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Abstract Consider a linear system A(p) - x = b(p), where the elements of the ma-
trix and the right-hand side vector depend linearly on a m-tuple of parameters p =
(p1,---,Pm), the exact values of which are unknown but bounded within given in-
tervals. Apart from quantifier elimination, the only known general way of describ-
ing the solution set {x € R"|3p € [p],A(p)x=Db(p)} is a lengthy and non-unique
Fourier-Motzkin-type parameter elimination process that |eads to a description of the
solution set by exponentially many inequalities. In this work we modify the param-
eter elimination process in away that has a significant impact on the representation
of the inequalities describing the solution set and their number. An explicit minimal
description of the solution set to 2D parametric linear systems is derived. It general-
izes the Oettli-Prager theorem for non-parametric linear systems. The number of the
inequalities describing the solution set grows linearly with the number of the param-
eters involved simultaneously in both equations of the system. The boundary of any
2D parametric solution set is described by polynomial equations of at most second
degree. It is proven that when the genera parameter elimination processis applied to
two equations of asystem in higher dimension, some inequalities become redundant.
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1 Introduction

Consider the linear algebraic system

A(p)X = b(p)v p= (plv"'vpm)—ra (11)
m m

aij(p) :==ajo+ X, &juPu, bi(p) :=bio+ Y, biupy, (12
p=1 p=1

aju,bigeR, pu=0....mij=1...,n

Theonly information that we have about the values of the parametersp ,, u=1,...,m
isthat they lie within given intervals

p € [pl=([Pl1,---.[PIm) " (1.3)

Such systems are common in many engineering analysis or design problems|[5], [6],
control engineering [1], robust Monte Carlo simulations [7], etc., where there are
complicated dependencies between the model parameters which are uncertain. The
uncertainty in the model parameters could originate from measurement imprecision,
round-off errors, and various other kinds of inexact knowledge. A set of solutionsto
(1.1)—(1.3), called united parametric solution set, is

P =Z(A(p),b(p). [p]) := {xeR"|Ipe [p.A(p)x=b(p)}. (14

Denote by R", R"™M the set of real vectors with n components and the set of real
nx mmatrices, respectively. A real compactinterval is[a) = [a,.a] :={aeR|a<a<
a}. By IR", TR™™ we denote the sets of interval n-vectors and interval n x m matri-
ces, respectively. Interval vectors [b] = ([b]i) = ([ly;, bi]) € IR™ and interval matrices
[A] = ([a]ij) = ([&;,&j]) € IR™™ are vectors and matrices, respectively, with inter-
val entries. For [a] = [a, @], definemid-pointa:= (a+a)/2 andradiusa:= (a—a)/2.
These functionals are applied to interval vectors and matrices componentwise.

The well-known non-parametric interval linear system [A]x = [b], which is the
most studied in the interval literature (cf. [8]), can be considered as a specia case of
the parametric linear system with n? 4 n independent parameters a; i € [@ij, bi € [0];,
i,j=1,...,n. For aparametric system (1.1)—(1.3), the corresponding non-parametric
onewith [A] = ([a]j) € IR™", [b] = ([b];) € IR" can be obtained as

m m
[ali; = aij ([P]) = a@jo+ Y, aijulPlu. [b]i = bi([p]) = bio+ Y biu[Plu-
u=1 u=1
The non-parametric solution set, called united solution set, is defined as
2 ([A]L b)) :== {xeR"| A€ [A],Tbe [b],A-x=Db}.

This set is well studied with many results concerning its characterization and prop-
erties, see, eg., [2], [8]. In particular, the Oettli-Prager theorem [9] describes this
solution set by the inequalities

IA(p)x—b(p)| < A([p])|x| +b([p]). (1.5)
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Characterizing the solution set (1.4) by inequalities not involving the interval pa-
rameters is a fundamenta problem of considerable practical importance. It is useful
for visualizing the solution set, exploringits propertiesand for computing componen-
twise boundaries. The description of the parametric solution set isrelated to quantifier
elimination which stimulated a tremendous amount of research. Since Tarski’s gen-
eral theory [13] is EXPSPACE-hard [4], alot of research is devoted to special cases
with polynomial-time decidability. So far, the only known general way of describ-
ing the parametric solution set is alengthy Fourier-Motzkin-type parameter elimina-
tion process presented in [3]. Several open questions concerning this process and the
maximal degree of the polynomialsin the solution set describing inequalities are also
formulated therein.

In this work we introduce a modification of the parameter elimination that has a
significant impact on the representation of the inequalities describing the solution set
and their number. Based on the modified parameter elimination process, we study the
parameter elimination in 2-dimensional linear systemsinvolving an arbitrary number
of parameters. Because the general parameter elimination isalong process|eading to
an exponential number of characterizing inequalities, minimal explicit descriptions
of the parametric solution sets are of particular interest. By proving superfluous and
redundant character of some inequalities we derive a minimal explicit description
of 2D parametric solution sets. This also alows us to determine the shape of these
solution sets, i.e., the maximal degree of the polynomial equations describing the
solution set boundary. The explicit solution set characterizationisillustrated on some
numerical examples and compared to descriptions obtained by other approaches.

