
The United Solution Set to 3D Linear System withSymmetri
 Interval MatrixEvgenija D. Popova1 Introdu
tionConsider the linear algebrai
 system
A(p) · x = b(p), p = (p1, . . . , pm)⊤, (1)

aij(p) := aij,0 +

m∑

µ=1

aij,µpµ, bi(p) := bi,0 +

m∑

ν=1

bi,µpµ, (2)
aij,µ, bi,µ ∈ R, µ = 0, . . . ,m, i, j = 1, . . . , n.The parameters pµ, µ = 1, . . . ,m are un
ertain and varying within given intervals

p ∈ [p] = ([p]1, . . . , [p]m)⊤. (3)A set of solutions to (1)�(3), 
alled united parametri
 solution set, is
Σp = Σ (A(p), b(p), [p]) := {x ∈ R

n | ∃p ∈ [p], A(p)x = b(p)} . (4)Chara
terizing the solution set (4) by inequalities not involving the interval parame-ters is a fundamental problem useful for visualizing the solution set, exploring its prop-erties and for 
omputing 
omponentwise boundaries. Apart from quanti�er elimina-tion, the only known general way of des
ribing the parametri
 solution set is a lengthyand non-unique Fourier-Motzkin-type parameter elimination pro
ess presented in [1℄.The spe
ial 
ases of symmetri
 and skew-symmetri
 solution sets
Σsym := {x ∈ R

n | Ax = b, A = A⊤, A ∈ [A], b ∈ [b]}, (A = −A⊤ for Σskew)are studied most exhaustively, see [1, 2℄ and the referen
es given therein. Following adi�erent approa
h than the Fourier-Motzkin-type parameter elimination, M. Hladíkprovided in [2℄ expli
it des
riptions of the symmetri
 and skew-symmetri
 solutionsets whi
h have the smallest, known by now, number of 
hara
terizing inequalities.Basing on an improved Fourier-Motzkin-type parameter elimination pro
ess [3, The-orem 3.1℄ and some su�
ient 
onditions (proven therein) for dete
ting super�uous
hara
terizing inequalities, here we study the parameter elimination pro
ess and itsproperties for linear parametri
 systems involving 3× 3 symmetri
 matrix. The 
on-sideration answers the open question, see [1℄, about the uniqueness of the parameterelimination pro
ess for the symmetri
 solution set. The obtained expli
it des
riptionof the 3D symmetri
 solution set involves two times less number of 
hara
terizinginequalities than that reported in [2℄. 80



Let Rn,Rn×m be the set of real ve
tors with n 
omponents and the set of real n×mmatri
es, respe
tively. A real 
ompa
t interval is [a] = [a−, a+] := {a ∈ R | a− ≤
a ≤ a+}. By IR

n, IRn×m we denote the sets of interval n-ve
tors and interval n×mmatri
es, respe
tively. De�ne mid-point ȧ := (a−+a+)/2 and radius â := (a+−a−)/2.These fun
tionals are applied to interval ve
tors and matri
es 
omponentwise.De�nition 1. A parameter pµ, 1 ≤ µ ≤ m, is of 1st 
lass if it o

urs in only oneequation of the system (1).De�nition 2. A parameter pµ, 1 ≤ µ ≤ m, is of 2nd 
lass if it is involved in morethan one equation of the system (1).The elimination of 2nd 
lass parameters from two inequality pairs is studied in [3℄.Theorem 1 ([3℄). For two arbitrary inequality pairs (α) and (β)
f0,λ(x) +

m+s∑

µ=1

fµ,λ(x)pµ ≤ 0 ≤ f0,λ(x) +

m+s∑

µ=1

fµ,λ(x)pµ, λ ∈ {α, β},involving m+s interval parameters pµ su
h that fµ,λ(x) 6≡ 0 for all λ ∈ {α, β}, µ ∈M ,
Card(M) = m and fµ,λ(x) 6≡ 0 for exa
tly one λ ∈ {α, β}, µ ∈ S, Card(S) = s, theelimination of all parameters yields the inequalities

