary 1

32 x 31(1,2) by Corollary 2

23(1,2) by Corollary 1

2;(1,3) ! - -

13
25 x 31(1,2) =) 25 x 2,(1,3) red. to 2s(1,3)
(1,2)s % (1,3) = 35 x 31(1,2) red. to 32(1,2)
(1,2)s x 31(1,2) by Corollary 2
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