2 Fourier-Motzkin-type Elimination of Parameters
The solution set (1.4) is characterized as follows, by atrivia set of inequalities
ZP={xeR"|3py eR,u=1,...,m:(2.1)«2.2) hold},

wherefori=1,...,n

n m n m
z <aij70+ z aij.yPu) Xj < bi,O"‘ZZq:lbi,u Py < z <aij,0+ z aij.yPu) Xj,(2.1)
j=1 u j pu=1

=1 j=1
Py <Pu<p;, u=1...m (2.2)

Starting from such a description, Theorem 2.1 below shows how the parameters in
this set can be eliminated successively in order to obtain a new description not in-
volvingpy, u=1,...,m

Theorem 2.1 (Alefeld et al. [3]) Let f,, 91, A =1,...,k(>2),u=1,....m be
real-valued functions of x = (Xg,...,%,) | onsomesubset D C R". Assume that there
is a positive integer k; < k such that: f,1(x) #0for all A € {1,...,k}; fy1(x) >0
forall xe Dandall 2 € {1,...,k}; for each x € D thereisanindex B* = *(x) €
{1,..., ke } with fg-1(x) > 0and anindex y* = y*(x) € {kp +1,..., K} with f,-1(x) >
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0. For m parameters p1,...,Pm Varying in R and for x varying in D define the sets
S, by

S :={xeD|3IppeR,u=1,...,m:(23),(2.4) hold},
S ={xeD|3py eR,u=2,...,m:(2.5) holds},

where inequalities (2.3), (2.4) and (2.5), respectively, are given by

X) + 2 f3, ()P < Fgr (0P, B=1,....ky, (2.3)
m

f1(X)p1 < gy(X) Z X)Pu, Y=kKi+1,....k (2.4)

andfor B =1,....k;, y=ki+1,...,k
+2f,3# X)Pu < Gy(X) fp1(X +wa )fp1(X)Pu.  (2.5)

(Trivial inequalities such as 0 < 0 can be omitted.) Then S; = S.

Theorem 2.1 defines the transition from inequalities (2.3), (2.4) to inequalities (2.5),
so that the parameter p; does not occur in the set S,. This parameter elimination
process resembles the so-called Fourier-Motzkin elimination of variables, see, eg.,
[12]. Its application based on the end-point inequalities (2.2) leads to a very large
number of solution set characterizing inequalities. Some illustrative examples can be
foundin[2], [10].

A new classification of the parametersinvolved in a parametric linear system was
introduced in [10]. Therein the parameters were classified into three classes (zeroth,
first and second class) with respect to the way they participate in the equations of
the system. In this paper we consider only two classes of parameters by joining the
parameters of the zeroth and first classinto thefirst class.

With the notations Ae.y, = (aij,u) € R™", by i= (biy) € R", u=0,...,mthe
system (1.1) can be rewritten equivalently as

m m
<A000+ Z p[JAoo/J> X = b00+ Z p/Jboy~

=1 u=1
For amatrix A € R™", A, denotes the m-th row of A.

Definition 2.1 A parameter p,, 1 < u <m, isof 1st classif it occursin only one
equation of the system (1.1).

A parameter p, is of 1st classiff b, — Asey X has only one nonzero component
(that is bj, — Ajeux # O for exactly onei, 1 <i < n). It does not matter how many
times a 1st class parameter occurs within an equation. For example, the parameters
b; and b, involved in the system from Example 5.1 are parameters of 1st class. An
efficient elimination procedure for parameters of 1st class was developed in [10]. An
explicit characterization of the solution set to parametric linear systems involving
only 1st class parametersis also given therein.
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Definition 2.2 A parameter p,, 1 < u <m, isof 2nd classif it isinvolved in more
than one equation of the system (1.1).

A parameter p, is of 2nd class iff the vector b, — Asey X has more than one
nonzero components. In this work, we study the elimination process involving 2nd
class parameters.

3 Modified Elimination of Parameters

Thetrivia set of characterizing inequalities (2.1), (2.2) can be rewritten equivalently
as

m m
AceoX—beo+ Y (AsepX—bep) Py <0< AseoX—beo+ D (AcepX—bey) pu (3.2)
p=1 p=t

p,u_f)uﬁ p[J ép#"'ﬁ/xv [.l:].,...,m, (32)

where the parameter characterizing inequalities (2.2) are replaced by the equivalent
inequalities (3.2). In the parameter elimination process we shall apply the following
relation

tPy — [t[Pu <tpy < tPpy + |t Py, fort e R, 33

without the necessity to consider the particular sign of t.

Denote f0(X) := AreoX—bros f1u(X) := AreuX—bay A =1,...,n, which are
real-valued functions of x = (X1,...,%,) . Denote by ., .#1,.4> three index sets
suchthat .7 :={1,...,.m} = 41U .45, #10.#> =0, p, isaparameter of 1st class
if py € .#1 and p, isaparameter of 2nd classif p, € .#>. For the elimination of each
parameter of 1st class py, k € . the inequalities (3.1) are rewritten equivalently as

Ace0X — oo+ Z (Anyx— boy) Pu < - (A..kX— bok) Pk (3-4)
pne\{k}

- (Aookx_ bok) pk S AooOX - b00+ z (A..“X — boy) pu. (35)
nea\{k}

Then we apply Theorem 2.1 by combining the ineguality (3.4) with the right side
inequality of (3.2) and by combining the inequality (3.5) with the left side inequal-
ity of (3.2). After multiplying the inequalities (3.2) by the corresponding coefficient
function f,(x), the relation (3.3) is applied. In this way, we obtain the following
equivalent set of characterizing inequalities, where al 1st class parameters are elimi-
nated.

fio)+ Y, (fiu()Pu— fin(¥)[Pu) + D, fiu(X)py <0, i=1,....,n (36)
uEA UEM

0< fio()+ > (fiu()pu+1fiuX)|Bu) + Y fiu®¥pu, i=1,...,n (37
WeM neMo

Pu—Pu< Pu < Put+Pu, MUE M (3.8)
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We notice that the expression in the left side of inequality (3.6) and the expression
in the right side of inequality (3.7) differ only in the sign of the terms involving f ;.
Therefore we use a  notation and rewrite equivalently the corresponding inequali-
ties (3.6), (3.7) as one inequality pair in a more compact form representing the two
expressions only on the left side of the inequality pair.