∣∣∣∣∣f0,λ(x) +

m+s∑

µ=1

fµ,λ(x)ṗµ

∣∣∣∣∣ ≤
m+s∑

µ=1

|fµ,λ(x)|p̂µ, λ ∈ {α, β} (5)
∣∣∣∣∣∣
∆0,i(x) +

m+s∑

µ=1,µ6=i
∆µ,i(x)ṗµ

∣∣∣∣∣∣
≤

m+s∑

µ=1,µ6=i
|∆µ,i(x)|p̂µ, i ∈M, (6)where ∆u,v(x) := fu,α(x)fv,β(x)− fu,β(x)fv,α(x).The proof of Theorem 1 was 
onstru
tive showing whi
h 
ombination of inequalitiesis super�uous/redundant1 and with respe
t to whi
h 
ross inequality.Corollary 1 (
onstru
tive). For two inequality pairs (α), (β) involving the parameter

p1 in both inequality pairs and the parameter p2 in only one, the elimination of p1generates the 
ross inequality (α, β) involving p2. Then, in the elimination of p2

α× (α, β) is super�uous to the inequality (β) if p2 is involved in (α)

β × (α, β) is super�uous to the inequality (α) if p2 is involved in (β).The above 
ross inequalities are redundant to (β), resp. (α), if more than one 2nd
lass or 1st 
lass parameter have been eliminated before the elimination of p2.1A 
ross inequality whi
h is equivalent to another 
ross inequality is 
alled super�uous, while a
ross inequality whi
h does not 
ontribute to the boundary of the solution set is 
alled redundant.81



Corollary 2 (
onstru
tive). For two inequality pairs (α), (β) involving the parame-ters p1, p2 in both inequality pairs, the elimination of p1 generates the 
ross inequal-ity2 (α1, β1) involving p2. Then the elimination of p2 generates three more 
rossinequality pairs: (α1, β1)2, α1,2 × (α1, β1)2, β1,2 × (α1, β1)2. The 
ross inequalitypairs α1,2(α1, β1)2/f1α(x) and β1,2(α1, β1)2/f1β(x) (where f1α(x), f1β(x) are the 
o-e�
ient fun
tions of p1 in the inequalities (α), resp. (β)) are equivalent and thereforeone of them is super�uous with respe
t to the other. The 
ross inequality pair (α1, β1)2is either super�uous or redundant to α1,2(α1, β1)2/f1α(x), resp. β1,2(α1, β1)2/f1β(x)whi
h yields only one a
tive 
ross inequality (6) in the elimination of p2 instead of 3.2 Parameter Elimination in 3D Symmetri
 SystemConsider the the following slight generalization of the 
lassi
al linear system withsymmetri
 matrix, 
onsidered in [1, 2℄.
A(p)x = b(p), where (7)

A(p) := A+B(q), A = (aij)− diag(aii) ∈ R
n×n, A = A⊤ (8)

B(q) = B(0) +

s∑

ν=1

B(ν)qν ∈ R
n×n, b(q) = b(0) +

s∑

ν=1

b(ν)qν ∈ R
n×1, (9)

q = (q1, . . . , qs) := (a11, . . . , ann, qn+1, . . . , qs), (10)every qν , ν = 1, . . . , s, is involved in exa
tly one equation of the system and
p = (p1, . . . , pm) := (a12, . . . , an−1,n, q1, . . . , qs), p ∈ ([p1], . . . , [pm]), (11)where m = n(n− 1)/2 + s. The system (7)�(11) 
an 
ontain in the diagonal elementsof the matrix and in the right-hand side ve
tor numeri
al values and an arbitrarybut �xed number of 1st 
lass parameters qν . We 
all this system quasi-symmetri
and sear
h for a des
ription of its solution set by the improved Fourier-Motzkin-typeelimination of parameters.Consider a 3×3 quasi-symmetri
 system and assume that all 1st 
lass parameters areeliminated from the trivial set of inequality pairs 
hara
terizing the solution set. Sin
eall 1st 
lass parameters behave the same way, without loss of generality we assumethat ea
h equation involves only one 1st 
lass parameter qi whose 
oe�
ient ve
toris gi(x), i = 1, . . . , n. Let N = {1, 2, 3} be the index set of the three 
hara
terizinginequality pairs. For any i ∈ N and Ni = {1, . . . , n} \ {i}, the inequality pair (ei) is

fi0(x) + gi(x)q̇i ∓ |gi(x)|q̂i +
∑

j∈Ni

xjaij ≤ 0 ≤ · · · , (ei)where fi0(x) = Ai•0x−bi0 and � · · · � denotes the whole expression in the left inequalitywith the bottom sign of ∓. For arbitrary α, β, γ ∈ N we perform the elimination2The subs
ript in the notation of the 
ross inequalities denotes whi
h parameter is eliminated.82



aαβ , aαγ , aβγ . The elimination of aαβ generates the following 
ross inequality pair
fα0xα − fβ0xβ + gαxαq̇α − gβxβ q̇β ∓ |gαxα|q̂α ∓ |gβxβ |q̂β