o)+ 3 BT 3 [fiuBut S fiu(X)py <0 < oo,

UeM ne WEM
i=1,...,n, (3.9)
wherein“---" denote the whole expression in the | eft side inequality with the bottom
signof F. If .4, =0, (3.9) isequivalent to
. . m
IA(p)X—b(p)| < 2 |AeeuX — D[Py, (3.10)
u=1

which generalizes the Oettli-Prager characterization (1.5) to parametric systems in-
volving only 1st class parameters. This explicit description was derived in [10] and
compared to the characterization obtained by the original parameter elimination pro-
cess. This result shows that the elimination of 1st class parameters does not expand
the number of characterizing inequalities. The shape of the solution sets to systems
involving only 1st class parameters remain linear.

Let 1 < Card(.#1) < m. Starting from theinequalities (3.6)—(3.8), we eliminate a
2nd class parameter py, k € .#5. Let 7 betheindex set of theinequality pairsinvolv-
ing this parameter. By combining each inequality pair oc € .7 with the corresponding
parameter characterizing inequalities px — Pk < pk < Pk + Pk, we obtain the so-called
end-point characterizing inequalities. For .7 = {1,...,n}, these are

o)+ X (fiuPuFlfiw(Pu) + 2 fiu(¥)pu <0<+,
pe1U{k} neAr\{k}

i=1,...,n

For each o, € .7, o < 3, we have to eiminate px from the following inequality
pairs

fao(X) + z (o O P F | e (¥) [P ) + 2 fo (X) Pu
ney ne\{k}

< —fak()px < -+ (3.11)

fgo)+ X, (fpu(Pu FIfeuMIBu) + X, Fu()py
uesy HeA\{k}

<t . (312)
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In general fuk(x) and fgy(x) do not have a common factor®. Thus, (3.11) multiplied
by fgi(x) gives

fao(0) Tpk() + X fou () kP F S Y, |Tau(X)]| Tpr(X) Put
ueM ue

Y fau () fa)pu < —fok(¥) fpr()pr < -+,
ne\{k}

wherein 6 = {1if fg(x) >0, —1 otherwise}. Thelast inequality pair is equivalent to

fao(X) fpi(X) + Z% (Foua O9) £ 100 Py T [ Ferps ()| 1 () B ) +
nen
Y fau (0 fa(X)Pu < — () fax(X)pe < -+ (3.13)
pe.z\(k}

Similarly, the inequality pair (3.12) is multiplied by f,«(x). Combining the left side

of (3.13) with theright side of (3.12)« f ,«(x), and respectively the oppositeinequality
sides, we get the following crossinequality pair

fao(X) fak () = Tpo(0) farc )+ X, (fou (X) Fpic(X) = Fpu (%) fe (X)) Pu

UEA
¥ z/:// (1o (O Tai () + [ 8 (¥) ] fax (X)) Py
ues
+ Y (fan (0T — fou (¥ for(¥)) pp <0< -+ (3.14)
ue.\{k}

for a,B € 7, a < B. We cdl the inequality pairs (3.14) “cross inequality pairs’ to
distinguish them from the end-point characterizing inequalities.

Thus, by using the parameter inequalities (3.2), instead of the equivalent inequal-
ities (2.2), and the relations (3.3) we can give a new modified formulation of the
parameter elimination Theorem 2.1.

Theorem 3.1 Let g5 (x), fay.1(X), fav 2(X), fau(X), A = 1,... k(= n) be real-valued
functionsof X = (xy,...,X%,) | onsomesubset D C R". Assumethat my — 1 parameters
are eliminated, where my > 1, and there exists a non-empty set 7 C {1,...,k} such
that fy,, (x) #0for all 2 € .7. For the parameters py, 4 = my,...,mvaryingin R
and for x varying in D definethe sets S;, S, by

S = {xeD|3py €R,u =my,...,m:(3.15),(3.16) hold},
S :={xeD|IppeRu=m+1,...,m:(3.17),(3.18),(3.19) hold},

1 If the coefficient functions of a parameter in two inequalities have a common factor, each inequality
is multiplied by the quotient of the corresponding coefficient function and the greater common factor of
both functions, see [2, Corolary 1].
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where inequalities (3.15), (3.16) and (3.17), (3.18), (3.19), respectively, are given by

m—1 m—1
gx(X)-‘r Z flv,l(x)pv + Z fkv,Z(X)ﬁv'f'
v=1 =

v=1
m
S 0P € —fimXPm < - A=1....k (315
p=mi+1
pll_ﬁ[lg p[J Spll+f’lla I'L:mla"'7m7 (316)
m—1 m—1
g (X) + Z fkv,l(x)pv:F Z f)Lv,Z(X)FA)v-I—fkml(x)pmle”Aml(X)mml"‘
v=1 v=1
m
Y fu(0py <0< o, A=1..k (317)
n=m+1

andfor a,fp € 7, a < f

mp—1

o (X) Fgm, (X) — 9p (X) formy (X) + Zl (famy () fav1(X) = fomy () fgy2(X)) By F

m—1
E_ll (Ifpmy, (9 fav 2(%) + [ fomy (¥) [ Tpy 2(X) Py +

m

Y (fau () Famy (%) — f(¥) fomy (X)) pu <0< -+, (3.18)
u=m+1

Pu—0u < Pu <Pu+Py, u=m+1....m (3.19)
ThenS; = S,.

The proof of Theorem 3.1 is similar to that of Theorem 2.1 givenin [3].