+
∑

j∈Nα\{β}
xαxjaαj −

∑

j∈Nβ\{α}
xβxjaβj ≤ 0 ≤ · · · (e(α,β))and updates the initial 
hara
terizing inequalities (eα), (eβ) by 
ombining the latterwith the end-point inequalities for the parameter aαβ .The parameter aαγ is involved in the updated inequality (eα) and the inequalities

(eγ), (e(α,β)). So, in the elimination of aαγ we have to 
onsider all 
ross inequalitiesbetween these three inequality pairs. The 
ross between (eα), (eγ) gives
fα0xα − fγ0xγ + gαxαq̇α − gγxγ q̇γ ∓ |gαxα|q̂α ∓ |gγxγ |q̂γ + xαxβ ȧαβ ∓ |xαxβ |âαβ

+
∑

j∈Nα\{β,γ}
xαxjaαj −

∑

j∈Nγ\{α}
xγxjaγj ≤ 0 ≤ · · · . (e(α,γ))The 
ross between (eα), (e(α,β)) is redundant to (eβ) by the 
onstru
tive Corollary 1.Eliminating aαγ , the 
ross between (eγ), (e(α,β)) gives

fγ0xγ − fα0xα + fβ0xβ + gγxγ q̇γ − gαxαq̇α + gβxβ q̇β ∓ |gγxγ |q̂γ ∓ |gαxα|q̂α ∓ |gβxβ |q̂β
+

∑

j∈Nγ\{α}
xjxγaγj −

∑

j∈Nα\{β,γ}
xαxjaαj +

∑

j∈Nβ\{α}
xβxjaβj ≤ 0 ≤ · · · (eγα(α,β))The parameter aβγ is involved in the inequalities (eβ), (eγ), (e(α,β)), (e(α,γ)), (eγα(α,β)).In the elimination of aβγ we have to 
onsider all 
ross inequalities between these �veinequality pairs updated by 
ombining them with the end-point inequalities for aαβand aαγ . The 
ross between (eβ), (eγ) gives

fβ0xβ − fγ0xγ + gβxβ q̇β ∓ |gβxβ |q̂β − gγxγ q̇γ ∓ |gγxγ |q̂γ + xαxβaβα ∓ |xαxβ |aβα
−xαxγ ȧγα ∓ |xαxγ |âγα +

∑

j∈Nβ\{α,γ}
xβxjaβj −

∑

j∈Nγ\{α,β}
xγxjaγj ≤ 0 ≤ · · · . (e(β,γ))The 
ross between (eβ), (e(α,β)) is redundant to (eα) by the 
onstru
tive Corollary 1.Eliminating aβγ , the 
ross between the updated (eγ), (e(α,β)) gives

−fγ0xγ − fα0xα + fβ0xβ − gγxγ q̇γ − gαxαq̇α + gβxβ q̇β (eγβ(αβ))
∓|gγxγ |q̂γ ∓ |gαxα|q̂α ∓ |gβxβ |q̂β − 2xαxγ ȧγα ∓ 2|xαxγ |âγα

−
∑

j∈Nγ\{α,β}
xγxjaγj −

∑

j∈Nα\{β,γ}
xαxjaαj +

∑

j∈Nβ\{α,γ}
xβxjaβj ≤ 0 ≤ · · · .Eliminating aβγ , the 
ross between the updated (eβ), (e(α,γ)) gives