Theorem 3.1 is more detailed in the characterizing inequalities than the origina
Theorem 2.1 and involves explicitly the parameter inequalities (3.16), (3.19). This
allows weakening the requirements of Theorem 2.1, in particular not requiring pos-
itiveness of the parameter coefficient functions. Therefore, the modified parameter
elimination does not depend on a particular orthant. Besides, Theorem 3.1 gives a
compact representation of the characterizing inequalities. Due to the absolute values
of the expressions involved in these inequalities, the parametric solution set is de-
scribed by fewer inequalities than when applying Theorem 2.1. Note that the result-
ing inequalities (3.17) and (3.18) have the form (3.15) which allows the elimination
process to continue with the next parameters.

Although the number of solution set describing inequalities generated by Theo-
rem 3.1 is smaller than the number of inequalities generated by the application of
Theorem 2.1, this number grows exponentially with the number of 2nd class param-
eters involved simultaneously in the equations of a system. Neither Theorem 2.1 nor
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Theorem 3.1 prescribe the order of parameter elimination. If all 1st class parameters
are eliminated before the elimination of the 2nd class parameters, the elimination of
1st class parameters does not generate cross inequalities. However, if a 2nd class pa-
rameter, say py, is eliminated before the 1st class parameters py, u € .#1 involved
in the equations containing py, then p, will be involved aso in the cross inequality
pairs for po. Thus, the elimination of these 1st class parameters p,, will be done as
the elimination of 2nd class parameters. Thisimplies that two sets of characterizing
inequalities, generated by two different orders of parameter elimination, may contain
adifferent number of inequalities. Therefore, in the next section we consider in more
details the parameter elimination for 2D parametric linear systems.

4 Characterization of 2D Solution Sets

Consider alinear system (1.1)~(1.3), where A(p) € R2*? and b(p) € R? involvem+s
parameters. Without loss of generality we can re-number the parameters and assume
that the first m> 1 parameters are of 2nd class while the next s > 0 parameters are of
1st class. Thetrivial inequalities explicitly characterizing the solution set are

m+s mi-s
fo(x)+ 3 fu(X)pu <0< fo(x)+ 3 fu(X)Pu, (4.2)

u=1 n=1
andfor u=1,....m+s, Pu— Pu < Pu < Put By, (4.2)

where f) (x) 1= (f11(x), f;Lz(X))T, A=0,...,m+sand f;(X) ;=Aax—bj,i=12
For simplicity of the exposition we first eliminate all 2nd class parameters.

Let m> 2. After eliminating thefirst 2nd class parameter p1, we have the follow-
ing cross inequality pair

m+-s m+s
Ao 1)+ Y APy < 0 < Aga(X)+ Y, Au1(X) Py, (e12(1))
u=2 p=2

where A, g(X) := fo1(X) fg2(X) — fo2(X) fg,1(X), Ay p(X) = —Ag o(X). From now
on we label the inequdlitiesby (e j(u,...,Vv)), wherethe subscriptsi, j denote which
inequalities are combined, while u,...,v denote the indices of the parameters that
are eliminated starting from the rightmost one. In what follows we shall omit the
argument of the functions A and f. Combining (4.1) with the parameter inequalities
(4.2) for p1 we get the following endpoint inequality pairs

m
1:0.,i + 1El,i pl:F |fl,i|f)l+ Z fu,i Pu + Z fv,lpv"‘ Z 1:v,2pv <0<, (ei(l))
u=2 veNy veN,

wherei = 1,2, N1, N, arethe index sets of 1st class parametersinvolved in the corre-
sponding equations of the system, Ny NN =0, NpUN; = {m+1,...,m+s}. The
elimination of each successive parameter “updates’ the latter endpoint inequality
pairs, and the hitherto existing cross inequality pairs, correspondingly. When all the
parameters are eliminated, the endpoint inequality pairs can equivalently be written
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asasingleinequality (3.10). Dueto their simplicity, in what follows we shall not list
the updated endpoint inequalities.

The elimination of p, updates (e12(1)) by combining it with the parameter in-
equalitiesfor po, thusyielding

m+s ~
Aog+AuaP2 FlApalP2+ D, Apapy <0< -ov (e12(2,1))
n=3

and introduces three more cross inequality pairs.

m
Aoz + A12P1 F (|frafazl+ [frafa1])Pr+ Y, Au2Pu

u=3
+ Y fuafaopy— D fuafaipy <0<+, (e12(2,1)
veNg veNy
which can be written as?
_ mis
Aoz + A12p1 + X, Au2bul < (Ifiafoz] + [fi2fai])Pa (e12(2,1))
u=3

andfori=1,2

fojdz1 — f2ido1+ f1id21P1 F | f1il|Az1|P1+
mis

+ 2 (fuido1— f2jAua)py <0< (e,12(21)
n=3

After some simplification, the latter crossinequality pairs can be written as

m+s
Ifrilldo2 + A12p1 + ), Au2Pul < [fiil|As2]P1. (8,12(2,1)
n=3

Theinequalities (ey(12)(2,1))/[f11] and (e5(1,2)(2,1))/|f12| are equivalent. There-
foreoneof themissuperfluous. Since |A 132| =] f1,1f272 — fj_’z f231| <| fj_’j_ f272| +] f132 f2,1|,
the right side of inequality e 2(2,1) is greater than or equal to the right sides of the
inequalities (& (1,2)(2,1))/|f1il, i = 1,2. The relations between these cross inequal-
ities remain valid for al p, € [pu], u = 3,...,m+s, after the elimination of these
parameters by combining (e12(2,1)), (& (1,2(2,1))/[f1il, i = 1,2 with the corre-
sponding endpoint parameter inequalities (4.2). Therefore the inequality (e12(2,1))
will not contribute to the boundary of the parametric solution set and (e 1 2(2,1)) isre-
dundant3. Thus, instead of considering three additional crossinequalities (e12(2,1)),
(&,1,2(2,1)), i = 1,2, we continue the parameter elimination process considering

2 The advantage of the modified parameter elimination isthat cross inequality pairs can equivalently be
rewritten as single absolute value inequalities.

3 Inequalities which are equivalent are called superfluous, while the inequalities which do not contribute
to the boundary of the solution set are called redundant.
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only oneadditional crossinequality pair e1 2(2,1) := (&,(1,2)(2,1))/[fvi|. After elimi-

nating all the remaining parameters, the two crossinequalitieses »(2, 1) and elﬁz(i, 1)
become

. ~ k) , &
[Aok+ X, AukPul < X |AuklPus k=12, (egl,%(zvl))
HEM HEM

whereM, ;= {1,... . m+st\{u}forl<u <m

By induction on the number of 2nd class parameterswe shall provethat the elim-
ination of each such parameter expands the number of characterizing inequalities by
only one crossinequality. Let m— 1 parameters of 2nd class be eliminated and the set
of characterizing inequalities be

m-1
foi+ 2 (Fui P T | il B ) + z fvipy
u=1

veNg

+ Z fv,va S—fm.ipmﬁ"'; i:1327 (ei(m_l))

veNy

Ao+ Y, (AuxPuFlAuklPu)+ D, fuafcapy

HEMm,u#k veNg
k
- z 1Ev,2 1:k,lpv < _Am,kpm < ) ke Mm; (ei%(m— 1))
veNy

where My = {1,...,m— 1} and, for simplicity, theinequalitiesare labeled ej(m— 1),
egg(m— 1) instead of e(m—1,...,1), (l'f;(m— 1,...,1) respectively.

- Beside updating the above inequalities by combining them with the parameter
endpoint inequalities pm— Pm < Pm < Pm—+ Pm, the elimination of py, introducesthe
following additional crossinequalities. One crossinequality isobtained by combining
e;(m—1) and e;(m— 1). After some simplification, it can be written as

m-1 m-1
Aom+ Y, Apmbu+ Y Avmby| < Y ([fuafmal+1fu2fmal) By (e(lrfé)(m))
u=1 veNIUNp u=1

By combining e;(m— 1) with every one of the inequalities egg(m— 1), k € Mm, we

obtain m— 1 additional crossinequalities. After some simplification and dividing by
(—fk1), these inequalities become

m—1
Aom+ ZAy,mpu+ Z Aympy| <
u=1 veN1UNp

m—1
> BullfurAmid + | fmadukl)/[fial + [AkmlBr, KEMm (69, (m)
u=1uz#k
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Similarly, by combining e;(m— 1) with every one of the inequalities e(l'f%(m— 1),

k € Mm, we obtain m— 1 additional cross inequalities. After some simplification and
dividing by (—f 2), these inequalities become

m—1
Aom+ zAp,mpu+ Z Aympy| <

p=1 vENIUN,

m-—1
Bu (| fu 28mil + | 22 kl)/ fizl + [ Akl B KE M. (67, (m)
p=1,u#k '

Finally, by combining every two of the inequalities e(llf%(m— 1), k € Mp, we obtain

(m—1)(m—2)/2additiona crossinequalities. After some simplification and dividing
by Ay g, the latter become

Aom+ Y, AumbPu+ Y, AvmPy| < |Aqm|Po+|Ap mlPp +

HEMm veNIUNp
> Bullduadmpl +18upAmal)/[Aapl, (€555 (M)
WEMm,u#o,B

where or, B € My, o < B.

Consider the last set of crossinequalities(eéig?(lyz)(m)), o,B €Mnp, a < B.The

smallest right side of these inequalitiesis the right side of the following inequality

Aom+ Z AumpPyu + Z Ay mpv < Z |A,u,m|f)u (e(l,z)(A))
HEMm veNIUNp HEMm
obtained when

|Aw.eAmpl + 1A pAmal = [Ay,admp = Ay pAmal = [Aq.pl[Au m|
for SignAy gAmp # SIGNA, gAm - *)

We will provethat in the set of crossinequalities(egi’zﬁ)‘)(lyz)(m)), o, B € Mm, a < B,
thereis at |least oneinequality (€(1,2) (1M)).

Eachtriple of indices u, o, B can be ordered in three different ways: 1 < o < j3,
o< u<pB,a<p < u. Thethree different orderings correspond to different cross
inequalitiesinvolving the expressions|A ; o Amg| +[Ay g Ame|. For eachfixed u, two
of the u, o, B orderingsimply (*) for the third u, or, B ordering, since A yy = —Ay.
We illustrate the last implication by the example m— 1 = 3, where the set of cross
inequalities (egi’g’)(lﬁz) (m)) consists of three inequalities having the following right
sides

|Avm| By + |A2.m] B2 + (|As14ma] +14324m1])/|Ar2) (615) (1 (M)
| Al P1+ Al B3 + (|A214m3l + [A2.34m1])/|As3] (&3 1.2/(M)
|A2.m| P2+ [AamlPs + (|A128m3| +[A138m2])/ A2 3. (&53) 12)(M)
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For u = 1thatis (egi:§;7(1’2)(m)), the relation (*) follows from (egig_’(lz)(m)) and

13
(621;2;,(1,2) (m)), where

SignN(A314m2) = SIgN(A324m1) = —SIgN(A234m1)
Sign(A2,14m;3) = sign(A234m1)

imply sign(A314m2) # SigN(42,14m3).