−fβ0xβ − fα0xα + fγ0xγ − gβxβ q̇β − gαxαq̇α + gγxγ q̇γ

∓|gβxβ |q̂β ∓ |gαxα|q̂α ∓ |gγxγ |q̂γ − 2xαxβ ȧαβ ∓ 2|xαxβ |âαβ (eβγ(αγ))
−

∑

j∈Nβ\{α,γ}
xβxjaβj −

∑

j∈Nα\{β,γ}
xαxjaαj +

∑

j∈Nγ\{α,β}
xγxjaγj ≤ 0 ≤ · · · .83



The 
ross between the updated (eγ), (e(α,γ)) is redundant to (eα) by Corollary 1.Eliminating aβγ , the 
ross between the updated (eβ), (eγα(α,β)) gives
fβ0xβ − fγ0xγ + fα0xα + gβxβ q̇β − gγxγ q̇γ + gαxαq̇α

∓3|gβxβ |q̂β ∓ |gγxγ |q̂γ ∓ |gαxα|q̂α + 2xαxβ ȧαβ ∓ 2|xαxβ |âαβ
+

∑

j∈Nβ\{α,γ}
xβxjaβj −

∑

j∈Nγ\{α,β}
xjxγaγj +

∑

j∈Nα\{β,γ}
xαxjaαj ≤ 0 ≤ · · · .This inequality pair is super�uous to (−1)(eβγ(α,γ)) if there are no 1st 
lass parame-ters, or redundant to the latter otherwise (due to the extra positive term 2|gβxβ |q̂β).Analogously, eliminating aβγ , we prove that the following 
ross inequalities are su-per�uous (if there are no 1st 
lass parameters) or redundant (otherwise). The 
rossinequality pair between (eγ), (eγα(α,β)) is super�uous/redundant to (−1)(eγβ(α,β))by Corollary 2. The 
ross inequality pair between the updated (e(α,β)), (e(α,γ)) issuper�uous/redundant to (−1)(e(β,γ)). The 
ross inequality pair between (e(α,β)),

(eγα(α,β)) is super�uous/redundant to (eγβ(α,β)) by Corollary 2. The 
ross inequalitypair between (e(α,γ)), (eγα(α,β)) is super�uous/redundant to (eβγ(α,γ)).Thus, for a 3-dimensional quasi-symmetri
 linear system (7)�(11), we proved aboveby Corollaries 1, 2 and by a dire
t evaluation that the improved Fourier-Motzkin-typeparameter elimination of aαβ , aαγ , aβγ yields 6 a
tive 
hara
terizing 
ross inequalities
e(α,β), e(α,γ), eγα(α,β), e(β,γ), eβγ(α,γ), eγβ(α,β),and 6 super�uous/redundant 
ross inequalities. The a
tive 
hara
terizing 
ross in-equalities are two times less than those reported in [2℄. Sin
e α, β, γ are taken arbi-trary from the set {1, 2, 3}, for di�erent orders of parameter elimination the a
tive
hara
terizing 
ross inequalities are the same (up to the order of their generation).Ex
hanging the order of inequalities or the order of parameter elimination we have

e(α,β) = −e(β,α) (12)
eγα(α,β) =

{
eβα(α,γ) if α < γ

−eβα(γ,α) if α > γ
(13)

eγβ(α,β)
(12)
= (−1)eγβ(β,α)

(13)
=

{
(−1)eαβ(β,γ) if β < γ

eαβ(γ,β) if β > γ.
(14)
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Table 5: Elimination s
hema for the 2nd 
lass parameters in a 3D system with sym-metri
 matrix. Rows, labeled in the se
ond 
olumn, represent the 
hara
terizinginequality pairs. The o

urren
e of the parameters is represented 
olumn-wise: �v�denotes the o

urren
e of a non-eliminated parameter in the 
orresponding inequal-ity, �!� denotes the o

urren
e of an eliminated parameter, dashes denote la
k of a
orresponding parameter.ineqs a12 a13 a23(1) v v �(2) v � vel.par.: (3) � v v super�uous ineqs
a12 (1,2) � v v
a13 (1,3) ! � v

31(1, 2) � � v
13(1, 2) by Corollary 1

a23 (2,3) ! ! �
32(1, 2) � ! �

32(1, 3) by Corollary 1
32 × 31(1, 2) by Corollary 2
23(1, 2) by Corollary 1

23(1, 3) ! � �
23 × 31(1, 2)

(13)≡ 23 × 21(1, 3) red. to 23(1, 3)
(1, 2)3 × (1, 3) ≡ 32 × 31(1, 2) red. to 32(1, 2)
(1, 2)3 × 31(1, 2) by Corollary 2A
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