Since u, o, B trace all combinations of indices in Mm, we have (g 5 (M) for
an arbitrary large M. It is not difficult to see that the right sides of the inequalities
e&@(m), e(l"‘()l_z)(m) and e(z'f()l_z)(m) are greater than (or egual to) the right side of

€(1,2)(M). Thus, after the elimination of all py, v € Ny UNg, €1 ) (M) becomes

M-S _ Mm-S
Aom+ 2 ApmPu| < 2 | Ap,mlPu
p=Lu7#m p=1Luz#m

and could contribute to the boundary of the parametric solution set, while al other
generated cross inequalities will be redundant or superfluous.

Now, we prove that the elimination of 1st class parameters does not introduce
any crossinequalities. Without loss of generality, we assume that the system involves
m = 2 parameters of 2nd class p1, p» which are eliminated. We eliminate two 1st
class parameters gz, g2 from the inequalities

2 2 -
- 5 O1101, fori=1
foi+ 2, fuiPuF X [fuilPu+4q 7" ) <0< (&(2,1))
i Z‘l w.i Py Z‘l| wilPu Goatp, fori—2 (2,1)
Ao+ A21P2F |A21|P2+ 01,1 f1001 — 92 2f1202 <0< - (e1,2(2)
Ap2+ A12P1F |A12|P1+ 0112200 — G2 2210 <0< -+ (e12(2,1))

The elimination of g, generates the following additional crossinequalities.

fo1fio—Ag1+ frafiops 7| frafio|pr+
(faafi2—A21)p2 F (|f21 12| + [A21]) P2
+ 0221102 <0< - (Br12)(1))
Since |fa1fio| + [A21] = |fo1fio| + | — A21] > [f21f12 — A2a] = [f11f22], and
f071f172 — A071 = f0,2 f171 the polynomials defined in (e17<1,2> (l))/fl"l are less than,
respectively greater than, or equal to those defined in e2(2,1). Therefore (ey(12)(1))
is redundant.
Similarly, the polynomials defined in the following additional cross inequality
pair

fopfa2 — Ao+ (frafo2 —A12)P1F (|frafa2] +[A12])P1
+fo2fo1PeF 222102+ 0222102 <0<+, (B112)(2,1))

divided by f, 1, are outside those defined in e»(2,1) and therefore (elv(l_yz)(i, 1)) is
also redundant.
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The additional crossinequality

Ao1fr0—Agof1o—A12f10P1 F [A12f12[P1+ A2 1T22P2F [A21 22| P2
—(Ge2f1afo2—Go2fe1fi2) <0< (Bu2)(12)(2,1)

after simplifying the expressions becomes

—Ay2fo2 —A12f12P1 F |A12f12(P1
+A21%22P2F [A21T22|P2 — 02241202 <0<+ (E12),12)(2,1))

Since the latter divided by —A1 » is equivalent to e(2,1), then (e(12) (1,2)(2,1)) is
superfluous.

Similarly, the elimination of g, does not introduce other characterizing inequali-
ties.

Thus, we proved the following theorem.
Theorem 4.1 For a2-dimensional parametric linear systeminvolving m-+ s parame-
ters, suchthat p,, 1 € M, Card(M) = m, are 2nd class parameters, x € X(A(p),b(p), [p])
iff

_ _ m+s m+s
[A(P)X—b(p)[ < Zl\ fu ()] Py = ZlIA--uX—b-ulﬁw (4.3)
u= =

m+s m+Ss
lA0i+ Y Auibul <Y |Auilby,  TEM, (4.4)
pu=1p#i pu=1p#i

where Ay g (%) := fo,1(X) 5 2(X) = fo.2(0) fp 1(X), fa(X) = (far,1(X), fa2(x) " is the
coefficient vector of the parameter po, Po = (P, +Po)/2, Pa = (Pe — P,)/2-

Theorem 4.1 gives an explicit unique representation of any 2D parametric solu-
tion set and generalizes the Oettli-Prager criterion (1.5) to arbitrary 2D parametric
systems.

The order of eliminating the parameters is not important. The theorem can be
proven if we first eliminate all 1st class parameters and then eliminate the 2nd class
parameters, the proof is givenin the Appendix. Thus, we have the following corollary
about the order of eliminating 1st and 2nd class parameters.

Corollary 4.1 The order of eliminating 1st and 2nd class parameters can be ex-
changed. Whatever the order of parameter elimination, the elimination of 1st class
parameters does not generate characterizing cross inequalities.

Theorem 4.1 clarifies also how complicated a 2D parametric solution set involv-
ing an arbitrary number of parameters can be. The shape of a2D parametric solution
set depends on the cross-inequalities (4.4), in particular, on the maximal degree of
Ayi(X),foru=0,....m+siecM,u#i.

Corollary 4.2 The maximal degree of the polynomials in the inequalities character-
izZing any 2D parametric solution set is two.
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In some specia cases the boundary of the parametric solution set may become
linear. Without proving the superfluous and redundant inequalities by Theorem 4.1,
the application of Theorem 3.1 to a 2D parametric system could possibly lead to
increasing the degree of the polynomialsin the solution set characterizing inequalities
with the elimination of every 2nd class parameter.

The number of the inequalities describing a 2D parametric solution set grows
linearly with the number of the involved 2nd class parameters. Without Theorem
4.1 proving the redundancy of inequalities, the application of Theorem 3.1 to a 2D
parametric linear system involving m parameters of 2nd class would generate O(2™)
crossinegualities.

5 Numerical Examples

Example 5.1 Consider the following parametric system involving three 2nd class pa
rameters and two 1st class parameters

<2P1— 1 —I02> " — <p3+ bl)
P2+ Ps  2p1 ps+by)’
wherep; € [1,2], p2 € [-1,2], ps € [-2,2], by € [0.9,1.1], by € [0.9,1.1]. By Theo-
rem 4.1 the description of the parametric solution set is
| — 14+ 2x1 — 0.5%p| < 2.1+ |x1] + 1.5/
| =1+ 0.5%1+ 3%2| < 0.142|x1 — 1| + L.5[x1| + |X2|
|2x1 — 2% — 2X3%g + 0.5(—2xF — 2X3)|
< 0.2xq| 42| — 2(x1 — 1)X1 — 2%o| + 0.2|x| 4 3| — X2 — X3
| = X1 — X2+ 30E +X3)| < 0.1|x1| 4 0.1[%a| + 2| — X1+ (X1 — 1)Xo| + 3§ + 3|
| — X1 — (Xl — 1)X;|_ + 3((X1 — 1)X;|_ + Xz) + O.S(Xj_ — (Xl — 1)X2)|
<0.140.2§1— xq) 4+ 3| (X1 — 1)x1 + X2| + L.5|x3 — (X1 — 1)%2|.
Although the system contains three 2nd class parameters, the maximal degree
of the polynomials in the inequalities is two. We use the Mathematica® (v.6 and
above) function RegionPlot to visualize the solution set described by the above
inequalities. The filled region on Fig. 5.1 represents the parametric solution set. In
order to confirm the obtained resultswe draw the boundary of the parametric solution
set by the method of parametric plots developed in [11]. Both the filled region plot

and the boundary plot are presented on the same figure. We see that the two methods
completely agree.

In the next exampleswe demonstrate the application of Theorem 4.1 to parametric
systemsin higher dimensions.

Example 5.2 Let A € R3*3 be aHankel matrix whichis triangular with respect to the
counterdiagonal

a; ay ag b1
A=|aa3 0], b=|bx], &c€lalbelb]i=123.
a3z 00 b3
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X2

= x1

Fig. 5.1 Solution set of the linear system from Example 5.1.

Since ay, b, i = 1,2,3 are 1st class parameters, their elimination will not generate
any cross inequalities. The elimination of a, generates e; = e;(2) given below.
In the elimination of az by Theorem 2.1 we have to consider the cross inequali-
ties between each two inequality pairsinvolvingas. Thatise, g forevery o, € 7,
o < f,where 7 = {ey,...,es}. However, by Theorem 4.1, eq »(3, 2) is redundant to
€14(3,2)/f31 = &4(3,2)/ 32 =: es. Thus, the above 3D system with Hankel trian-
gular matrix is described by the set of endpoint inequalities

3 . 3 R
D xidi —by| < x| +Dby
i=1 i=1
3 o 3 R
X184 —b2| < Y [xi—1|&+ by
i=2 i=2

|x183 — bs| < |x1| 83+ bs
and the following cross inequalities
|X%él — lel + Xzbz + (X1X3 — X%)é3| < X%él + |X1|61 + |X2|62 + |X1X3 — X%|é3 (e4)

X1 X8 — Xoby + Xahy + (X3 — xa%3)a2| < [X1Xa|&1 + [Xo| b1 4 [Xa|D2 + [X1x3 — 2| &2

(es)
X2ay — xqb1 + x3bz + XXdp| < X287 + |Xa|b1 + [xa|b3 + [x1%2|82 (er3)
|Xiaz —Xx1bp +xobg| < Xiéz + |X1|62 + |X2|63 (€2,3)

x3a1 — x2by + xaxaby + (xixa3 — X8)ba| < x4 |31 + X8by + [xax2|B2 + |x1x3 — X3|bs.
(€34)

The application of Theorem 4.1 to systems in higher dimensions will identify more
superfluous and redundant inequalities.
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Example 5.3 The system

doo 1
sdO|x=(0], de[1,2,se[-4,-2],l €[-8,—4],
I sd 0

with a Toeplitz matrix is considered in [3], where the solution set
1/2<x1 <1, 2B <x <4, 4 <Xxa—X5< 8% (5.2)

isfound by solving the parametric system. By applying elimination of the parameters
and Theorem 4.1, we obtain the following description of the parametric solution set

3x1/2— 1| < [x1]/2 (e1)

| —3x1+3x%2/2| < [x1| + [x2|/2 (e2)

| — 6X1 — 3X2+ 3X3/2| < 2|x1| + |X2| + |X3]/2 (e3)
1336 — x1%3) /24 6x5| < X6 —xaxa|/2+ 26 (e2:3(9))
| =% +34] < (e12(d))

X3 — 6X2 — BxqXo| < 2X3 + [X1X2| (er3(d))

X5 — Xaxa + 63| < 2 (1,(2:3)(d,s))

13(X3 — x1X3) + BX1Xa| < |8 — X1X3| + 2|X1%2|, (e23(d))

whichisequivalentto (5.1). It isnot difficult to see that the boundary of the parametric
solution set isformed by ey, € 2(d) and ey (53)(d, s).

6 Conclusion

The proposed modified parameter elimination process simplifies the representation
of the inequalities describing the solution set. This facilitates the analytic derivations
and aso the software implementation of the elimination process. The solution set
characterization does not depend on the particular orthants. It is presented by fewer
inequalities compared to the elimination initially proposedin [3].

The derived explicit description of 2D parametric solution sets involves a min-
imal number of characterizing inequalities. The number of these inequalities grows
linearly with the number of 2nd class parameters involved in the system and does
not depend on the number of the involved 1st class parameters. The boundary of any
2D parametric solution set is described by polynomial equations of at most second
degree.

Theorem 4.1 implicitly specifies which are the superfluous or redundant inequal -
ities when the general elimination Theorem 3.1 is applied to two parametric equa-
tions. Since the eimination of 2nd class parameters from linear systems involving
more equations consists of parameter elimination applied to each pair of inequalities
containing the parameter, Theorem 4.1 is important for and applicable to arbitrary
parametric systems. The above results serve as a background for further investiga-
tions on the description of particular or more general parametric solution sets.
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Appendix: Modifying the Order of Parameter Elimination

Consider a 2D parametric linear system. Assume that the first m; parameters, 0 <
My < m, are 1st class parameters which are eliminated from the (trivial) inequalities
(3.1) characterizing the parametric solution set. Then theseinequalities have the form

m
f0,1+ Z fv,lpv:F Z |fv,1|pv+ Z fu,lp,u SOS
veNy veNy n=m+1
m
1E0,2‘|‘ Z fv,va:F z |fv,2|pv+ Z f,u,Zpu <0< -,
veNy veNy u=m+1

where f3 (X) :== (f21(x), f12(X)) T, A =0,...,mand f;;(x) := Ay x— by, i = 1,2.
Eliminating the first 2nd class parameter pm,.1 we get the following cross in-
equality pair.

my
fo1fmr12— foofmiri+ D (fafmir2— fuafmin) BT
v=1
m m
> (fvafmerzl+fv2fmrr)Be+ DY, (Fuafmsre— fuzfmir1)pu <0<+,
v=1 u=m+2
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thatis
m m m
Aomys1+ D, Avm1Pv F D, 168y msalBv+ Y, Aums1Pu <0<+, (e12(1))
v=1 v=1 u=m+2

whered = {1if ve Ny, —1if v e Np}.
Eliminating pm, 42 We get three more crossinequality pairs. Thefirst oneis

m+1 ) m
Ao 2+ Z Ay my+2Pv F Z |0AY my 12| PvF
v=1 v=1

(| fmy+2.2 fmg 2.2 + [ Frg 2,2 Fmg +2.2() P 12+

m
Y Aumt2Pu <0<, (e12(2)
p=my +3

which can be written as a single absol ute value inequality

m

|Aomy+2+ Z Au,m1+2pu| < Z [6Ay my+2| Py
u=1pu#m+2 veN1UNp
m

+( 1,1 fml+2,2| +| fry+12 fml+2,1|) Py 1+ Z |Au,m1+2| Pu- (e12(2)
p=my+3

And from the inequalities

m
foo+ Y, fo2bv F D, [fv2lpv + fmrt2Pmsr F [ fmsr2lPmr+ Y, fu2Py <0< -
veNy veNy n=m-+2

m m m
Aom+1+ Z Ay m+1Py F Z [6Ay my+1]Pv + z Aym+1Py <0<
v=1 v=1 H=mg+2

we obtain the following cross inequality pair

fo2Am+2m+1—Aom+1fm22— D Avmpst frgr220v F D [Avmyr1 422/ By
veNy veNy

+ Z (fv,zAm1+2,m1+1 - Av,m1+l fm1+2,2) p\/
veNy

T Y (fv2Amamal +1—Avmpafm22) By

veNy

+ T 1.248my+2,my +1Pmy 1 F | frg+-1,24mg +-2,mg+ 1| Prg +1

m
+ Y (fu2Amrame1 — Aumsafm22)py <0< (&(12)(2,1))
p=m+3
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After simplifying the expressions and dividing by fm, 1 the last cross inequality
pair, written as one absolute value inequality, is

m m

|—A0,m1+2— z Au,m1+2pu| < Z |Av,m1+2|f)v+ z |Au,m1+2|ﬁu
pu=1,u#m+2 veN H=m+1,pu7#m+2

> fv2l(|Amyr2my ol + [ frg 11 fmgr2.21) / fmg 1.2 B (&,12)(2,1))

veNy

Now, we compare (;,(1,2)(2,1)) and (e12(2)). Theleft sides of these inequalities are
the same since |a| = | — a| for any a. So, compare the right sides of these inequalities.
We shall prove that instead of (e;,(17)(2,1)) and (€1,2(2)) we can consider

m m

Aomizt+ 2 Apma2Pul <Y [AumpralPu- (e12(2))
u=Lu#m+2 U=l pu#m+2

Denote S12 1= SIgN(fry+1.2fmy2.1), S11.:= SIIN(Fny 1.1 g +2.2),
Sapy = S'gn(Am1+2,m1+l)-

— If s12 # s11, then [Amy 1 1.my 2] = [Ty 111 g 12.2] + | g 12,2 fmy 1 2,2| @nd since

[Amg+2.mp+1] + [T+ 1.1 T 2.2] = |1 Amyr2mg+1 4+ fg1,1 g +2.2) = [Ty 412 fmg 2,11,
[Ty 2l (|Amy+2my+1| + | fy 2,1 fmy2.20) /[ fg 422 >
| 1Ev,2| | fml+l.,2 1Em1+2,1|/| fml+1.,2| = | - Av,ml+2|

for every v € Np. Thus, we consider (eq 2(2)) which is equivalent to (elﬁz(i)).
— If s12 = 513 and sy, = s11, then we consider (ezv(l_,z)(z, 1)), where
|Amy+2mp1] + [T+ 1.1 T 2.2] = [Amgr2m+1 4 fogr1,1 g 2,2
and [Amy s+ 1my 2l < [ fmgr11 fgr22) 4 | g2 T 12,1

— Thecase s, = s11 and sy, = s11 follows from the first case above since sy, , =
_SAl,Z'
Similarly we prove that instead of (e1,(12)(2,1)) and (e1,2(2)) we can consider

(e12(2).
By induction on the number of 2nd class parameters we prove that the order of

eliminating 1st and 2nd class parameters can be exchanged. Moreover, any order of
eliminating the parameters will generate the same system of characterizing inequali-
ties.



